
Notation

Sω the projective connection attached to a symmetric bidiffer-
ential ω (see (1.41)),

TX the holomorphic (or regular) tangent bundle of a complex
manifold (or smooth projective variety) X,

ΘX the sheaf of holomorphic vector fields of a complex manifold
or a smooth projective variety X,

Ωk
X the sheaf of holomorphic k-forms of a complex manifold or

a smooth projective variety X,
ĝ = g⊗C C((ξ))⊕ C · c,
ĝN = g⊗C

(⊕N
j=1 C((ξj))

)
⊕ C · c,

∆ the root system of a complex simple Lie algebra and its
Cartan subalgebra (g, h),

∆+ the set of positive roots,
θ the longest root of a complex simple Lie algebra g,
ρ = 1

2

∑
α∈∆+

α,

( , ) Cartan-Killing form of a complex simple Lie algebra g nor-
malized as (θ, θ) = 2,

P+ the set of integral dominant weights of a complex simple
Lie algebra g,

P� = {λ ∈ P+ | (λ, θ) ≤ �},
µ† = −w(µ) for µ ∈ P� where w is the longest element of the Weyl group

of a complex simple Lie algebra g,
κ = g∗ + � where g∗ is the dual Coxeter number of a complex simple

Lie algebra g, (κ = n + 1 + � in case g = sl(n + 1, C)),
cv = � dim g

κ ,

∆λ = (λ,λ+2ρ)
2κ ,

∆̂v = ∆λ + ∆µ1 −∆µ2 ,

∆̂v = ∆λ + ∆µ1 −∆µ2 for a vertex v =
(

λ
µ1 µ2

)
,

Xn = Cn \ ∪i<j∆ij , ∆ij = {(zn, . . . , z1) ∈ Cn | zi = zj},
Rn = { (zn, . . . , z1) ∈ Cn | |zn| > |zn−1| > · · · > |z1|},

vii



CHAPTER 1

Riemann Surfaces and Stable Curves

1.1 Compact Riemann surfaces

1.1.1 Compact Riemann surfaces. A connected compact one-dimensional
complex manifold is called a compact Riemann surface or a closed Riemann surface.
In these Lecture Notes we shall mainly consider compact Riemann surfaces; we often
omit “compact”.

A compact Riemann surface R is an oriented closed surface, so it is diffeomor-
phic to the surface of a doughnut with g holes. The number g is called the genus
of the Riemann surface R and often denoted by g(R).

For a compact Riemann surface R of genus g its first homology group H1(R, Z)
is a free Z-module of rank 2g. Moreover, the intersection pairing α · β, α, β ∈
H1(R, Z) is skew-symmetric and a bilinear mapping

H1(R, Z)×H1(R, Z) → Z.

We can always find a symplectic basis {α1, . . . , αg, β1, . . . , βg} of H1(R, Z), that is,

αi · αj = 0, βi · βj = 0, αi · βj = δij .

Moreover, there are g linearly independent holomorphic one-forms on R. Let ΘR be
the sheaf of germs of holomorphic vector fields on R and ωR be its dual. The sheaf
ωR is called the canonical sheaf. It is the sheaf associated with a complex line bundle
KX called the canonical line bundle of R. It is well-known that H0(R,OR(L)) gives
a holomorphic embedding of R into a complex projective space P2g−3 if the degree
of the line bundle L on R is at least 2g + 1. Hence all compact Riemann surfaces
have the structure of a projective variety. In the following sometimes we regard a
compact Riemann surface as a projective variety.

1.1.2 Complex analytic families of Riemann surfaces. In the following,
for a complex manifold M and a point Q on M , by TQ(M) we mean the holomorphic

Figure 1.1 Riemann surface of genus g.
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2 1. Riemann Surfaces and Stable Curves

tangent vector space at the point Q. Also we assume that a complex manifold is
connected, unless otherwise explicitly mentioned.

A holomorphic mapping π : C → W from an (m+1)-dimensional complex man-
ifold C to an m-dimensional complex manifold W satisfying the following conditions
is called a smooth family of compact Riemann surfaces or a complex analytic family
of compact Riemann surfaces over the complex manifold W .

(1) The mapping π is proper. That is, for any compact set K of the complex
manifold W , the inverse image π−1(K) is compact.

(2) The mapping π is smooth and holomorphic. That is, for any point P ∈ C
the linear mapping (dπ)P : TP (C) → Tπ(P )(W) of the holomorphic tangent
spaces is surjective.

(3) For any point w ∈ W the fibre π−1(w) is connected.
By conditions (1) and (2) the fibre Cw = π−1(w) over each point w ∈ W is

a compact Riemann surface. Also, for a point w0 ∈ W we call Cw, w ∈ W , a
deformation of the compact Riemann surface Cw0 .

When a complex analytic family π : C → W of compact Riemann surfaces and
a holomorphic mapping h : S → W are given, the fibre product C ×W S → S is a
complex analytic family over S. We call the family C×W S → S the pullback family
by the holomorphic mapping h.

Example 1.1 On the product H × C of the upper half-plane H = {τ ∈ C |
Im τ > 0} and the complex plane C, the action of the group Z2 is defined by

(m, n) : H × C −→ H × C, (m, n) ∈ Z2,
(τ, ζ) �−→ (τ, ζ + m + nτ ).

Since the action is fixed point free and properly discontinuous, the quotient space
E = H×C/Z2 has the structure of a two-dimensional complex manifold. The point
(τ, ζ) ∈ H×C determines a point (τ, [ζ]) of E . The natural projection p : H×C → H
induces a holomorphic mapping

π : E −→ H,
(τ, [ζ]) �−→ τ.

The holomorphic mapping π : E → H satisfies the above conditions (1), (2), (3),
hence is a complex analytic family of compact Riemann surfaces over H. For a
point τ ∈ H the fibre Eτ = π−1(τ ) is an elliptic curve (a one-dimensional complex
torus) with fundamental periods (1, τ ).

Example 1.2 The group SL(2, R) operates on the upper half-plane H by

τ �−→ aτ + b

cτ + d
,

(
a b
c d

)
∈ SL(2, R).

For a positive integer n the normal subgroup Γ(n) of SL(2, Z) is defined by

Γ(n) =
{(

a b
c d

)
∈ SL(2, Z)

∣∣∣ a ≡ d ≡ 1 (mod n)
b ≡ c ≡ 0 (mod n)

}
.

Then, it is known that for n ≥ 3 the action of the group Γ(n) has no fixed points
on H. Moreover, the group Γ(n) acts on E of Example 1.1 by

(τ, [ζ]) �−→
(

aτ + b

cτ + d
,

[
ζ

cτ + d

])
.
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The action is fixed point free. The holomorphic mapping π : E → H is compatible
with the actions of Γ(n) on E and H. Hence we have a holomorphic mapping of
the quotient spaces π(n) : E(n) =: E/Γ(n) → C(n) := H/Γ(n).

For n ≥ 3, π(n) : E(n) → C(n) is also a complex analytic family of compact
Riemann surfaces.

1.1.3 Kodaira-Spencer mapping. Let us study a complex analytic family
π : C → W of compact Riemann surfaces by using local coordinates. Choose a
coordinate neighbourhood U of a point 0 ∈ W and local coordinates (w1, . . . , wm) of
U with center 0. Let π−1(U) be covered by open sets {Uλ}λ∈Λ :

⋃
λ∈Λ Uλ = π−1(U).

Since π is a smooth holomorphic mapping, we can choose local coordinates of Uλ as
(w1, . . . , wm, zλ). (That is, w1, . . . , wm is chosen as a part of the local coordinates
of Uλ for all λ.) If Uλ ∩ Uµ �= ∅, between the two local coordinates we have the
following relation:

zλ = fλµ

(
zµ, w1, . . . , wm

)
. (1.1)

Here, fλµ is holomorphic on Uλ ∩ Uµ. We may regard the complex manifold
π−1(U) as obtained by patching {Uλ}λ∈Λ together by the relation (1.1). Then
(w1, . . . , wm) are regarded as parameters of changing the patching. That is, for
(w1, . . . , wm) = (0, . . . , 0) the manifold π−1

(
(0, . . . , 0)

)
is a compact Riemann

surface C0, and it is obtained by patching by zλ = fλµ

(
zµ, 0, . . . , 0

)
. And for

w = (w1, . . . , wm) we obtain Cw = π−1(w) by changing the patching of C0 slightly
by w. Hence, the degree one term of the Taylor expansion of (1.1) with respect to
the variables w1, . . . , wm gives the first order approximation of deformations (usu-
ally called infinitesimal deformation) of the complex manifold C0. This means that
if Uλ ∩ Uµ �= ∅, then

{
∂fλµ

∂wk
(zµ, 0, . . . , 0)

}
, 1 ≤ k ≤ m,

give information on the deformation of the compact Riemann surface C0.
For Uλ ∩ Uµ �= ∅, let us consider the holomorphic tangent vector field

θ
(k)
λµ =

∂fλµ

∂wk

(
zµ, 0, . . . , 0

) ∂

∂zλ
(1.2)

on C0 ∩ Uλ ∩ Uµ. Note that in the above definition of the vector field θ
(k)
λµ we use

the vector field
∂

∂zλ
on Uλ, but not

∂

∂zµ
. If we have Uλ ∩ Uµ ∩ Uν �= ∅, then by

(1.1) we have

zλ = fλµ

(
f1

µν(zν , w), w1, . . . , wm
)

= fλν(zν , w1, . . . , wm).
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Hence, on Uλ ∩ Uµ ∩ Uν we have

θ
(k)
λν =

∂fλν

∂wk
(zν , 0)

∂

∂zλ

=
∂fλµ

∂zµ

(
fµν(zν , 0), 0

)
· ∂fµν

∂wk
(zν , 0)

∂

∂zλ

+
∂fλµ

∂wk

(
fµν(zν , 0

)
, 0)

∂

∂zλ

=
∂fµν

∂wk
(zν , , 0)

(
∂fλµ

∂zµ

∂

∂zλ

)
+ θ

(k)
λµ

=
∂fµν

∂wk
(zν , 0)

∂

∂zµ
+ θ

(k)
λµ

= θ(k)
µν + θ

(k)
λµ .

That is,
{

θ
(k)
λµ

}
is a Čech one-cocycle with coefficients in holomorphic tangent

vector fields. The cohomology class of H1(C0, Θ) defined by the above one-cocycle
is denoted by the same symbol

{
θ
(k)
λµ

}
. Here, by Θ we denote the sheaf of germs

of holomorphic vector fields on C0.
The cohomology class

{
θ
(k)
λµ

}
is uniquely determined if we fix local coordi-

nates (w1, . . . , wm), and is independent of the choice of open covering {Uλ}λ∈Λ of
π−1(U) by coordinate neighbourhoods and local coordinates (zλ, w1, . . . , wm). This
is proved by direct calculations. Therefore, we can define a linear mapping from
the holomorphic tangent vector space T0W at 0 ∈ W to H1(C0, Θ) :

ρ0 : T0W −→ H1(C0, Θ),∑
ak

∂
∂wk �−→

∑
ak

{
θ
(k)
λν

}
.

(1.3)

This linear mapping is called the Kodaira-Spencer mapping .
By the way, in the definition of

{
θ
(k)
µν

}
in (1.2), if, instead of putting w = 0,

we put

θ
(k)
λµ (w) =

∂fλµ

∂wk
(zµ, w)

∂

∂zλ
,

then by the same argument as above we can show that
{
θ
(k)
λµ (w)

}
∈ H1(Cw, ΘCw

).

Moreover, θ
(k)
λµ (w) is holomorphic in w. Hence, similarly to (1.3) we obtain the

OW -homomorphism

ρ : ΘW −−−−→ R1π∗ΘC/W ,∑
ak(w) ∂

∂wk −−−−→
∑

ak(w)
{
θ
(k)
λµ (w)

}
;

(1.4)

here, ΘC/W is the sheaf of germs of relative holomorphic tangent vector fields of
π : C → W . The OW -homomorphism ρ is also called the Kodaira-Spencer mapping.

Since the complex analytic family π : C → W is a smooth holomorphic mapping,
there exists an exact sequence of OC-homomorphisms

0 −→ ΘC/W −→ ΘC −→ π∗ΘW −→ 0. (1.5)

From the exact sequence we obtain a long exact sequence

−→ π∗ΘC −→ π∗π
∗ΘW = ΘW

τ−→ R1π∗ΘC/W −→ R1π∗ΘC .
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It is easily seen that by the definition of ρ the Kodaira-Spencer mapping (1.4) is
nothing but the OW -homomorphism ΘW

τ→ R1π∗ΘC/W of the long exact sequence.

Remark 1.3 Similarly we can define a complex analytic family of compact
complex manifolds and the Kodaira-Spencer mapping.

Let us calculate the Kodaira-Spencer mapping of the family of elliptic curves
constructed in Example 1.2.

Example 1.4 Let us first consider an elliptic curve E = C/(1, τ0) τ0 ∈ H. Let
z be a global coordinate of the affine space C and o the origin of the elliptic curve
E. From the exact sequence

0 → ΘE → ΘE(∗o) t→ z−1C[z−1]
d

dz
→ 0

we have the exact sequence

0 → H0(E, ΘE(∗o)) t→ z−1C[z−1]
d

dz

θ→ H1(E, ΘE) → 0

where we put

ΘE(∗o) = lim−→
m→∞

Θ(mo)

H0(E, ΘE(∗o)) = lim−→
m→∞

H0(E, Θ(mo)).

Note that for the Weierstrass ℘-function, we have

(−1)n

n!
℘(z)

d

dz
∈ H0(E,OE((n + 2)o)) \H0(E,OE((n + 1)o))

for all non-negative integers n. Hence, z−1 d

dz
has non-zero image θ(z−1 d

dz
) in

H1(E, ΘE). Let us describe the image. Let {Uλ}N
λ=0 be a small open covering of E

such that U0 is a coordinate neighbourhood of o with local coordinate z and such
that

o /∈ U0 ∩ Uµ, µ ≥ 1.

Then the image of z−1 d

dz
is given by the cocycle

τλµ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
z−1 d

dz
, λ = 0, µ ≥ 1, Uλµ �= ∅

−z−1 d

dz
, λ ≥ 1, µ = 0, Uλµ �= ∅

0, otherwise.

Let p : E → H be the versal family constructed in Example 1.2. As we put
E = C/(1, τ0), by using the above covering, we find an open covering {Ûλ}N

λ=0 of
p−1(V ), where V is an open neighbourhood of τ0 such that p−1(τ0)∩ Ûλ = Uλ. Let
(τλ, zλ) be local coordinates of Ûλ such that

τλ = τ − τ0

z0 = z

zλ = zµ + mλµ + nλµτ
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with mλµ, nλµ ∈ Q. Then, the Kodaira-Spencer class ρτ0(
∂

∂τ
) ∈ H1(E, ΘE) is

given by the cocycle

θλµ = {nλµ
d

dzλ
}.

Let us consider the Dolbeault representations of the cocycles {τλµ} and {θλµ}.
First consider the cocycle {θλµ}. Put

ψλ =
(z̄λ − zλ)
2
√
−1Im τ

d

dzλ
.

Then we have

ψµ − ψλ = nλµ
d

dzλ
= θλµ.

Therefore

∂ψµ = ∂ψλ = (2
√
−1Im τ )−1 d

dz
dz̄

is the corresponding Dolbeault representative of {θλµ}.
Next consider the cohomology class {τλµ}. We may assume that

{ z ∈ C | |z| ≤ ε} ⊂ U0

and

{ z ∈ C | |z| ≤ ε/2} ⊂ U0 \
N⋃

λ=1

Uλ.

Let f(z) be a real-valued C∞ function in U0 such that 0 ≤ f(z) ≤ 1 and

f(z) =

{
0, |z| < ε/3
1, |z| ≥ ε/2.

(1.6)

Put

τ̃µ =

⎧⎨⎩
f(z)

z

d

dz
µ = 0

0 µ ≥ 1.
.

Then we have
τλµ = τ̃µ − τ̃λ

and

ω = ∂τ̃λ =
1
z

(
∂f(z)

∂z̄

)
d

dz
dz̄

represents the Dolbeault cohomology class of {τλµ}. Since the Dolbeault cohomol-
ogy class has a representative of the form

a
d

dz
dz̄, a ∈ C,

we will find the constant a for ω defined above. Note that for any C∞ function h
on E we have ∫

E

(ω + ∂h) ∧ dz =
∫

E

ω ∧ dz.
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We have ∫
E−{|z|<ε}

∂f(z)
∂z̄

1
z
dz̄ ∧ dz =

∫
E−{|z|<ε}

∂(
f(z)

z
dz)

=
∫

E−{|z|<ε}
d(

f(z)
z

dz)

= −
∫
|z|=ε

1
z
dz = −2π

√
−1

by (1.6). On the other hand, we have∫
E

adz̄ ∧ dz = 2
√
−1aIm τ.

Therefore we conclude that {τλµ} and − π

Im τ

d

dz
dz̄ represent the same cohomology

class. Thus we obtain the equality

θ(z−1 d

dz
) = −2π

√
−1ρ(

∂

∂τ
).

Next let us consider another coordinate. Put

w = exp(2π
√
−1z), q0 = exp(2π

√
−1τ0).

Then the elliptic curve E can be regarded as the quotient manifold C∗/〈q0〉, where
〈q0〉 means the infinite cyclic group acting on C∗ generated by the analytic auto-
morphism

w �→ q0w.

In this coordinate, the origin of the elliptic curve corresponds to the point w = 1.
Put

u = w − 1.

Then we have the exact sequence

0 → ΘE → ΘE(∗o) η→ u−1C[u−1]
d

du
→ 0

and from this exact sequence we have the exact sequence

0 → H0(E, ΘE(∗o)) t→ u−1C[u−1]
d

du

θ→ H1(E, ΘE) → 0.

The image θ(u−1 d

du
) is calculated as follows. The image is defined by the cocycle

ωλµ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
u−1 d

du
if λ = 0, µ ≥ 1 U0µ �= 0

−u−1 d

du
if λ ≥ 1, µ = 0 Uλ0 �= 0

0 otherwise

Since we have

u−1 d

du
=

1
(exp(2π

√
−1z)− 1)2π

√
−1 exp(2π

√
−1z)

d

dz

= (
−1

4π2z
+ holomorphic)

d

dz
we conclude

{ωλµ} = − 1
4π2

{τλτ},
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that is,

θ(u−1 d

dz
) = − 1

4π2
θ(z−1 d

dz
) = − 1

2π
√
−1

ρ(
d

dτ
).

In the following we need to consider degeneration of families of elliptic curves.
In that case we shall use the parameter

q = exp(2π
√
−1τ ).

Then we have

q
d

dq
=

1
2π
√
−1

d

dτ

θ(u−1 d

du
) = −θ(q

d

dq
).

This formula will be used later.

1.1.4 Kuranishi family. Let us introduce the following definition, to help us
understand another aspect of the Kodaira-Spencer mapping.

Definition 1.5 If a complex analytic family π : C → W of compact Riemann
surfaces and the point 0 ∈ W , C = π−1(0), satisfy the following condition (∗), the
family π : C → W is said to be complete at the point 0.

(∗) If a complex analytic family � : M → N of compact Riemann surfaces, a
point s ∈ N and an analytic isomorphism f0 : M = �−1(s) → C are given,
then there exist a holomorphic mapping g from a neighbourhood U of the
point s to W and a holomorphic mapping f : �−1(U) → C such that they
satisfy the following conditions:

g(s) = 0,

f |�−1(s) = f0,

and such that, for any point u ∈ U , f |�−1(u) is an analytic isomorphism
from �−1(u) to π−1

(
g(u)

)
with commutative diagram

�−1(U)
f−→ C⏐⏐� ⏐⏐�

U
g−→ W

(1.7)

In this case the family �−1(U) → U is complex analytically isomorphic to the
pullback of the family π : C → W by the holomorphic mapping g. Moreover, for
all g satisfying the above condition, if (dg)s is uniquely determined, the family
π : C → W is said to be versal at the point 0. Moreover, if g is uniquely determined,
the family π : C → W is said to be universal at 0.

If an analytic family π : C → W is semi-universal but not universal at the
point 0, then the analytic automorphism group of the compact Riemann surface
C = π−1(0) gives an obstruction to being universal. The following theorem is
important for applications.

Theorem 1.6 If a complex analytic family π : C → W of compact Riemann
surfaces of genus g ≥ 2 is complete at every point of a neighbourhood of a point
0 ∈ W and versal at 0, then the family π is universal at the point 0.
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The relationship between the Kodaira-Spencer mapping and a complete family
or versal family is given in the following theorems.

Theorem 1.7 If the Kodaira-Spencer mapping of a complex analytic family
π : C → W is surjective at a point w ∈ W, then the family is complete at the point
w.

Theorem 1.8 A complex analytic family π : C → W is versal at a point 0 ∈ W
if and only if the family π is complete at every point of a neighbourhood of the point
0, and the Kodaira-Spencer mapping ρ0 : T0W → H1

(
π−1(0), Θ

)
at the point 0 is

an isomorphism.

1.1.5 Period mappings. Let R be a compact Riemann surface of genus g
and {α1, . . . , αg, β1, . . . , βg} be a symplectic basis of H1(R, Z). A period matrix τ
of the Riemann surface R is given by

τ :=
(∫

βi

ωj

)
·
(∫

αi

ωj

)−1

(1.8)

where {ω1, . . . , ωg} is a basis of holomorphic one-forms on R. Note that the period
matrix τ is independent of the choice of the basis of holomorphic one-forms but
depends on the choice of symplectic basis. Let {α̃1, . . . , α̃g, β̃1, . . . , β̃g} be another
symplectic basis of H1(R, Z). Then we have⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

β̃1

...
β̃g

α̃1

...
α̃g

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
(

A B
C D

)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

β1

...
βg

α1

...
αg

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
where the matrix (

A B
C D

)
is in the group Sp(g, Z) of symplectic integral matrices defined by

Sp(g, Z) :=
{

X ∈ M2g(Z) | tX

(
0 −Ig

Ig 0

)
X =

(
0 −Ig

Ig 0

) }
.

Let τ̃ be the period matrix of the Riemann surface R defined by the symplectic
basis {α̃1, . . . , α̃g, β̃1, . . . , β̃g}. Then we have

τ̃ = (Aτ + B)(Cτ + D)−1.

A basis {ω1, . . . , ωg} of holomorphic one-forms of R is called a normalized basis
with respect to a symplectic basis {α1, . . . , αg, β1, . . . , βg} of H1(R, Z), if we have∫

αi

ωj = δij ,

∫
βi

ωj = τij , τ = (τij). (1.9)

Let π : R → T be the universal family of compact Riemann surfaces of genus
g over the Teichmüller space T. For each point t ∈ T, put Rt = π−1(t). There is a
canonical isomorphism

H1(Rt, ΘRt
) � TtT (1.10)
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which is nothing but the one induced by the Kodaira-Spencer mapping. Taking the
dual there is a canonical isomorphism

TtT∗ � H0(Rt, ω
⊗2
Rt

). (1.11)

In the following we often identify the two sides of (1.11). Then, since T is simply
connected, the sheaf R1π∗Z is trivial on T and we find global sections

{α̂1, . . . , α̂g, β̂1, . . . , β̂g}
of the sheaf R1π∗Z such that for each point t ∈ T,

{α̂1(t), . . . , α̂g(t), β̂1(t), . . . , β̂g(t)}
is a symplectic basis of H1(Rt, Z). The sheaf π∗ωR/T is a free OT-module of rank
g. Let {ω̂1, . . . , ω̂g} be an OT-free basis of π∗ωR/T. Then the matrix

Π(t) :=

(∫
bβi(t)

ω̂j(t)

)
·
(∫

bαi(t)

ω̂j(t)

)−1

(1.12)

defines a holomorphic mapping

Π : T → Sg (1.13)

from the Teichmüller space to the Siegel upper half-plane of degree g. Moreover,
there exists a group homomorphism

Φ : Modg → Sp(g, Z) (1.14)

of the mapping class group Modg of genus g to the symplectic group such that

Π(γt) = (AγΠ(t) + Bγ)(CγΠ(t) + Dγ)−1. (1.15)

where

Φ(γ) =
(

Aγ Bγ

Bγ Dγ

)
. (1.16)

1.1.6 Jacobian variety of a Riemann surface. For a compact Riemann
surface R let {α1, . . . , αg, β1, . . . , βg} be a symplectic basis and {ω1, . . . , ωg} be a
normalized basis of holomorphic one-forms. In the following

(R, {α1, . . . , αg, β1, . . . , βg})
is called a weakly marked Riemann surface. Let τ ∈ Sg be the corresponding period
matrix. We let J(R) be a g-dimensional complex torus with period matrix (Ig, τ ).
Then, we can define a holomorphic mapping j : R → J(R) by

j(Q) := (
∫ Q

P0

ω1, . . . ,

∫ Q

P0

ωg) (1.17)

where the base point P0 ∈ R is fixed once and for all. If we change the base point,
the mapping j differs only by a translation of the complex torus J(R). The mapping
j is called the Albanese mapping and the complex torus J(R) is usually called the
Jacobian variety of the Riemann surface R.

The Jacobian variety J(R) may be defined intrinsically by

J(R) = H0(R, ωR)∗/H1(R, Z). (1.18)

Precisely speaking, this is the definition of the Albanese variety of the Riemann
surface R. Since we have ∫

αi

ωj = δij
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for a normalized basis {ω1, . . . , ωg} of H0(R, ωR) we may regard {α1, . . . , αg} as
the corresponding dual basis of H0(R, ωR)∗. Then the equality∫

βi

ωj = τij

implies that

βi =
g∑

j=1

τijαj .

Therefore, we can express J(R) as a complex torus Cg/(Ig, τ ) defined above.
The Picard variety Pic0(R) of the Riemann surface R is defined by

Pic0(R) := H1(R,OR)/H1(R, Z). (1.19)

Choose again a normalized basis {ω1, . . . , ωg} of H0(R, ωR). Then {ω1, . . . , ωg} is a
basis of H1(R,OR). By the Hodge decomposition theorem, we have an isomorphism

H1(R, C) � H1(R,OR)⊕H0(R, ωR).

Let {α∗
1, . . . , α

∗
g, β

∗
1 , . . . , β∗

g} be the basis of the cohomology group H1(R, Z) dual
to the basis {α1, . . . , αg, β1, . . . , βg} of H1(R, Z). Since we may regard H1(R, Z) as
a lattice of H1(R, C), by the above isomorphism we may express

α∗
i =

g∑
j=1

aijωj +
g∑

j=1

aijωj

β∗
i =

g∑
j=1

bijωj +
g∑

j=1

bijωj .

Put
A = (aij) B = (bij).

By the equalities

δik = 〈αk, α∗
i 〉 =

g∑
j=1

aij

∫
αk

ωj +
g∑

j=1

∫
αk

aijωj

= aik + aik

0 = 〈βk, α∗
i 〉 =

g∑
j=1

aij

∫
βk

ωj +
g∑

j=1

aij

∫
βk

ωj

g∑
j=1

aijτ jk +
g∑

j=1

aijτjk.

and the similar equalities for β∗
i , we have(

A A
B B

)(
Ig τ
Ig τ

)
= I2g

Put
Y = (−2π

√
−1Im τ )−1. (1.20)

Note that Y is a symmetric matrix. We have(
Ig τ
Ig τ

)−1

=
(
−τY −τY

Y Y

)
.
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Hence the lattice induced by H1(R, Z) in H1(R,OR) is given by the rows of the
matrix (

−τY
Y

)
where we use {ω1, . . . , ωg} as a basis of H1(R,OR). Hence, we may express Pic0(R)
as a complex torus Cg/(Y τ, Y ). Thus, there is an isomorphism

λ : J(R) → Pic0(R)

given by

λ

⎡⎢⎣ z1

...
zg

⎤⎥⎦ =

⎡⎢⎣Y

⎛⎜⎝ z1

...
zg

⎞⎟⎠
⎤⎥⎦ . (1.21)

Note that the isomorphism λ is induced from a C-linear isomorphism

H0(R, ωR)∗ → H1(R,OR)∑
aiαi �→

∑
ij(yijaj)ωi (1.22)

where (yij) = Y .
The Albanese and Picard varieties of a compact Riemann surface are dual to

each other and they are principally polarized abelian varieties. The above isomor-
phism λ : J(R) → Pic0(R) is a canonical one. The sheaf ΘJ(R) of holomorphic
vector fields on the Jacobian variety is trivial and we have a canonical isomorphism

ΘJ(R) � T0J(R)⊗OJ(R)

Moreover, the Albanese mapping j : R → J(R) induces an isomorphism

H1(J(R),O) � H1(R,O)

by dzj �→ ωj . Therefore, we have a canonical isomorphism

ι : H1(J(R), ΘJ(R)) � T0J(R)⊗H1(R,OR).

where T0J(R) is the tangent space of J(R) at the origin. By the above isomorphism
λ, we may identify T0J(R) with H1(R,OR). Hence, we may rewrite

ι : H1(J(R), ΘJ(R)) � H1(R,OR)⊗H1(R,OR). (1.23)

Since T0J(R) is identified with H0(R, ωR)∗ by (1.19), by (1.8)) the mapping ι is
written explicitly as

ι(
∂

∂zi
dzj) =

g∑
k=1

yikωk ⊗ ωj (1.24)

where the matrix (yij) = Y is defined in (1.20). Put

T := {T = (tij)|T is g × g complex matrix with det
(

Ig T
Ig T

)
�= 0}

and we let Z2g act on T× Cg by

n : (T, z) → (T, z + n1 + n2T ), n = (n1, n2), ni ∈ Zg.

The quotient space π : T = T×Cg/Z2g → T is a versal family of complex tori. Let
µ : A → Sg be the family of abelian varieties over the Siegel upper half-plane such
that the fibre Aτ = µ−1(τ ) is the complex torus with period matrix (Ig, τ ). There
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is a natural embedding i : Sg ↪→ T and the induced family i∗T → Sg is isomorphic
to the family µ : A → Sg. We call the mapping

i ◦Π : T → T

also the period mapping. At a point τ ∈ Sg ⊂ T corresponding to the Riemann
surface R with symplectic basis {α1, . . . , αg, β1, . . . , βg}, by the Kodaira-Spencer
mapping we may identify the tangent space TτT of T at τ with H1(J(R), ΘJ(R)).
Hence, the period mapping i ◦Π induces a natural mapping

H1(R, ΘR) → H1(J(R), ΘJ(R)) = H1(R,OR)⊗H1(R,OR)

where we use the isomorphism ι (1.22). The dual of this mapping is given by the
natural multiplication map

H0(R, ωR)⊗H0(R, ωR) → H0(R, ω⊗2
R ) (1.25)

ν ⊗ µ �→ νµ.

Let us calculate the Kodaira-Spencer class of a tangent vector
∂

∂tij
at a point

τ ∈ Sg ⊂ T. Let U be an open neighbourhood of the point τ0 and let {Uλ}λ∈Λ be
a small open covering of U . We choose local coordinates (tij , z1

λ, . . . , zg
λ), 1 ≤ i ≤

j ≤ g in such a way that (z1
λ, . . . , zg

λ) are deduced from the global affine coordinates
(z1, . . . , zg) of the vector space Cg. Thus, if Uλ ∩ Uµ �= ∅, then we have

zi
λ − zi

µ = mi
λµ +

g∑
k=1

nk
λµtik (1.26)

where mi
λµ, ni

λµ ∈ Rg, i = 1, 2, . . . , g. Therefore, the Kodaira-Spencer class ρ(
∂

∂tij
)

is given by the cocycle θλµ defined by

θλµ = nj
λµ

∂

∂zi
λ

. (1.27)

Now put ⎛⎜⎝ ψ1
λ
...

ψg
λ

⎞⎟⎠ = Y

⎛⎜⎝ z1
λ − z1

λ
...

zg
λ − zg

λ

⎞⎟⎠ .

where Y = (−2
√
−1Im(tij))−1 . Then we have

ψj
µ

∂

∂zi
µ

− ψj
λ

∂

∂zi
λ

= θλµ.

Thus

∂(ψj
µ

∂

∂zi
µ

) = ∂(ψj
λ

∂

∂zi
λ

)

is a global form and is expressed as
g∑

k=1

yjk
∂

∂zi
dzk. (1.28)
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The Dolbeault cohomology class (1.0-20) is the Kodaira-Spencer class ρ(
∂

∂tij
) and

by (1.22) we have

ι(ρ(
∂

∂tij
)) =

g∑
�=1

g∑
k=1

{(yi�ω�)⊗ (yjkωk)}

Hence, by (1.22) the dual of this class in H0(R, ωR) ⊗ H0(R, ωR) is ωi ⊗ ωj .
Hence, by (1.26) we conclude

Π∗(dτij) = Π∗ ◦ i∗(dtij) = ωiωj (1.29)

where we use the identification (1.11). Thus we have proved the following Propo-
sition.

Proposition 1.9 Under the above assumption and notation, we have

Π∗(
∑
i<j

∂

∂τij
(log det(Cγτ + Dγ))dτij) (1.30)

=
∑
i<j

ωiωjΠ∗(
∂

∂τij
log det(Cγτ + Dγ)).

1.1.7 Symmetric bidifferential. Let us consider a symmetric bidifferential
form on a compact Riemann surface. First we recall basic facts on theta functions.
For a point τ ∈ Sg the theta function θ(τ, z) is defined as

θ(τ, z) :=
∑

m∈Zg

exp{2π
√
−1(

1
2

tmτm + tmz)}.

The theta function θ(τ, z) can be considered as a holomorphic section of the line
bundle which defines a principal polarization of the abelian variety Aτ = Cg/(Ig, τ ).
For e ∈ Cg we denote the corresponding point of Aτ by [e]. The zeroes of the theta
function θ(τ, z) define a divisor on Aτ called the theta divisor and is denoted by Θ.

The theta function θ[e](τ, z) with characteristic e =
[

δ
ε

]
, δ, ε ∈ Rg is defined

as

θ[e](τ, z) :=
∑

m∈Zg

exp 2π
√
−1{1

2
t(m + δ)τ (m + δ) + t(m + δ)(z + ε))}.

Let R be a compact Riemann surface of genus g. Let us fix a symplectic
basis of H1(R, Z) and let τ ∈ Sg be the corresponding period matrix. Then the
abelian variety Aτ is the Jacobian variety J(R) of R. Let Divd(R) be the group of
divisors of degree d on a compact Riemann surface R. We can extend the mapping
j : R → J(R) to the mapping j : Divd(R) → J(R) by putting

j(
m+d∑
i=1

Pi −
m∑

k=1

Qk) :=
m+d∑
i=1

j(Pi)−
m∑

k=1

j(Qk).

Note that for two divisors D, D′ ∈ Divd(R), j(D) = j(D′) if and only if D and
D′ are linearly equivalent, that is, there is a meromorphic function f on R such
that D = D′ + (f). Let Picd(R) be the set of isomorphism classes of line bundles
of degree d on the compact Riemann surface R. Then, by Abel’s theorem, the
mapping j : Divd(R) → J(R) factors through j : Picd(R) → J(R), where we
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identify Picd(R) with the quotient Divd(R)/ ∼ by the linear equivalence relation.
Moreover, for any divisor D on R we denote the corresponding line bundle on R by
[D]. Also in the following we always identify Pic0(R) with J(R) via the canonical
isomorphism λ. The following Theorem due to Riemann is the most fundamental
in the theory of theta functions associated with a Riemann surface.

Theorem 1.10 There is a divisor ∆ ∈ Divg−1(R) with

[2∆] = ωR (1.31)

such that for any point P ∈ R and e ∈ Cg we have:
(1) If θ(τ, e) �= 0, then the divisor D of R defined by the equation in the variable

Q
θ(τ, j(Q)− j(P )− e) = 0

is an effective divisor of degree g with

H1(R,OR(D)) = 0

and
[e] = j(D − P −∆).

(2) If θ(τ, e) = 0, then for some effective divisor E of degree g − 1 we have

[e] = j(E −∆).

Moreover, dimC H1(R,OR(E)) is the multiplicity of the theta divisor Θ at
the point [e] and is the smallest integer d such that

θ(B −A− e) ≡ 0

for all effective divisors A, B of degree less than or equal to d− 1.

Put
L0 = [∆]. (1.32)

Hence, we have
L⊗2

0 = ωR. (1.33)
For a half-period (i.e. a two-torsion point) α ∈ J(C), that is, 2α = 0 in J(R), we
let Lα be the line bundle on the Riemann surface R such that Lα ⊗L−1

0 is the half
period α. Hence, in particular

L⊗2
α = ωR. (1.34)

Corollary 1.11 We have

h0(R, Lα) = h1(R, Lα) = multαΘ (1.35)

and h0(R, Lα) is even for α even and odd for α odd, where a half-period α is called
odd (resp. even), if we have

α =
1
2

[
δ
ε

](
τ
Ig

)
, δ, ε ∈ Zg

with δ · tε even (resp. odd).

For the proofs of Theorem 1.10 and Corollary 1.11 we refer the reader to [Fay].
Let α be a non-singular odd half-period, that is, multαΘ = 1. Then, by the above
corollary, the line bundle Lα has a non-zero global section hα satisfying

h2
α =

g∑
i=1

∂θ[α]
∂zi

(τ, 0)ωi (1.36)
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where {ω1, . . . , ωg} is the normalized basis of holomorphic one-forms and we use
(1.34). The prime form E(P, Q) of the Riemann surface R is defined as

E(P, Q) :=
θ[α](τ, j(P −Q))

hα(P )hα(Q)
(1.37)

for points P , Q ∈ R. Note that the prime form is independent of the choice of α
and is a holomorphic section of the line bundle π1L

−1
0 ⊗ π2L

−1
0 ⊗ δ∗(Θ) on R×R,

where πi is the projection of R×R to the i-th factor and δ : R×R → J(R) is the
mapping sending (P, Q) ∈ R×R to j(Q− P ). Moreover, we have

E(P, Q) = −E(Q, P ) (1.38)

and E(P, Q) vanishes to first order along the diagonal in R×R and does not vanish
outside the diagonal. Let x (resp. y) be a local coordinate of R with center P (resp.
Q) and by abuse of notation let us write

hα(P ) = hα(x)
√

dx

hα(Q) = hα(y)
√

dy.

Then the prime form E(P, Q) is expressed as

E(P, Q) = E(x, y)(
√

dy)−1(
√

dy)−1.

Now let us define the bidifferential ω(x, y)dxdy by

ω(x, y)dxdy :=
∂2

∂x∂y
log E(x, y)dxdy. (1.39)

Then ω(x, y)dxdy is a meromorphic bidifferential on R×R holomorphic outside the
diagonal and has a pole of order two along the diagonal. That is, ω(x, y)dxdy ∈
H0(R×R, p∗1ωR ⊗ p∗2ωR(2∆)) Moreover, by (1.38) we have

ω(x, y) = ω(y, x). (1.40)

Proposition 1.12 For f ∈ Cg, if [f ] ∈ J(R) is a non-singular point of the
theta divisor Θ, then we have

ω(x, y)dxdy =
∂2 log θ

∂x∂y
(τ, j(x)− j(y)− f)dxdy.

For a proof, see [Fay].
For a symmetric bidifferential ω̂(x, y)dxdy on R × R holomorphic outside the

diagonal, we always have an expansion along the diagonal

ω̂(x, y)dxdy =

(
2∑

k=k0

c−k

(x− y)k
+ holomorphic

)
.

The coefficient c−2 is independent of the choice of local coordinates and called the
biresidue and written as Res2(ω̂).

Corollary 1.13 There exists a symmetric bidifferential ω which is holomorphic
outside the diagonal and has a pole of order 2 on the diagonal with Res2 ω = 1.

In the following, by a meromorphic symmetric bidifferential ω(x, y)dxdy of a
Riemann surface R we mean that ω(y, x) = ω(x, y), ω is holomorphic on R × R
outside the diagonal and has a pole of order 2 along the diagonal.
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Lemma 1.14 Let ω(x, y)dxdy and ω̃(x, y)dxdy be symmetric bilinear differen-
tials on R×R holomorphic outside the diagonal such that they have poles of order
2 on the diagonal with

Res2(ω) = Res2(ω̃)
Then the difference

Ω(x, y)dxdy = ω(x, y)dxdy − ω̃(x, y)dxdy

is a holomorphic symmetric bidifferential on R×R.

The space of symmetric bilinear differentials on R × R having a pole of order
two on the diagonal and holomorphic outside the diagonal is written as

H0(R×R, p∗1ωR ⊗ p∗2ωR(2∆))〈ι〉

where ι is the automorphism of R ×R exchanging the components. Note that

ωR×R = p∗1ωR ⊗ p∗2ωR

Let us define the projective connection Sω(z)dz2 attached to a symmetric bi-
differential ω with biresidue 1 of a compact Riemann surface R by

Sω(z)dz2 = 6 lim
w→z

(ω(w, z)dwdz − dwdw

(w − z)2
). (1.41)

The projective connection Sω(z)dz2 does depend on a choice of a local coordinate
z. The following theorem is well-known and is obtained by direct calculations.

Theorem 1.15

Sω(z)dz2 = Sω(w)dw2 − {z; w}dw2

where {z; w} is the Schwarzian derivative defined by

{z; w} =
d3z

dw3
/

dz

dw
− 3

2

(
d2z

dw2
/

dz

dw

)2

.

1.2 Stable N-pointed curves

1.2.1 Nodal curve. By a nodal curve C we mean a closed analytic subvariety
in a complex projective space Pn whose singular points are nodes, that is, local
analytically isomorphic to a neighbourhood Uε = {(z, w) | zw = 0, |z| < ε, |w| < ε }
of zw = 0 at the origin. If we use the language of algebraic geometry, a nodal
curve is a semi-stable curve, that is, a reduced connected complete algebraic curve
defined over the complex numbers C. let P be a node of a nodal curve C. There
is a neighbourhood of P isomorphic to the above Uε for sufficiently small ε. Then
we can desingularize the node P by separating U+ = Uε ∩ {w = 0} = { z | |z| < ε}
and U− = Uε ∩{z = 0} = {w | |w| < ε}. Hence, instead of the point P we have two
points P+ = 0 ∈ U+ and P− = 0 ∈ U−. The new variety C̃ thus obtained is called
the curve obtained by normalization at the point P . There is a natural holomorphic
mapping � : C̃ → C such that � is the identity mapping from C̃ \ {P+, P−} to
C \ {P} and �−1(P ) = {P+, P−}.

Conversely, from a compact Riemann surface we can construct a nodal curve.
Let P+ and P− be two distinct points on a compact Riemann surface. Choose a
local coordinate z (resp. w) of R with center P+ (resp. P−). Let us identify P+

with P− and obtain a new space C. By P we denote the point of C corresponding
to P±. We identify a neighbourhood of P in C with a neighbourhood of zw = 0 at
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∞

10

Figure 1.2 Stable 3-pointed curves of genus 0.

the origin. Identify C \ {P} with R \ {P+, P−}. Then C is a nodal curve. If we
choose two other points on C \ {P} and repeat the same process we obtain a nodal
curve with two nodes. In this way any nodal curve is obtained from a compact
Riemann surface.

1.2.2 Stable N-pointed curves.

Definition 1.16 The data X = (C; Q1, Q2, . . . , QN ) consisting of a curve C
and points Q1, . . . , QN on C is called an stable N-pointed curve if the following
conditions are satisfied.

(1) The curve C is a compact Riemann surface or a nodal curve.
(2) Q1, Q2, . . . , QN are non-singular points of the curve C.
(3) If an irreducible component Ci is a projective line (i.e. Riemann sphere) P1

(resp. a rational curve with one double point, resp. an elliptic curve), the
sum of the number of intersection points of Ci and other components and
the number of Qj ’s on Ci is at least three (resp. one).

(4) dimC H1(C,OC) = g.

Note that the above condition (3) is equivalent to saying that Aut(X) is a finite
group, so that X has no infinitesimal automorphisms. In the following we often add
the following condition (Q) for an N -pointed stable curve X.

(Q) Each component Ci contains at least one Qj .
The meaning of the condition (Q) will be clarified in the following Lemma 1.21

and Lemma 1.22.

Example 1.17 For g =0, by the property (3), N ≥ 3. Any 3-pointed stable
curve of genus 0 is isomorphic to the curve in Figure 1.2.

Any 4-pointed stable curve of genus 0 is isomorphic to one of the following two
stable curves in Figure 1.3.

Any 1-pointed stable curve of genus 1 is isomorphic to one of the following two
stable curves in Figure 1.4.

Definition 1.18 Let C be a curve and Q a non-singular point on C. The n-th
infinitesimal neighbourhood s(n) of C at the point Q is the C-algebra isomorphism

s(n) : OC,Q/m
n+1
Q � C[[ ξ ]]/(ξn+1) (1.42)

where mQ is the maximal ideal of OC,Q consisting of germs of holomorphic functions
vanishing at Q.
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Figure 1.3 Stable 4-pointed curves of genus 0.

Q Q

Figure 1.4 Stable 1-pointed curves of genus 1.

Taking the limit n →∞ in the isomorphism (1.42), we have the isomorphism

s(∞) : ÔC,Q � C[[ ξ ]]. (1.43)

The isomorphism s(∞) is called the formal neighbourhood of C at Q.

Definition 1.19 The data X = (C; Q1, Q2, . . . , QN ; s1, s2, . . . , sN ) is called
an stable N-pointed curve of genus g with formal neighbourhoods if

(1) (C ; Q1, Q2, . . . , QN ) is an N -pointed stable curve of genus g.
(2) sj is a formal neighbourhood of C at Qj .

Similarly an stable N -pointed curve with n-th formal neighbourhoods

X
(n) = (C; Q1, Q2, . . . , QN ; s

(n))
1 , s

(n))
2 , . . . , s

(n))
N )

is defined .

1.2.3 Residue pairing. Let C be a nodal curve, that is, C is a reduced curve
with at most ordinary double points and proper over C. Let Ω1

C be the sheaf
of Kähler differentials of the curve C and ωC be the dualizing sheaf of the curve
C. Near a singular point P , the curve C is analytically isomorphic to the variety
defined by

xy = 0.

In these coordinates the sheaf Ω1
C is expressed as

Ω1
C = (OCdx +OCdy)/(xdy + ydx)OC . (1.44)

On the other hand, near the singular point P the dualizing sheaf ωC is the invertible
sheaf generated by the differential ζ given by dx/x outside x = 0 and −dy/y outside
y = 0. Moreover, outside the singular points of the curve C, the sheaves Ω1

C and
ωC coincide. Thus, we have

Ω1
C = mωC (1.45)
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where m is the defining ideal sheaf of the singular points of C. Hence, we have the
following exact sequence.

0 → Ω1
C → ωC → ωC ⊗OCSing

→ 0.

Let ν : C̃ → C be the normalization of the curve C. We let {P1, . . . , Pq}
be the set of double points of the curve C and for each double point Pi, put
ν−1(Pi) = {Pi,+, Pi,− }. Then, we have the following exact sequence.

0 → ωC → ν∗ω
eC(

k∑
i

(Pi,+ + Pi,−)) r→
q⊕
i

C → 0 (1.46)

where at each double point Pi, the mapping r is given by

resPi,+(τ )− resPi,−(τ ).

This means that a local holomorphic section of the dualizing sheaf ωC is regarded
as a local meromorphic section of a one-form on C̃ which has a pole of order one
at Pi,+ and Pi,− such that the sum of the residues is zero and the one-form is
holomorphic outside Pi,±’s. In the following we shall often use this interpretation.
The following Lemma is an easy consequence of this interpretation.

Lemma 1.20 Let τ be a meromorphic section of the dualizing sheaf ωC holo-
morphic at the double points. Then the sum of the residues of τ is zero.

Lemma 1.21 Assume that the N-pointed stable curve

X = (C; Q1, Q2, . . . , QN ; s1, s2, . . . , sN )

with formal neighbourhoods satisfies the condition (Q). By tj we denote the Laurent
expansions at Qj with respect to a formal parameter ξj = s−1(ξ). Then the following
homomorphisms are injective:

t = ⊕tj : H0(C,O(∗
N∑

j=1

Qj)) −→
N⊕

j=1

C((ξj)) (1.47)

t = ⊕tj : H0(C, ωC(∗
N∑

j=1

Qj)) −→
N⊕

j=1

C((ξj))dξj (1.48)

where ωC is the dualizing sheaf of the curve C and

H0(C,O(∗
N∑

j=1

Qj)) = inj lim
n→∞

H0(C,O(n
N∑

j=1

Qj)).

Proof By condition (Q) if an element f ∈ H0(C,O(∗
∑N

j=1 Qj)) is zero at an
irreducible component of the curve C, then f = 0. Hence the mapping (1.47) is
injective. Similarly, if an element ω ∈ H0(C, ωC(∗

∑N
j=1 Qj)) is zero at an irre-

ducible component of the curve C, then ω = 0, and hence the injectivity of (1.48)
follows.

By this Lemma H0(C,O(∗
N∑

j=1

Qj)) (resp. H0(C, ωC(∗
N∑

j=1

Qj))) can be regarded

as a subspace of ⊕N
j=1C((ξj)) (resp. ⊕N

j=1C((ξj))dξj). There is the residue pairing
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N⊕
j=1

C((ξj))×
N⊕

j=1

C((ξj))dξj → C

((f(ξ1), . . . , f(ξN ), g(ξ1)dξ1, . . . , g(ξN )dξN ) �→
N∑

j=1

Res
ξj=0

(f(ξj)g(ξj)dξj).

(1.49)

The following Theorem plays an important role in our theory.

Theorem 1.22 Under the residue pairing the vector space
H0(C,O(∗

∑N
j=1 Qj)) and the vector space H0(C, ωC(∗

∑N
j=1 Qj)) are annihilators

of each other.

Proof Since the residue is independent of the choice of local coordinates, we
may assume that the formal neighbourhood gives holomorphic coordinates in a
neighbourhood of the point Qj . For any positive integers m, n we have the exact
sequence

0 → OC(−m

N∑
j=1

Qj)) → OC(n
N∑

j=1

Qj)
p→

N⊕
j=1

m−1⊕
k=−n

Cξk
j → 0. (1.50)

From this exact sequence we have the long exact sequence of cohomology groups

H0(C,OC(n
N∑

j=1

Qj)) →
N⊕

j=1

m−1⊕
k=−n

Cξk
j

c→ H1(C,OC(−m

N∑
j=1

Qj)) → 0.

Note that by the Serre duality H1(C,OC(−m
∑N

j=1 Qj)) is dual to

H0(C, ωC(m
N∑

j=1

Qj)).

On the image of c the dual pairing

〈 , 〉 : H1(C,OC(−m
N∑

j=1

Qj))×H0(C,OC(m
N∑

j=1

Qj)) → C

is given by

〈c((gj(ξj))), τ 〉 =
N∑

j=1

Res
ξj=0

(gj(ξj)τj) (1.51)

where (gj(ξj)) ∈
⊕N

j=1

⊕m−1
k=−n Cξk

j τ ∈ H0(C,OC(m
∑N

j=1 Qj)) and τj is the Lau-
rent expansion of τ at the point Qj with respect to ξj . (gj(ξj)) ∈

⊕N
j=1

⊕m−1
k=−n Cξk

j

is the image of a global meromorphic function g ∈ H0(C,OC(−m
∑N

j=1 Qj)) if and
only if

N∑
j=1

Res
ξj=0

(gj(ξj)τj) = 0

for any τ ∈ H0(C, ωC(m
∑N

j=1 Qj)). The proof of (1.51) will be given later.
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Assume that (fj(ξj)) ∈
⊕N

j=1 C((ξj)) is annihilated by H0(C, ωC(∗
∑N

j=1 Qj))
by the residue pairing. Fix a positive integer m. For

fj(ξj) =
∞∑

k=−nj

a
(j)
k ξk

j , j = 1, 2, . . . , N

put

fj,m(ξj) =
m−1∑

k=−nj

a
(j)
k ξk

j , j = 1, 2, . . . , N.

Put n = maxj nj . Since (fj(ξj)) is annihilated by H0(C, ωC(∗
∑N

j=1 Qj)), (fj,m(ξj))
is annihilated by H0(C, ωC(m

∑N
j=1 Qj)). (fj,m(ξj)) is the image of a meromor-

phic function f (m) ∈ H0(C,OC(n
∑N

j=1 Qj)). Let f
(m)
j (ξj) be the Laurent expan-

sion of f (m) at Qj with respect to ξj . Then

gj(ξj) := fj(ξj)− f (m)(ξj) ≡ 0 mod ξm
j .

Since f (m) is a global meromorphic function (f (m)
j (ξj)) is annihilated by

H0(C, ωC(∗
N∑

j=1

Qj)).

(gj(ξj)) is also annihilated by H0(C, ωC(∗
∑N

j=1 Qj)). Assume that gk(ξk) �= 0 so
that

gk(ξj) = bsξ
s
k + bs+1ξ

s+1
k + · · · , bs �= 0.

Then s ≥ m > 0. Hence there exists a meromorphic one-form

ω ∈ H0(C, ωC((s + 1)Qk)

which has a pole of order s+1 at Qk and is holomorphic on C \Qk. Hence we have

N∑
j=1

Res
ξj=0

gjωj = Res
ξk=0

gkωk = bs �= 0,

where ωj is the Laurent expansion of ω at Qj with respect to ξj . This contradicts
the fact that {gj(ξj)} is annihilated by H0(C, ωC(m

∑N
j=1 Qj)). Thus we conclude

that gj(ξj) = 0, j = 1, 2, . . . , N . Thus fj(ξj) is the Laurent expansion of f (m) at
Qj with respect to ξj .

Let us show (1.51). First assume that C is a compact Riemann surface. For a
small positive number ε put D

(j)
ε = { ξj | |ξj | < ε } and Cε = C \

∑N
j=1 D

(j)
ε . Cut

Cε along a closed curve so that the cut surface R′
ε is simply connected (see Figure

1.5).
Choose an open covering {Ui}t

i=1 of C such that

Qj ∈ Uj , j = 1, 2, . . . , N, Qj /∈ Ui, i �= j.

Choose Ui small enough so that for j = 1, . . . , N there exist

hj ∈ H0(Uj ,OC(m
N∑

j=1

Qj))
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Figure 1.5 Cut the surface Cε along a closed curve.

with p(hj) = gj(ξj). Set hi = 0 for i ≥ N + 1. Then,

hab = hb − ha ∈ H0(Ua ∩ Ub,OC(−n
N∑

j=1

Qj))

and {hab} is a one-cocycle which represents

c((gj(ξj)) ∈ H1(C,OC(−n
N∑

j=1

Qj)).

The duality pairing H1(C,OC(−m
∑N

j=1 Qj)) × H0(C,OC(n
∑N

j=1 Qj)) → C is
given by the integration

1
2πi

∫
C

ω ∧ τ

where ω ∈ H
(0,1)

∂
(C,OC(−m

∑N
j=1 Qj)) is a Dolbeault cohomology class. Let D(0,0)

C

(resp. D(0,k)
C ) be the sheaf of germs of complex-valued C∞ functions (resp. type

(0, k)-forms) on C and define

D(0,i)
C (−n

N∑
j=1

Qj) = OC(−n

N∑
j=1

Qj)⊗OC D
(0,i)
C .

Then we have

H
(0,1)

∂
(C,OC(−m

N∑
j=1

Qj))

�
Ker

{
∂ : H0(C,D(0,1)

C (−m
∑N

j=1 Qj)) → H0(C,D(0,2)
C (−m

∑N
j=1 Qj))

}
∂
(
H0(C,D(0,0)

C (−m
∑N

j=1 Qj))
) .
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The Dolbeault cohomology class associated with {hab} = c(gj(ξj)) is given as fol-
lows. There exist sa ∈ H0(Ua,D(0,0)

C (−n
∑N

j=1 Qj)) such that

hab = sb − sa.

Then we have
ha − sa = hb − sa.

for any a, b so that they define a global function h on C. Note that h has a pole
at Qj so that ∂h is not the zero cohomology class. The class ∂h represents the
Dolbeault cohomology class associated with the Čech one-cocycle {hab}.

∂h = −∂sa

on Ua. Then the pairing 〈c((gj(ξj)), τ 〉 is calculated as follows.

〈c((gj(ξj)), τ 〉 =
1

2πi

∫
C

∂h ∧ τ

=
1

2πi

∫
C

d(hτ )

= lim
ε→0

1
2πi

∫
Cε

d(hτ )

= lim
ε→0

1
2πi

∫
∂C

hτ

= lim
ε→0

N∑
j=1

1
2πi

∫
∂D

(j)
ε

(hj − sj)τ

(integrations along αi, βi and lj cancel out)

= lim
ε→0

N∑
j=1

1
2πi

{∫
∂D

(j)
ε

hjτ −
∫

∂D
(j)
ε

sjτ

}

=
N∑

j=1

Res
Qj

(hjτ )− lim
ε→0

1
2πi

∫
D

(j)
ε

d(sjτ ).

Since sjτ is C∞ in a neighbourhood of Qj , we have

lim
ε→0

∫
D

(j)
ε

d(sjτ ) = 0.

Also, we have ResQj
(hjτ ) = Resξj=0(gj(ξj)τj) where τj is the Laurent expansion

of τ at Qj with respect to ξj ; hence we conclude

〈c((gj(ξj)), τ 〉 =
N∑

j=1

Res
ξj=0

gj(ξj)τj .

This is the desired result.
Next assume that C has nodes. For simplicity assume that C has only one

node P . Let π : C̃ → C be the normalization map and π−1(P ) = {P+, P−}. Then
π∗ωC = ω

eC(P+ + P−). Hence

π∗H0(C, ωC(m
N∑

j=1

Qj)) ⊂ H0(C̃, ω
eC(m

N∑
j=1

Qj)).
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This implies that on C̃, (gj(ξj)) is annihilated by H0(C̃, ω
eC(m

∑N
j=1 Qj)). Hence,

by the above arguments there exists g̃ ∈ H0(C̃,O
eC(m

∑N
j=1 Qj)) such that p(g̃) =

(gj(ξj)). On the other hand (gj(ξj)) is annihilated by H0(C, ωC(m
∑N

j=1 Qj)).
Hence for τ ∈ π∗H0(C, ωC(m

∑N
j=1 Qj)) \H0(C̃, ω

eC(m
∑N

j=1 Qj)) we have

N∑
j=1

Res
Qj

(g̃τ ) = 0.

On the other hand g̃τ has poles of order one at P+ and P−. Therefore we conclude

Res
P+

(g̃τ ) + Res
P−

(g̃τ ) = 0. (1.52)

Since we have

Res
P+

(g̃τ ) = g̃(P+) Res
P+

τ, Res
P−

(g̃τ ) = g̃(P−) Res
P−

τ

and
Res
P+

τ + Res
P−

τ = 0,

we have
g̃(P+) = g̃(P−).

This means that g̃ is the pullback of a meromorphic function

g ∈ H0(C,OC(m
N∑

j=1

Qj)).

This shows that (1.51) is valid for a nodal curve.
The characterization of H0(C, ωC(∗

∑N
j=1 Qj)) is proved similarly.

1.3 Deformation of pointed curves

Let C be a compact Riemann surface of genus g. A deformation of C is, by
definition, a proper smooth holomorphic mapping π : X → Y of complex spaces
with a prescribed point y ∈ Y such that π−1(y) is isomorphic to the Riemann
surface C (see 1.1.2). It is more convenient to generalize the notion of complex
analytic family f : X → Y in such a way that the underlying space Y is a complex
space, not necessarily a complex manifold.

For example, if Y = Specan C[ ε ]/(ε2), the deformation of C is called an infin-
itesimal (or first oder) deformation of C. The infinitesimal deformations of the
Riemann surface C are parameterized by the cohomology group H1(C, ΘC), where
ΘC is the sheaf of germs of holomorphic vector fields on C. (See 1.1.2.)

More generally, we can define a deformation of the data

X
(n) = (C ; Q1, Q2, . . . , QN ; η

(n)
1 , η

(n)
2 , . . . , η

(n)
N )

of an N -pointed Riemann surface of genus g with n-th infinitesimal neighbour-
hoods. The infinitesimal deformations of an N -pointed Riemann surface of genus g
with n-th infinitesimal neighbourhoods are parameterized by the cohomology group
H1(C, ΘC(−(n + 1)

∑N
j=1 Qj). If C is a singular semi-stable curve, a deformation

of C is defined as a proper flat holomorphic mapping π : X → Y of complex spaces
with a prescribed point y ∈ Y such that π−1(y) is isomorphic to the curve C. In
this case, the infinitesimal deformations of the curve C are parameterized by the
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cohomology group Ext1OC
(Ω1

C ,OC) and the infinitesimal deformations of a stable
N -pointed curve

X
(n) = (C ; Q1, Q2, . . . , QN ; η

(n)
1 , η

(n)
2 , . . . , η

(n)
N )

with n-th infinitesimal neighbourhoods are parameterized by the cohomology group

Ext1OC
(Ω1

C ,OC(−(n + 1)
N∑

j=1

Qj).

(See, for example, [Ar], [DM, Section 1], [SGA7, Exposé VI, 6].) Here, Ω1
C is the

sheaf of Kähler differentials on the curve C. In our situation, we may regard the
exact sequence

0 → IC/I2
C → Ω1

Y ⊗OC → Ω1
C → 0.

as a definition of the sheaf Ω1
C where IC is the sheaf of defining ideals of C = f−1(y0)

of a deformation π : X → Y of the curve C.) Put ΘC = HomOC
(Ω1

C ,OC). There
is an exact sequence

0 → H1(C, ΘC(−(n + 1)
N∑

j=1

Qj)) → Ext1OC
(Ω1

C ,OC(−(n + 1)
N∑

j=1

Qj))

→ H0(C, Ext1OC
(Ω1

C ,OC)) → 0. (1.53)

If the stable curve C has q double points P1, P2, . . . , Pq, then we have

Ext1OC
(Ω1

C ,OC)Q =

{
C, if Q = Pj , i = 1, 2, . . . , q

0, otherwise.

Hence we have
H0(C, Ext1OC

(Ω1
C ,OC)) � Cq.

Each element of H1(C, ΘC(−(n + 1)
∑N

j=1 Qj)) corresponds to an infinitesimal de-
formation of the data

X
(n) = (C ; Q1, Q2, . . . , QN ; η

(n)
1 , η

(n)
2 , . . . , η

(n)
N )

preserving the singularities .

Definition 1.23 The data (π : Y → B; s1, s2, . . . , sN ; η1, η2, . . . , ηN ) is called
a (holomorphic) family of N -pointed stable curves of genus g with formal neigh-
bourhoods if the following conditions are satisfied.

(1) Y and B are connected complex manifolds, π : Y → B is a proper flat
holomorphic map and s1, s2, . . . , sN are holomorphic sections of π.

(2) For each point b ∈ B the data (Yb := π−1(b); s1(b), s2(b), . . . , sN (b)) is an
N -pointed stable curve of genus g.

(3) ηj is an OB-algebra isomorphism

ηj : Ô/sj(B) := lim←−
n→∞

OY /In
j � OB[[ξ]],

where Ij is the defining ideal of sj(B) in Y .

Similarly we define a family of stable N -pointed curves of genus g

(π : Y → B; s1, s2, . . . , sN ; η̃(n)
1 , η̃

(n)
2 , . . . , η̃

(n)
N )

with n-th formal neighbourhoods, by changing the third condition by
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(3′) η̃
(n)
j is an OB-algebra isomorphism

η̃
(n)
j : OY /In+1

j � OB[[ξ]]/I
(n+1)
j .

For a holomorphic mapping f : D → B, we can define the pullback f∗X(n) (resp.
f∗X ) of the family of N -pointed stable curves with n-th infinitesimal neighbour-
hoods (resp. formal neighbourhoods) over the base space D by the mapping f .

Definition 1.24 A family

X = ( π(n) : C(n) → B(n) ; s
(n)
1 , s

(n)
2 , . . . , s

(n)
N ; η̃

(n)
1 , η̃

(n)
2 , . . . , η̃

(n)
N )

of stable N -pointed curves of genus g with n-th formal neighbourhoods is said to
be versal (resp. universal) at a point b ∈ B(n) if for any deformation

Y = (π : X → Y ; s1, . . . , sN ; η̂1, . . . , η̂N )

of π(n)−1(b) = (C; Q1, . . . , QN ; η1, . . . , ηN ) with prescribed point y ∈ Y there exists
a holomorphic mapping (resp. unique holomorphic mapping) f from a neighbour-
hood of y in Y to B(n) such that the pullback f∗X is isomorphic to Y in a neigh-
bourhood of y in Y and such that df is uniquely determined at the base point. If
the family is versal (resp. universal) at each point of B(n), the family X is called a
versal (resp. universal) family.

In the following we mainly consider a family of stable pointed curves with
formal coordinates, which is versal as a family of pointed curves. Hence, in this
section we only consider a family of stable pointed curves. The Kodaira-Spencer
mapping of a family of stable pointed curves is given by the following theorem. For
a proof see [TUY, p. 499–503].

Theorem 1.25 For a family (π : Y → B; s1, s2, . . . , sN ) of N-pointed stable
curve of genus g and for each point b ∈ B, there exists a C-linear mapping

ρb : TbB → Ext1OYb
(Ω1

Yb
,OYb

(−
N∑

j=1

sj(b))) , (1.54)

where Yb = π−1(b).

The C-linear mapping ρb is called the Kodaira-Spencer mapping of the family
(π : Y → B; s1, s2, . . . , sN ) at the point b.

A sheaf version of Theorem 1.25 is the following:

Corollary 1.26 If (π : Y → B; s1, s2, . . . , sN ) is a family of N-pointed smooth
curves of genus g, the Kodaira-Spencer mapping ρs induces an OB-module homo-
morphism

ρ : ΘB → R1π∗Hom(Ω1
Y/B, ΘY (−

N∑
j=1

sj(B))).

The criterion of versality of a family is given by the following:

Proposition 1.27 A family

( π : C → B ; s1, s2, . . . , sN )
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of stable N-pointed curves of genus g is versal at a point b ∈ B if and only if the
Kodaira-Spencer mapping

ρb : TbB → Ext1OCb
(Ω1

OCb
,OCb

(−
N∑

j=1

sj(b)))

is an isomorphism at the point b.

Let us prove the existence of the versal family of stable N -pointed curves.

Theorem 1.28 For each N-pointed stable curve (C; Q1, . . . , QN ) of genus g,
there exists a family

F = ( π : C → B ; s1, s2, . . . , sN )

with prescribed point b ∈ B such that π−1(b) is isomorphic to (C; Q1, . . . , QN ) and
such that the family F is versal at b. Moreover, C and B are complex manifolds and
the family F is versal at each point of a small neighbourhood of b in B. If the N-
pointed stable curve has trivial automorphism group, then the family F is universal
at b.

Proof The theorem is a consequence of deformation theory ([Ar], [Sc], [SGA
7]). Since we need an explicit description of a versal family, we give here a method
to construct a versal family of the first infinitesimal neighbourhoods.

By our assumption, the curve C has only ordinary double points. Hence, by
deformation theory, there exists a versal family π(φ) : C(φ) → B(φ) with specified
point x ∈ B(φ) such that Cx = π(φ)−1(x) � C and the Kodaira-Spencer mapping

ρx : TxB(φ) → Ext1OCx
(Ω1

Cx
,OCx

)

is an isomorphism. (Since the automorphism group of C may not be trivial, the
family π : C(φ) → B(φ) may not be universal at the point x but only versal.) Put

B = C(φ)N \

⎛⎝⋃
i<j

∆ij

⋃
{ singular points of C(φ)N }

⎞⎠
where

∆ij = { (x1, . . . , xN ) ∈ C(φ)N | xi = xj }
is the (i, j)-th diagonal. There is a natural holomorphic mapping p : B → B(φ).
Put also

C = C(φ) ×B(φ) B
and let π : C → B be the projection to the second factor. By our definition,
(Q1, . . . , QN ) ∈ p−1(x). Put x0 = (Q1, . . . , QN ) ∈ B. Then we have π−1(x0) =
Cx × x0 � C. Moreover, we can define holomorphic sections

sj : B → C

by
sj((P1, . . . PN )) = (Pj , P1, . . . , PN ) ∈ C(φ) ×B(φ) B.

Then we have sj(x0) = (Qj , x0). It is easy to show that F = (π : C → B; s1, . . . , sN )
is versal at each point of B.



1.3. Deformation of pointed curves 29

u2 = 1

u2 = 0

u1 = 1u1 = 0

u2 = u1

Figure 1.6 The moduli space of ordered four-pointed projective lines : B2 =

C2 \ {4 lines}.

Let F( π := C → B ; s1, s2, . . . , sN ) be a versal family of N -pointed stable curves
of genus g. Put

Σ = {P ∈ C | dπP : TP C → Tπ(P )B is not surjective } (1.55)
D = π(Σ). (1.56)

The set Σ is called the critical locus of the family and D is called the discriminant
locus of the family. The following lemma is a consequence of the deformation theory
of singular curves with ordinary double points. (See for example [Ar], [DM, Section
1] or [SGA 7, Exposé VI, 6].)

Lemma 1.29 For a versal family of stable N-pointed curves of genus g

( π : C → B ; s1, s2, . . . , sN ),

assume 2g − 2 + N ≥ 1.
(1) We have

dimB = 3g − 3 + N

dim C = 3g − 2 + N.

(2) The critical locus Σ is a smooth subvariety of codimension 2 in C.
(3) The discriminant locus D is a divisor with normal crossings in B.

Example 1.30 Let (P1; Q1, . . . , QN ) be an N -pointed projective line ( smooth
curve of genus 0 ). By an automorphism of P1, the first three points Q1, Q2, Q3 can
be mapped to the points 0, 1, ∞. We may regard P1 as C∪{∞}. Let u be a global
coordinate of C. Thus, (P1; Q1, . . . , QN ) is isomorphic to (P1; 0, 1,∞, u1, . . . , uN−3).
Put

Bm = {(u1, . . . , um) ∈ C | uj �= 0, 1,∞, ui �= uj , i �= j}.
For example, B1 = P1 \ {0, 1,∞}, and B2 = C2\ the lines in the figure 1.6.
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Figure 1.7 The universal family of stable four-pointed curves of genus 0.

Let π : C = P1 × Bm → Bm be the projection to the second factor. For any
point (u1, . . . , um) ∈ Bm put

sk((u1, . . . , um)) = k, k = 0, 1,∞
σi((u1, . . . , um)) = ui, i = 1, 2, . . . , m.

Note that sk and σi are holomorphic sections of π. Then Bm is the moduli space
of ordered (m+3)-pointed projective lines and (π : C → Bm; s0, s1, s∞; σ1, . . . , σm)
is the universal family of ordered (m + 3)-pointed projective lines. The extension
of the universal family to that of stable (m + 3)-pointed curves of genus 0 was first
studied by Terada [T] in a different context. The detailed study of the moduli
space of stable N -pointed curves of genus 0 was done by Gerritzen, Herrlich and
van der Put [GHP]. In the case m = 1 the extension can be easily described. The
compactification B1 of B1 is P1. Let C̃ be the blowing up of P1 ×B1 at the points
(0, 0), (1, 1) and (∞,∞) and π̃ : C̃ → B1 be the natural holomorphic mapping.
Then there are natural extensions s̃k and σ̃i of sk and σ1, respectively, which are
holomorphic sections of π̃. Then, (π̃ : C̃ → B1; s̃0, s̃1, s̃∞, σ̃1) is the universal family
of ordered stable four-pointed curves of genus 0 (1.30). The fibres of π̃ over the
compactified points 0, 1, ∞ are stable four-pointed curves of genus 0 with ordinary
double point. This example will be considered in §5.4 below.

By Knudsen [Kn], the compactification B2 of B2 by means of ordered five-
pointed stable curves of genus 0 is nothing but our C̃. For the explicit description
by means of coordinates we refer the reader to [T] and [GHP].
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1.4 Versal family of stable pointed curves

Let us consider a versal family F = ( π : C → B ; s1, s2, . . . , sN ) of stable N -
pointed curves of genus g. We assume that we have a local (formal) coordinate η
with center sN (B). In the following we need to consider locally a family F. For
that purpose we introduce the following local coordinates of C.

For a point P ∈ Σ of the critical locus of π, we can choose local coordinates
(u1, u2, . . . , uM−1, z, w) of C with center P and local coordinates (τ1, τ2, . . . , τM ) of
C with center π(P ) such that the holomorphic mapping π is given by

(u1, u2, . . . , uM−1, z, w) �−→ (u1, u2, . . . , uM−1, zw) = (τ1, τ2, . . . , τM ) .

In other words, we have

π∗τk =

{
uk , k = 1, 2, . . . , M − 1
zw , k = M .

For a point P ∈ C \ Σ we can choose local coordinates

(u1, u2, . . . , uM , z)

of C with center P and local coordinates (τ1, τ2, . . . , τM ) of C with center π(P ) such
that the holomorphic mapping is given by

(u1, u2, . . . , uM−1, z) �−→ (u1, u2, . . . , uM ) = (τ1, τ2, . . . , τM ) .

An OC-module Ω1
C/B is defined by the exact sequence

π−1Ω1
B ⊗OB OC → Ω1

C → Ω1
C/B → 0.

The sheaf Ω1
C/B is called the sheaf of germs of relative 1-forms of the family

π : C → B. Let us describe the sheaf Ω1
C/B by using the above local coordinates.

In a neighbourhood of a point P ∈ C \ Σ, the sheaf Ω1
C/B is locally isomorphic to

OCdz. In a small neighbourhood of P ∈ Σ, we have an OC-module isomorphism

Ω1
C/B � (OCdz +OCdw)/OC(wdz + zdw) . (1.57)

Moreover, we have the following lemma.

Lemma 1.31 The following sequence

0 → π−1Ω1
B ⊗OB OC → Ω1

C → Ω1
C/B → 0 (1.58)

is exact and gives a locally free resolution of the sheaf Ω1
C/B.

Let ωC/B be the relative dualizing sheaf of π : C → B. Since C and B are
non-singular and π is flat, we have an OC-module isomorphism

ωC/B � ωC ⊗ (π∗ω−1
B )

where ωY is the dualizing sheaf (canonical sheaf) of a complex manifold Y . The
relative dualizing sheaf ωC/B is described locally as follows. (See also (1.44).)

In a small neighbourhood of a point P ∈ C \ Σ, we have

ωC/B = Ω1
C/B � OCdz .

In a small neighbourhood of a point P ∈ Σ, we have

ωC/B � OC(dz ∧ dw)⊗ (dτM )−1 .
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In particular, we have

ωC/B �

⎧⎪⎪⎪⎨⎪⎪⎪⎩
OC

dz

z
if z �= 0

OC
dw

w
if w �= 0

with relation
dz

z
+

dw

w
= 0

if zw �= 0.

Lemma 1.32 There exists an exact sequence

0 → Ω1
C/B → ωC/B → ωC/B ⊗OC OΣ → 0 .

Proof The mapping Ω1
C/B → ωC/B is given locally in a neighbourhood of a

point P ∈ C \ Σ by
dz �−→ dz

and in a neighbourhood of a point P ∈ Σ by

dz �−→ z(dz ∧ dw)⊗ (dτM )−1

dw �−→ w(dz ∧ dw)⊗ (dτM )−1 .

In particular, we have

dz �−→ z
dz

z
if z �= 0

dw �−→ w
dw

w
if w �= 0 .

This proves Lemma 1.32.

Lemma 1.33 Put

ΘC/B = HomOC (Ω1
C/B,OC). (1.59)

Then ΘC/B is an invertible OC-module and there is an isomorphism

ΘC/B � HomOC (ωC/B,OC). (1.60)

Hence, ΘC/B is an invertible sheaf.

Proof By (1.58) it is easy to show that in a neighbourhood of a point P ∈ C\Σ
we have an isomorphism

ΘC/B � OC
∂

∂z
and in a neighbourhood of a point P ∈ Σ we have an isomorphism

ΘC/B � OC(z
∂

∂z
− w

∂

∂w
). (1.61)

By this fact and (1.57), we have the desired result.

From the exact sequence (1.58) we obtain the following Corollary.

Corollary 1.34 The following sequence

0 → ΘC/B → ΘC → π−1ΘB ⊗OC → Ext1OC (Ω1
C/B,OC) → 0

of OC-modules is exact.



1.4. Versal family of stable pointed curves 33

Lemma 1.35 There exists an exact sequence

0 → ΘB(− log D) → ΘB
t→ π∗Ext1OC (Ω1

C/B,OC) → 0 (1.62)

where
ΘB(− log D) = { v ∈ ΘB | v(ID) ⊂ ID }

and ID is the sheaf of defining ideals of D in B.

Proof First note that the sheaf ΘB(− log D) is a sheaf of germs of vector fields
on B tangent to D. Since π : C → B is a versal family, using the Kodaira-Spencer
mapping and (1.53), for each point s ∈ B we have an exact sequence

0 → H1(Cs, ΘCs
(−

N∑
j=1

sj(s))) → TsB → H0(Cs, Ext1OCs
(Ω1

Cs
,OCs

)) → 0.

Each element of H1(Cs, ΘCs
(−
∑N

j=1 sj(s))) corresponds to a tangent vector of B at
s preserving the singularities of Cs. Hence the sheaf version of the above sequence
is also exact.

Theorem 1.36 Let ( π : C → B ; s1, s2, . . . , sN ) be a versal family of stable
N-pointed curves of genus g. Then there exists an OB-module isomorphism

ρ : Θs(− log D) ∼→ R1π∗(ΘC/B(−S)) (1.63)

where we put Sj = sj(B) and S =
∑N

j=1 Sj.

Proof Applying HomOC ( · ,OC) to the exact sequence (1.58), we obtain the
exact sequence

0 → ΘC/B → ΘC → π−1ΘB ⊗OC → Ext1OC (Ω1
C/B,OC) → 0.

This exact sequence splits into the following short exact sequences:

0 → ΘC/B → ΘC
κ→M→ 0. (1.64)

0 →M→ π−1ΘB ⊗OC → Ext1OC (Ω1
C/B,OC) → 0. (1.65)

Let T be the sheaf of germs of holomorphic vector fields on C preserving n-th
infinitesimal neighbourhoods. The sheaf T is given by

T = { v ∈ ΘC | v(IS) ⊂ IS }. (1.66)

The sheaf T is an OC-submodule of ΘC and coincides with ΘC outside
⋃N

j=1 Sj .
For a point P ∈ Sj we let (u1, u2, . . . , uM , z) be local coordinates of C with center
P such that (u1, u2, . . . , uM ) are the coordinates of B with center π(P ) and such
that Sj is defined by the equation z = 0 in a neighbourhood of P . Then, in a
neighbourhood of P the sheaf T is generated by

z
∂

∂z
,

∂

∂u1
, . . . ,

∂

∂uM

as an OC-module. Hence T is locally free on C.
Let us examine the exact sequences (1.64) and (1.65). Since the support of the

sheaf Ext1OC (Ω1
C/B,OC) is in Σ, the sheaf M is equal to π−1ΘB ⊗ OC on OC \ Σ.

By using the above local coordinates of C with center P ∈ Sj , the restriction of the
mapping κ in (1.64) to T in a neighbourhood of P is given by

a(u, z)z
∂

∂z
+
∑

Bj(u, z)
∂

∂uj
�−→

∑
Bj(u, z)

∂

∂uj
.
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Hence κ : T →M is surjective and its kernel is ΘC/B(−(n+1)S) in a neighbourhood
of P . On the other hand, on B \

⋃N
j=1 Sj the sheaf T is equal to ΘC . Thus we have

an exact sequence
0 → ΘC/B(−S) → T →M→ 0. (1.67)

From the exact sequence (1.67) we obtain the long exact sequence

0 → π∗(ΘC/B(−S)) τ→ π∗T → π∗M
ρ→ R1π∗(ΘC/B(−S)) (1.68)

→ R1π∗T → R1π∗M→ 0 .

Put B0 = B \ D, C0 = π−1(B0), π0 = π|C0. Then on B0, π0∗M = ΘB and the
homomorphism ρ is the Kodaira-Spencer mapping by Corollary 1.26. Since our
family is versal, ρ is an isomorphism on B0. Therefore, the sheaf homomorphism
τ in (1.68) is an isomorphism on B0. But on B0 we have π∗(ΘC/B(−S)) = 0.
Therefore, π∗T = 0 on B0. As T is locally free, π∗T is torsion-free, hence π∗T = 0
on B. This also implies

π∗(ΘC/B(−S)) = 0 (1.69)

on B.
Next we show that ρ in (1.68) is an isomorphism. For that purpose it is enough

to show that R1π∗T is locally free. Because, if R1π∗T is locally free, as ρ is an
isomorphism on B0, Coker ρ is a torsion subsheaf of R1π∗T , hence zero. By the
cohomology theory of coherent sheaves,

χ(T ⊗ OCs
) = dimC H0(Cs, T ⊗ OCs

)− dimC H1(Cs, T ⊗ OCs
)

is independent of s ∈ B, where Cs = π(n)−1
(s). (See, for example, [BS].) Moreover,

if dimC H1(Cs, T ⊗OCs
) is independent of s, say k, since we have H2(Cs, T ⊗OCs

) =
0, R1π∗T is a locally free OB-module of rank k on B. Therefore, it is enough to
show that H0(Cs, T ⊗ OCs

) = 0 for all s ∈ B.
Since Cs is a locally complete intersection in C, we have an exact sequence

0 → ΘCs
→ ΘC ⊗OCs

→ OCs
(N) → Ext1OCs

(Ω1
OCs

,OCs
) → 0

where N is the normal bundle of Cs in C which is a trivial bundle of rank 3g−3+N .
(See, for example, [Ar].) From this exact sequence we obtain two short exact
sequences

0 → ΘCs
→ ΘC ⊗OCs

→ Ms → 0,

0 → Ms → OCs
(N) → Ext1OCs

(ΩCs
,OCs

) → 0.

Similarly as above we have an exact sequence

0 → ΘCs
(−

N∑
j=1

Qj) → T ⊗OCs
→ Ms → 0,

where Qj = sj(s). This gives a long exact sequence

0 = H0(Cs, ΘCs
(−
∑

Qj)) → H0(Cs, T ⊗ OCs
) → H0(Cs, Ms) (1.70)

ρ→ H1(Cs, ΘCs
(−
∑

Qj)) → H1(Cs, T ⊗ OCs
).

The cohomology group H0(Cs, Ms) parameterizes infinitesimal displacements of
Cs in C. (For the details see Tsuboi [Ts].) Since π : C → B is a versal family,
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infinitesimal displacements of Cs in C and infinitesimal deformations of Cs coincide.
Hence the homomorphism ρ in (1.70) is an isomorphism. Hence we have

H0(Cs, T ⊗ OCs
) = 0.

Finally we shall show that π∗M is isomorphic to ΘB(− log D). From (1.65) we
obtain an exact sequence

0 → π∗M→ ΘB
t→ π∗(Ext1OC (Ω1

C/B,OC)) .

The homomorphism t is the same as the one appearing in the exact sequence (1.62).
Hence t is surjective. Therefore, by Lemma 1.35 π∗M is isomorphic to ΘB(− log D).

Remark 1.37 The homomorphism ρ in the above Theorem 1.36 is also called
the Kodaira-Spencer mapping . The above proof shows that there exists an exact
sequence

0 → ΘC/B(−
∑

Sj) → T → π−1ΘB ⊗OC → Ext1OCs
(Ω1

Cs
,OCs

) → 0

where T is the subsheaf of ΘC defined in (1.66). Choose a small Stein open set
U ⊂ B and a vector field v ∈ H0(U , ΘB(− log D)). Choose also a Stein open
covering {Uj}j∈J of π−1(U). Then v also defines an element

π∗v ∈ H0(Uj , π
−1ΘB ⊗OC),

whose image in Ext1OCs
(Ω1

Cs
,OCs

) is zero, since the tangent vector v is a direction
of an infinitesimal deformation preserving singularities. Therefore, if Uj is small
enough, we can find an element vj ∈ H0(Uj , T ) which is mapped to π∗v. Then we
have

vij = vj − vi ∈ H0(Ui ∩ Uj , ΘC/B(−S))
and {vij} defines an element

[{vij}] ∈ H1(π−1(U), ΘC/B(−S)).

The mapping
v �−→ [{vij}]

is nothing but the Kodaira-Spencer mapping ρ in Theorem 1.36.

Lemma 1.38 Let F = ( π : C → B ; s1, s2, . . . , sN ) be a versal family of N-
pointed smooth curves of genus g. Let X, Y be holomorphic vector fields of B
and

ρ : ΘB → R1π∗ΘC/B(−S)
be the Kodaira-Spencer mapping. Then we have

ρ([X, Y ]) = [ρ(X), ρ(Y )] + X(ρ(Y ))− Y (ρ(X))

where by putting
ρ(X) = {θλµ}, ρ(Y ) = {τλµ}

ρ([X, Y ]) is a cocycle {ϑλµ} defined as

ϑλµ = [θλµ, τλµ]

and X(ρ(Y )) is a cocycle {τ ′
λµ} defined as

τ ′
λµ = X(τλµ).
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Proof We may assume that B is small enough. Let {Uλµ} be a sufficiently
fine open covering of C. Let (z1, . . . , zm) be coordinates of B and (z1, . . . , zm, ξλ) be
local coordinates of Uλ. Moreover, we may assume that for j ∈ {1, 2, . . . , N} ⊂ Λ,
Uj is a coordinate neighbourhood of sj(B) such that ξj induces an n-th infinitesimal
neighbourhood ηj and that sj(B) is defined by ξj = 0. For Uλ ∩ Uµ �= ∅, we have

ξλ = hλµ(ξµ, z1, . . . , zm).

The vector field X induces an infinitesimal transformation of the coordinates
(z1, . . . , zm):

(z1, . . . , zm) �→ (z1 + ε1a1(z), . . . , zm + ε1am(z))
where ε1 is a dual number, that is, ε21 = 0 and

X =
m∑

j=1

ai(z)
∂

∂zi
.

For simplicity we express (1.4) as z �→ z + ε1X. Since our family is versal, we have

gλµ(ξµ, z + ε1X) = gλµ(ξµ, z) + ε1�λµ(ξµ, z)

where we put

θλµ = �λµ
d

dξµ

τλµ = mλµ
d

dξµ
.

Similarly we have

gλµ(ξµ, z + ε2Y ) = gλµ(ξµ, z) + ε2mλµ(ξµ, z)

where ε2 is another dual number. Now let us calculate the result when first we de-
form infinitesimally in the direction of X then deform infinitesimally in the direction
of Y :

gλµ(ξµ, z + ε2Y ) + ε1�λµ(ξλ + ε2mλµ, z + ε2Y )

= gλµ(ξµ, z) + ε2mλµ(ξλ, z) + ε1�λµ(ξλ, z) + ε1ε2(Y (�λµ(ξλ, z)) + mλµ
d�λµ

dξλ
.

If we deform in the opposite order, we have

gλµ(ξµ, z) + ε1�λµ(ξλ, z) + ε2mλµ(ξλ, z) + ε1ε2(X(mλµ(ξλ, z)) + �λµ
d�λµ

dξλ
.

Therefore, if we put
ρ([X, Y ]) = {ϑ̃λµ}

we have

ϑ̃λµ = {�λµ
dmλµ

dξλ
−mλµ

d�λµ

dξλ
+ X(mλµ)− Y (�λµ)} d

dξλ

= [θλµ, τλµ] + {X(τλµ)− Y (�λµ}
d

dξλ

= [ρ(X), ρ(Y )] + X(ρ(Y ))− Y (ρ(X)).




