CHAPTER 3

The S](\'?)(:c,y) Kernel and
Christoffel — Darboux Formulas

In this chapter, we evaluate the sum S](\?)(x, y) for § =1,2 and 4. S](\?)(x, y)isa
sum over products of orthogonal polynomials (1.18) and its solution has been known
for decades. It is called the Christoffel - Darboux formula (see for example [77]). We

compute S](\’?) (x,y), 8 =1 and 4 [36,38,39], which are sums over products of skew-
orthogonal functions (1.22). We call them the generalized Christoffel - Darboux
formula. Apart from improving our understanding of the theory of skew-orthogonal
functions, these results make calculations of OE and SE more transparent compared
to the method used so far using Sener — Verbaarschot — Widom formalism [72,78].

1. Method of orthogonal polynomials

The correlation function of the unitary ensemble of random matrices (8 = 2)
can be written as (see Chapter 2 for details)

(3.1) RP(xy,...,2n) = det[S (25, )] ket

where S](\?)(x, y) is the kernel function

N-—1
(3.2) SPzy) =3 P @ P (), #P () =
j=0

the P;(x) are orthogonal polynomials (1.1) of order j, w(z) the weight function
with respect to which they are defined, and h; the normalization constant. The
Christoffel - Darboux formula expresses (3.2) as a linear combination of products of

only (;553)(:3) and (;555)71 (z). This result is useful in studying the statistical properties
of unitary ensembles of random matrices.

2. Christoffel - Darboux formula: 8 = 2

We begin this section with an alternative derivation of the Christoffel - Darboux
formula (see the classical book of Szegd [77] for the conventional proof).

PROOF. We define semi-infinite matrices ®(?)(z), comprising weighted orthog-
onal polynomials ¢£LZ) (x):

(3.3) @ (z) = (cbéQ)(:c) P (z) . ), * = transpose.
We write 51(\?) (z,y) of (3.2) as
(3.4) SK (2,y) = 2@ (2) TP (y),

25
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where we use the diagonal matrix IIy = diag(1,...,1,0,...,0) to make the sum
finite N
: N
Orthogonality ensures that they satisfy a three-term recursion relation. This
is the same as saying

(3.5) 20 (2) = QP (1)

where Q) is the well-known Jacobi matrix. Using the orthonormality condition,
we get

(3.6) Q¥ - /R 26 (@)8? (z) dz = QFF) — Q) = Q.

From equations (3.4), (3.5), and (3.6), we get

B (@-y)Sy (z.y) = (@ - )2 (@) L2P(y)
= 2@ (2)QP" 1) (y) — 8 (2) QP 2P (y)
— 3@t () {Q@) -1 Q<2>} @ (y)
= 0®'(2)[Q®, 1|2 (y).

Thus we have

@ (2)[QP, TIN] 0P (y)
(z —y) '

In terms of the matrix elements, this boils down to

@ @ P @)% 1) = 6% (W)l (2)
SN (z,y) = N-1,N T —y )

(2 _knoa [ hx
N-LN kn V hn_y’

where k is the coefficient of 2 in Py (z) and hy is the normalization constant. O

SO (z,y) =

(3.8)

3. Method of skew-orthogonal polynomials

For an ensemble of 2N x 2N random matrices invariant under the orthogonal
(8 = 1), unitary (8 = 2) and symplectic (8 = 4) transformations, we rewrite (1.14)
as

2N!
(39) R;ﬂ)(ﬁl,...,xn) = m /dxn+1---/dx2N Pg’N($1,£L‘2...,£L‘2N),

n=12,....

As discussed in Chapter 2, for § = 1 and 4, the evaluation of such integrals requires
the joint probability distribution P ny(x1,22,...,22n) to be written in terms of
quaternion determinants (i.e., determinant of a matrix, each of whose element is a

2 x 2 quaternion) satisfying certain properties. From this, one can calculate (3.9).
For example, the n-point correlation function R (z1,...,2n), and the level density

REB) (), (n=1) is given by
(3.10)  RP)(xq,...,2,) = Qdet[QS) (s, x)); Gk =1,...,n, B=1,4,
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where
@ SSn (@, y) DR (x,y)
on(@9) = | 9) 6 ;
(3.11) Ly (z,y) —d1pe(z —y)  Syy(y,2)

R () := S5 (. ).

Here § is the Kronecker delta, introduced to write the results of the two invari-
ant classes of ensembles under one banner. In terms of skew-orthogonal functions
(;5516 ) (z) and e )(a:), we rewrite the expressions of (1.22) as

2N—-1

(3.12) Sin (@) = Y Zud @) (y) = 8O (y) I 2P (@)
4,k=0 ~
— _o® (8)
&) () L) (y),
2N-—-1 N
(813)  DRG@y) == > Zuwsl @) (y) = ) (@) 1T 2P (y),
4,k=0
2N—-1 R
(3.14) IR y) = Y Zil @) () =~ (@) e (y),
4,k=0
(3.15) SIN @, 0) = SI (2,y) = 89 () L ¥P(y).

where ¢\ (x) and P (x) are defined in (1.23) and (1.24) respectively. Here,
Moy = diag(1,...,1,0,...,0) is a diagonal matrix and ®)(z) and W) (z) are
———

2N
semi-infinite vectors:

(3.16) P (2) = (@ (z) ... P (z)...)", B (z) = —0P)(2)2Z,
(3.17) 0O () = (WP @) vP ). ) TP (z) = —u () Z,

with each entry a 2 x 1 matrix:

(3.18) o\ (z) = <¢(é?(x))> . () = <¢§i)+1(x)>t.

)

on41(T - (2[51) (z)
(similarly for o' () and P (z)). The antisymmetric block-diagonal matrix Z is
given in (1.3), such that Z = —Z% and Z% = —1.
Following (1.24), we write

(319)  UO(@) =), WP (x) = / 3V (y)e(x—y) dy, neN.
R

These polynomials satisfy skew-orthonormal relations with respect to the weight
function w?(z):

(3.20) (@D, ) = / & (@) 5D () dw = G ((1) ‘1)) . mmeN.
R
1To observe duality between the two families of polynomials ﬂ,(LB)(x), B = 1,4, we skew-

orthonormalize them with respect to w?(z) (as in (3.20)) to set both the families of skew-
orthogonal functions on an equal footing. However, to study the statistical properties of symplectic
ensembles only, this is not needed.
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Thus we see that skew-orthonormalization (1.2) in ordinary space is the same as
orthonormalization in the 2 x 2 quaternion space (3.20).
Finally, from (3.19) and (3.12), (3.13), and (3.14) we get

dSSy (. y) OI{N (z,y)

1 1
(4) (4)
4 a8, (Z, y) 4 oD (ZL’, y)
(3.22) I (a,y) = =2, Sin(a.y) = — =25 =
Thus a knowledge of the kernel function Sé’if)(:c, y) is enough to calculate the cor-

relation function. In this chapter, we derive the sum Sélzﬂv) (z,y) for B =1,4. The

large N behavior of Séjﬁ\,) (z,y) is studied in Chapters 6—8 after we discover a method
to compute large N asymptotics of skew-orthogonal functions and their recursion
coefficients (Chapter 4).

4. The generalized Christoffel - Darboux formulas: 3 =1 and 4

4.1. Recursion relations for skew-orthogonal functions with general
weight. Let us consider skew-orthogonal polynomials defined with respect to the
following weight functions:

e polynomials defined in the finite range [x1, 24, which we call the gener-
alized Jacobi weight

(3.23) wq,(z) = (x1 — ) (& —22)*% -+ (T2g—1 — ) ¥4 (x — Tq)*?¢, z; €ER

where «;’s are suitably adjusted to ensure that they have finite moments
(2.15).

e Polynomials defined in the range [0,00], which we call the generalized
Laguerre weight

uk:v"”'

k

2d—1
(3.24) walr) =2 exp[-V(2)], V()=
k=1

Finally

e polynomials defined in the range [—o0o, 0o], which we call the generalized
Gaussian weight

2d
(3.25) w(z) =exp[-V(@), Vi)=Y "

b
—

Evaluation of 3" (z) and gbg)(x) involves terms like wy,, (7)/wa, (x) which for
(i) have singularity at 1, xs,...,22q and for (ii) have singularity at = 0. Hence
we define
(3.26)  f(z) = (z —21)(22 — ) -~ (T2a—1 — @) (T — @24),
for generalized Jacobi
(3.27) =z, for generalized Laguerre,

3.28) =1, for generalized Gaussian.
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To obtain recursion relations, we expand [f(x)¢§5)(x)]' and [xf(x)¢§3)(x)]' in

terms of skew-orthogonal functions ¢§-’8 ) (). We have

Jj+2d—1
(f(2)6 (2) Z A;:6P (@),
(3.29) "y
(zf(2)8{" (2) ZB]m

It is at this point that we introduce the semi-infinite matrices P¥) and R,
The semi-infinite vectors &%) (z) and W(#) () are given in (3.16) and (3.17) respec-
tively. Using them, we have

(3.30) @) ¥ () = PDoW(z),  af(z)TW(z) = RY oW (),

(3.31) f(@)eW (z) = POTW (1), zf ()®M (z) = RO (g).

Equation (3.31) is obtained by multiplying the above expansion by e(y — ) and
integrating by parts. We show that the semi-infinite matrices P(¥) and R®) have d
quaternion bands above and below the central diagonal (hence a matrix with 2d+1
quaternion bands).

For random matrix analysis, we consider the rather simple cases of Jacobi (1.6)
weight function for (i), associated Laguerre (1.7) for (ii) and Gaussian (1.8) and the
quartic weight (1.9) for (iii). We show that in the 2 x 2 quaternion space, the cor-
responding skew-orthogonal functions satisfy three-term recursion relations for the
classical weight functions and (2d + 1)-term recursion relations for the generalized
weight functions.

Recursion relations for skew-orthogonal functions with classical weights. For
the classical weights (d = 1), P¥) and R(”) are semi-infinite tridiagonal quaternion
matrices. Now, w’(z)/w(x) and hence ¥ (z) and &) (z) has singularity at = + 1
for Jacobi, and at x = 0 for associated Laguerre. To remove them, we have

(3.32) flz) = (1 —2?%), Jacobi
(3.33) =z, Associated Laguerre
(3.34) =1, Gaussian.

In other words, for classical weights, skew-orthogonal functions satisfy three-term
recursion relations in quaternion space and is given by

(335)  flo))(2) = ,m+1<1>,2+>1< )+ P0.o0 () + P, 1<1><4> (@),
(3.36)  af(2)e(2) =R, 0% (@) + REP (@) + RY), 00, (),
(3.37) F(@)0D (2) =P, 0l () + POWD (@) + PSn Y 1<x>,
(3.38)  zf(2)2{)(z) = R nﬂwffll( )+ RO OO () + R, 0 (2),
where @%ﬁ)(:ﬂ) and \I/(’ﬁ)(:v) are given in (3.18) and P(’ﬁk) and R(ﬂ? are 2 X 2 quater-

nions. Equations (3.35)—(3.38) can be proved directly using the skew-orthogonal
relation (3.20). We leave it as an exercise. In this section, we give an alternative
proof by showing that the semi-infinite matrices P%®) and R® are tridiagonal (in
the quaternion sense) and anti-self-dual.
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In terms of the elements of the quaternion matrices, (3.35) and (3.36) can be
written as:

(4) 0 (4)
(339) f(]?) Qn( ) — <P(4) > ¢2n+2( )
w2n+1($) 2n+1,2n+2 ¢2n+3( )
4 4
P2n+1,2n P2n+1 2n+1 ¢2n+1(x)

0 By 2(55)
_|_
<P2(fl)-‘rl,2n—2 ) <¢2n 1( ))
and

(4) (4)
(340) xf(x) ( (Zjn, (Qf) > — ( ?42)7%27%‘,—2 (4) 0 > <¢2n+2($)>
¢2n+1($) R2n+1,2n+2 R2n+1,2n+3 ¢2n+3( )
4 4
+ i%n)an 1—(24%1’272n+1 4%;) ()
R2n+172n R2n+172n+1 ¢én+1(95)

4 4
+ ( '?4%1’3727172 @ 0 ) < %1;—2(@) '
Roi10n—2 R2n+1 2n—1 3n—1(2)

For 8 = 1, we get similar relations, where ®® and ¥ are replaced by ¥
and &) respectlvely

For weight functions defined in (3.23), (3.24) and (3.25), the semi-infinite ma-
trices P(®) and R(”) have d quaternion bands above and below the diagonal [36],
which is the same as saying that they satisfy (2d+1)-term recursion relations. Thus
skew-orthogonal functions, defined with respect to the classical weights, namely the

d =1 version of (3.23), (3.24) and (3.25)), satisfy three-term recursion relations in
quaternion space.

8

Note. Here, we would like to mention that unlike orthogonal polynomials, the
Jacobi matrix Q¥ coming from the relation 2®¥) (z) = QW &P (2), B = 1,4,
holds little importance in our derivation of the generalized Christoffel - Darboux
formula since they do not have finite bands below the diagonal. This will be dis-
cussed further in Chapter 9.

PROOF. To prove that the skew-orthogonal functions corresponding to weight
functions (3.23), (3.24) and (3.25) satisfy (2d 4+ 1)-term recursion relations in the
quaternion space, we first show that the matrices PY) and R are anti-self-dual.
For 8 = 4, we use the scalar products

(3.41) Z = (f@e (@), v (@) = > P Zn,
J
(3.42) Z R 25 = (2 ()0 (@), 00 () = 3R, 2,
j J
Replacing ¢ (x) by ¢(1)(x) for g =1, we have
(3.43) z = (f@)o) (@), 60 (@) = > PL) Zn .

J



4. THE GENERALIZED CHRISTOFFEL-DARBOUX FORMULAS: 8 =1 AND 4 31

(3.44) S B Zo s = (2f(@)00 (@), 60 (@) = > R Zn s
J J

Thus, we get

(3.45) PPz =z7tpPt = _zpBt — pB) = zpBtz

Following the same steps for R?), we finally get

(3.46) pB) = _pBD  RpMB) = _RBD B =1,4,

where the dual of a matrix is defined as
(3.47) AP = 747

It is straightforward to see that P(®) and R(®) have d quaternion bands (one in
the case of skew-orthogonal functions defined with respect to the classical weight
functions) above the diagonal. Equation (3.46) ensures that they have the same
number of bands (where each entry is a 2 x 2 quaternion) below the diagonal. This
completes the proof. |

Exercise. Verify the above results for classical and quartic weight.

4.2. Generalized Christoffel - Darboux sum. The tridiagonal symmetric
Jacobi matrix Q) is instrumental in deriving the Christoffel - Darboux formula for
B = 2. The symmetry (i.e., Q¥ = Q(z)t) enables us to calculate the sum, while
the tridiagonal property simplifies the result.

To calculate Sééav) (x,y), 8 =1, 4, we need something similar to happen. In this

section, we show that to evaluate Sélf\,) (z,y), the anti-self-dual matrix R (z) =
R — 2 P®) plays a similar role for § = 1,4 as the symmetric Jacobi matrix for
B = 2. As these matrices are dependent on the weight function (or more specifically,
on d), the generalized Christoffel - Darboux sum also reflects that property.

We obtain the generalized Christoffel -Darboux sum for weight functions de-
fined in (3.23)-(3.25). To illustrate our derivation, we will refer to the classical
weights, namely the Jacobi, the associated Laguerre and the Gaussian weights.

With f(y) introduced to remove singularity in wy, (r)/wa, (), (for example see
(3.26) - (3.28) for general weight and (3.32)—(3.34) for classical weights), we use

the definition of Sg?\;(x, y) from (3.12) and the recursion relation from (3.30) to get
(348) f(y)Sin(@,y) — f(2)SiN(y, )
= FW[@D @) I 2 oD ()] + (@) [ (@) T Z T oW (y)]
- [—<b<4>t(x)zz 17 11 PO (y)]
+ [@(4)t(x)ZZP(4)tZZ nzn <I>(4)(y)}
_ {_@4) (2) I p(4)q>(4)(y)] 4 {@(4) ()P s H@) (y)}

— 3™ [(4) } (4)
W (z)| P L@ (y)-
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Similarly,
(849) yf(y)Sin(x,y) — 2 f (@) (y, )
—yf) @D (@) 1 Z WD ()] + 2 (@) ¥ (@) 1 Z T 6D (y)]
= [—<I>(4)t(a:)ZZ 17 11 R (y)}
+ [0 () 2ZRD 22 11 Z 11 &) (y)]

[ 3 ( (2) 11 R(4)q,(4>(y)] + {5(4) (2)RW 11 @(4)(y)}
2N
W

(« >[R<4> e ).

Combining the two, the generalized Christoffel - Darboux formula for symplectic en-
sembles of random matrices with weight functions given in (3.23) —(3.25) is given by

W (z)[RW (z), Mon] @M (y)
f)(y — =) ’

Here, we note that for the entire family of classical weights, the above result is true
with d = 1.

For the corresponding orthogonal ensembles (8 = 1), the generalized Christof-
fel - Darboux formula is derived using similar technique. Using the recursion rela-
tion (3.31) in our definition of Sé}\;(x,y) (3.12), we get

(3.50) S$N (z,y) =

N >d.

(3.51)  f(2)Sin(x,y) — f(y)Ssn(y. )
= f(@)[0W (@) 1T Z T 0D ()] + £) 804 @) 1T 2 1T 00 ()]
= T (z) {P(1)721;[v} v (y)
and
(3.52) 2f(2)SSN (@) — uf () Sy, 2)
= of(2) [ @D (@) I Z T 9O ()] + yf () ¥V (2) T2 T o0(y)]
=3 (g) [R“%;}J\P“)(y)-

Combining the two, the generalized Christoffel -Darboux formula for orthogonal
ensembles is given by

W (2)[RD (y), Ton ] T (y)

(1) _
(3.53) Son (@, y) = @) (=) , N > d.
Here [R®)(x)]/ f(y), where
(3.54) R®)(z)=R® — PP g=1.4,

is the skew-orthogonal analog of the Jacobi matrix for orthogonal polynomials.
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For example, the generalized Christoffel -Darboux matrix for the Jacobi sym-

plectic ensemble (including the associated Laguerre and Gaussian symplectic en-
semble) has the following structure for 5 = 4:

(3.55) B0 (@) |[RW (@), I [0W(y)

0 0 0 0 0 0
0 0 0 0
(4) 0 0 0 —RSY 5oy 0 01/,@
1 (@) 54) (4) ¢ (y
_ —¢(4)(m) 0 0 0 *RQN—LQN(QS) —Ryn_12nv41 0 (4)(y)
- 0 (4) 1
. 0— ?2)1\1 1,2N+1 ?4) 0 0 0
0 R2N 1,2N(1’) _RQN—2,2N 0 0
0 0 0 0 0 0
0 0 0 0

4 4 4 4 4
= R pon [05n(@)5N 1 (1) — 658 (1) d5n_1 (2)]
4 4 4 4
+Ré]\)f—1,2N+1 [%N 2($) ;J\)I+1(y)_¢él\)f—2( )(ng\)H-l( )]
4 4 4 4 4 4
+ (RSN _1an — PN 1 on) [050_o (2)05N (1) — b5 _o(y) b5 (2)].

Similarly, for the family of the Jacobi orthogonal ensemble, the generalized
Christoffel - Darboux matrix has the following structure for g = 1:

(3:56) ¥ ()[R (y), 1] vV ()

1 1 1 1 1
= R{R g o [WEN (@050 1 (9) — $SR (0)0S0 ()]
1 1 1 1 1
+Rgz\)rf1,2N+1[ éz\)/fz( )lpéz\)fﬂ( ) — 51\3 5y Wéz\)rﬂ(ff)]
+ (RSN _1on — UPIN_1an) (50 o ()50 (1) — 50 o ()93 ()]
oN—12N — Ylon_12N 2N 2 2N oN—2\Y) VN

~ For general d with N > d, the generalized Christoffel - Darboux matrix
[R(ﬁ)(x), HgN], in terms of the quaternion elements, takes the form

(3.57) {I_{(B)(:c), g{}

0 0 0 -R, v 0 0
0 0 0 : 0
“ |, 0 0 —60 *Rgg)_l,N(iﬂ) *R%)—1,N+d—1(x)
Rg\f,)Nfd(x) Rg\f,)Nfl(x) 0 0 0
0 . : : 0 0
0 0 RY 0 0
N+d71,N71(]“)

N >d.

where the weight functions are defined in (3.23)-(3.25). Note that in the above
matrix, every entry is a 2 X 2 quaternion, including those of the projection operator
Iy = diag(1,...,1,0,...,0) .

——
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Exercise. (1) From (3.57), show that for quartic weight (i.e., d = 2),
Sé’?v)(x,y) for 5 =1 is given by
(1) (1)

(3.58)  (z —)Ssn(x,y) = RSN_ 4 on [0S _s (@)K (y) — (x> 1))
)

+R$\)772,2N+2[ 2N — 1($)¢$\r+2(y) (z < y)]
- Rg\)rf?,,zzvﬂ[ 2N — 4(x)w52+1(y) (z < y)]
- RS\)Z—LQN-&-S[ ON— 2(93)7/);\)1+3(y) (7 <> y)]
+ Ry pon] S& @Y W) — (@ )]

)

— YPIN_s o SN (W) SN () — (z ¢ )]
— [RSN yan i [0S0 2<x> YN () — (@ y)]
_yP2(11\271,2N+2[ on—2(Y)Y S\)/w(m) (x<—>y)]]
—YPIN iy 1 [0SRy (@)USN (1) — (2 y)]
+YPIN L an [N o (@)USR () — (2 y)).
(2) For 8 = 4 and quartic weight, show
(859)  (y—2)S5Y(2,y) = BSY 4 on[05n 5(@)d5n () — (@ < y)
+RS\)]72,2N+2[ S\)r 1 x)¢2N+2(y) (z < y)]
) P51 (y) — (x < y)]
$>¢2N+3( ) — (z < y)]
+ RSN onldSm_1 (2)85n (y) — (> 3)]
— 2PN oloSm () d5n () — (z > y)]
(z

S () — (x5 p)]

(4)

(
4 4
_Ré]\)f73,2N+1[ é]\)f 4(
4
_Ré]\)771,2N+3[ 2N — 2(
)

4 4
~ [Ron1av [958 2(2)9
_op® (4) _
€ 2N71,2N+2[ 2N72(y)¢21\r+2(95) (z < y)]]
4 4
- mPz(z\? 2 2N+1[ 513771(55)@1\)41(9) —(z < y)]
4 4 4
+ 2PN on (B (2)85 (4) — (= ¢ w)].
Remark. For general weight functions (3.23) —(3.25)), there are 2d — 1 quater-
nions in the generalized Christoffel - Darboux formula. This is different from the
Christoffel - Darboux formula for 5 = 2, where there is only one term irrespective of
the weight function with respect to which the orthogonal polynomials are defined.



