Chapter 7

Homotopy and the
Fundamental Group

The group G will be called the fundamental group
of the manifold V.

HENRI POINCARE, 1895

The properties of a topological space that we have developed so
far have depended on the choice of topology, the collection of open
sets. Taking a different tack, we introduce a different structure, alge-
braic in nature, associated to a space together with a choice of base
point (X, zg). This structure will allow us to bring to bear the power
of algebraic arguments. The fundamental group was introduced by
Poincaré in his investigations of the action of a group on a manifold
[66].

The first step in defining the fundamental group is to study
more deeply the relation of homotopy between continuous functions
fo: X — Y and fi: X — Y. Recall that fy is homotopic to fi,
denoted fy ~ f1, if there is a continuous function (a homotopy)

H: X x[0,1] - Y with H(z,0) = fo(z) and H(z,1) = fi(x).

The choice of notation anticipates an interpretation of the homotopy
—if we write H(x,t) = fi(z), then a homotopy is a deformation of
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96 7. Homotopy and the Fundamental Group

the mapping fy into the mapping fi through the family of mappings
ft.

Theorem 7.1. The relation f ~ g is an equivalence relation on the
set Hom(X,Y') of continuous mappings from X toY .

Proof. Let f: X — Y be a given mapping. The homotopy H (z,t) =
f(z) is a continuous mapping H: X x [0,1] — Y and so f ~ f.

If fo ~ f1and H: Xx][0,1] — Y is a homotopy between fy and f7,
then the mapping H': X x [0,1] — Y given by H'(x,t) = H(x,1 —t)
is continuous and a homotopy between f; and fy, that is, f1 ~ fo.

Finally, for fo ~ f1 and fi ~ fs, suppose that Hy: X x [0,1] —
Y is a homotopy between fy and fi, and Hy: X x [0,1] — Y is a
homotopy between f; and fo. Define the homotopy H: X x[0,1] = Y
by

Hy(z,2t), if0<t<1/2,
Hiz )= { @20, if0si<1/
Hy(z,2t— 1), if1/2<t< 1.

Since Hq(x,1) = f1(x) = Hy(x,0), the piecewise definition of H gives
a continuous function (Theorem 4.4). By definition, H(z,0) = fo(x)
and H(z,1) = fo(z) and so fo ~ fo. O

We denote the equivalence class under homotopy of a mapping
f: X — Y by [f] and the set of homotopy classes of maps between
X andY by [X,Y]. f F: W — X and G: Y — Z are continuous
mappings, then the sets [X, Y], [W, X], and [Y, Z] are related.

Proposition 7.2. Continuous mappings F: W — X and G: Y — Z
induce well-defined functions F*: [X,Y] — [W,Y] and G,: [X,Y] —
[X,Z] by F*([h]) = [ho F] and G«([h]) = [G o h] for [h] € [X,Y].

Proof. We need to show that if A ~ b/, then hoF ~ h’oF and Goh ~
G o I/. Fixing a homotopy H: X x [0,1] — Y with H(z,0) = h(x)
and H(xz,1) = h/(x), then the desired homotopies are Hp(w,t) =
H(F(w),t) and Hg(z,t) = G(H(z,1)). O

To a space X we associate a space particularly rich in struc-
ture, the mapping space of paths in X, map([0,1], X). Recall that
map([0,1], X) is the set of continuous mappings Hom([0, 1], X) with
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the compact-open topology. The space map([0, 1], X) has the follow-
ing properties.

(1) X embeds into map([0,1],X) by associating to each point
x € X the constant path c,(t) = x for all ¢t € [0, 1].

(2) Given a path A: [0,1] — X, we can reverse the path by com-
posing with ¢ — 1 —t. Let A71(¢) = A\(1 —¢).

(3) Given a pair of paths A, p: [0,1] — X for which A(1) = u(0),
we can compose paths by

A(2t), if0<t<1/2
A p(t) =
p(2t—1), if1/2<t<1.

Thus, for certain pairs of paths A and p, we obtain a new path Ay €
map([0, 1], X).

Composition of paths is always defined when we restrict to a
certain subspace of map(|[0, 1], X).

Definition 7.3. Suppose X is a space and ¢ € X is a choice of base
point in X. The space of based loops in X, denoted Q(X, zy), is
the subspace of map([0,1], X),

Q(X, ) = {A € map([0, 1], X) | A0) = A(1) = o).

Composition of loops determines a binary operation *: Q(X,zo) x
Q(X, LL'()) — Q(X, LL'()).

We restrict the notion of homotopy when applied to the space of
based loops in X in order to stay in that space during the deformation.

Definition 7.4. Given two based loops A and i, a loop homotopy
between them is a homotopy of paths H: [0,1] x [0,1] — X with
H(t,0) = A(¢), H(t,1) = p(t), and H(0,s) = H(1,s) = xo. That is,
for each s € [0, 1], the path ¢t — H(¢,s) is a loop at xg.

The relation of loop homotopy on Q(X, x) is an equivalence rela-
tion; the proof follows the proof of Theorem 7.1. We denote the set of
equivalence classes under loop homotopy by m1 (X, z¢) = [Q(X, z0)],
a notation for the first of a family of such sets, to be explained later.
As it turns out, 71 (X, o) enjoys some remarkable properties.
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Theorem 7.5. Composition of loops induces a group structure on

1 (X, z0) with identity element [c,,(t)] and inverses given by [\]~1 =

A u' Ao
H(ts) H'(t,s) —_— H(21,s) H'(2t-1,s)
A u AW

Proof. We begin by showing that composition of loops induces a
well-defined binary operation on the homotopy classes of loops. Given
[A] and [i], we then define [A]*[u] = [A*xp]. Suppose that [A] = [\'] and
[¢] = [p']. We must show that Asp~ XN «p'. If H: [0,1] x[0,1] = X
is a loop homotopy between A and X and H': [0,1] x [0,1] — X a
loop homotopy between p and p/, then form H”: [0,1] x [0,1] — X
defined by

H(2t,s), if0<t<1/2,
PRI LLC O /

H'(2t—1,s), if1/2<t<1.
Since H"(0,s) = H(0,s) = xp and H"(1,s) = H'(1,s) = zo, H" is a
loop homotopy. Also H”(¢,0) = Axu(t) and H"”(t,1) = X xu/(¢), and
the binary operation is well defined on equivalence classes of loops.

We next show that  is associative. Notice that (A * p) * v #
A (p*v); we only get 1/4 of the interval for A in the first product
and 1/2 of the interval in the second product. We define the explicit
homotopy after its picture, which makes the point more clearly:

A [TRY




7. Homotopy and the Fundamental Group 99

A4t/(1+ s)), ifo<t<(s+1)/4,
Hit,s) = { ndt—1—3s), if (s+1)/4<t<(s+2)/4,
41 —t) _
1-— f 2)/4 <t <1.
(1) weransis
The class of the constant map, e(t) = ¢, (t) = xo, gives the

identity for m1(X,x0). To see this, we show, for all A € Q(X,zg),
that A e ~ X\ ~ e x A via loop homotopies. This is accomplished in
the case A ~ e * A by the homotopy:

e A

X0

A2t —38)/(2—19)), ifs/2<t<]1.

The case A >~ X x e is similar. Finally, inverses are constructed by
using the reverse loop A71(t) = A(1 —t). To show that A x A= ~ e
consider the homotopy:

if0<t<s/2,
F(t7s) = {CUO, ! - - S/

A Al
e
A(2L), if0<t<s/2,
G(t,s) = < A(s), if s/2<t<1-(s/2),

A2—2t), if1—(s/2)<t<1.
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The homotopy resembles the loop, moving out for a while, waiting
a little, and then shrinking back along itself. The proof that A=! %\ ~
e is similar. O

Definition 7.6. The group m(X,z) is called the fundamental
group of X at the base point z.

Suppose z7 is another choice of basepoint for X. If X is path-
connected, there is a path v: [0,1] — X with y(0) = z¢ and (1) =
x1. This path induces a mapping u., : 71 (X, zg) — m (X, z1) by [A\] —
[y~ % X %], that is, follow y~! from x; to zg, then follow A\ around
and back to xg, then follow v back to x1, all giving a loop based at
x1. Notice

wy ([A] * [1]) = uy ([A# )
=[x Axpxn]
= [y kA sy sy ]
= [ e A sl x T pxn] = g () * g ().

Thus u, is a homomorphism. The mapping w,-1: m(X,z;) —

1

71 (X, 7o) is an inverse, since [y * (Y71 % XA %) x v~!] = [A]. Thus
1 (X, xg) is isomorphic to 1 (X, z1) whenever zg is joined to x; by a
path. Though it is a bit of a lie, we write 71(X) for a space X that
is path-connected since any choice of basepoint gives an isomorphic
group. In this case, m1(X) denotes an isomorphism class of groups.

Following Proposition 7.2, a continuous function f: X — Y in-
duces a mapping

f*l 71-1()(a-7;0) - 7T1(Y,f($0)), given by f*(P‘]) = [fo)‘]

In fact, f, is a homomorphism of groups:

Fe(N # u]) = Fu((Ax pl) = [f o (A x p)]
=[(foX)«(fou)]=[foAlx[foul
= Je((A) * fu((p))-

Furthermore, when we have continuous mappings f: X — Y and
g: Y —Z weobtain f.: m1(X,xz0) =71 (Y, f(x0)) and g.: m1 (Y, f(z0))
— m(Z,g0 f(xg)). Observe that

gx 0 [+([A]) = g-([f o Al) = [g o f o A = (g0 f)«([A]),
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so we have (go f). = g« o f+. It is evident that the identity mapping
id: X — X induces the identity homomorphism of groups 71 (X, 29) —
m1(X,x0). We can summarize these observations by the (post-1945)
remark that 71 is a functor from pointed spaces and pointed maps to
groups and group homomorphisms. Since we are focusing on classical
notions in topology (pre-1935) and category theory was christened
later, we will not use this language in what follows. For an introduc-
tion to this framework see [53].

The behavior of the induced homomorphisms under composition
has the following consequence.

Corollary 7.7. The fundamental group is a topological invariant of
a space. That is, if f: X — Y is a homeomorphism, then the groups
m (X, zo) and m (Y, f(x0)) are isomorphic.

Proof. Suppose f: X — Y has continuous inverse g: Y — X. Then
gof =1idx and fog =idy. It follows that g.o f, = id and f,og, = id
on 71 (X, zg) and m1 (Y, f(z0)), respectively. Thus f, and g, are group
isomorphisms. O

Before we do some calculations we derive a few more formal prop-
erties of the fundamental group. In particular, what conditions imply
m1(X) = {e}, and how does the fundamental group behave under the
formation of subspaces, products, and quotients?

Definition 7.8. A subspace A C X is a retract of X if there is a
continuous function, the retraction, r: X — A for which r(a) = a for
all @ € A. The subset A C X is a deformation retraction if A is
a retract of X and the composition i or: X — A — X is homotopic
to the identity on X via a homotopy that fixes A, that is, there is a
homotopy H: X x [0,1] — X with

H(z,0)=x,H(z,1) =r(z), and H(a,t) =a
foralla € A and all ¢t € [0,1].

Proposition 7.9. If A C X is a retract with retraction r: X — A,
then the inclusion i: A — X induces an injective homomorphism
ix: (A, a) — (X, a) and the retraction induces a surjective homo-
morphism r.: m1(X,a) — 71 (A, a).
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Proof. The composite roi: A — X — A is the identity mapping
on A and so the composite r, 0. : m1(A,a) = m(X,a) — m1(A4,a) is
the identity on m1(A4,a). If i, ([A]) = @ ([N]), then [A] = rui.([N]) =
r«i«([N]) = [V], and so the homomorphism i, is injective. If [A] €
m1(A, a), then r.(i.([A])) = [A] and so r, is onto. O

Examples. Represent the Mobius band M by glueing the left and
right edges of [0, 1] x [0, 1] with a twist (Chapter 4). Let A = {[(¢, 3)] |
0 <t <1} C M be the circle in the middle of the band. After the
identification, A is homeomorphic to S'. Define the map r: M — A
by projecting straight down or up to this line, that is, [(¢, s)] — [(¢, %)]
It is easy to see that r is continuous and 7|4 = ids so we have a
retract. Thus the composite r, 0 iy : 71 (St) — m (M) — 71 (S!) is
the identity on 7(S%).

BN

For any space X, the inclusion followed by projection
XX x{0}—>Xx[0,1]—-X

is the identity and so X is a retract of X x [0,1]. In fact, X is a
deformation retraction via the deformation H: X x [0,1] x [0,1] —
X x[0,1] given by H(z,t,s) = (x,ts): when s =1, H(x,t,1) = (z,t)
and for s = 0 we have H(z,t,0) = (z,0).

Recall that a subset K of R™ is convex if whenever x and y are
in K, then for all ¢t € [0,1], tx+ (1 —¢)y € K. If K C R" is convex,
let xg € K. Then K is a deformation retraction of the one-point
subset {xo} by the homotopy H(x,t) = txo+ (1 —t)x. When t =0
we have H(x,0) = x and when ¢ = 1, H(x,1) = xg. The retraction
K — {x¢} is thus a deformation of the identity on K. Examples of
convex subsets of R™ include R™ itself, any open ball B(x, €), and the
boxes [a1,b1] X -+ X [an, by].
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More generally, there is always the retract {zo} — X — {x0},
which leads to the trivial homomorphisms of groups {e} — 1 (X, z0)
— {e}. This retract is not always a deformation retract. We call
a space contractible when it is a deformation retract of one of its
points.

Deformation retracts give isomorphic fundamental groups.

Theorem 7.10. If A is a deformation retract of X, then the inclusion
i: A — X induces an isomorphism i,: m(A,a) — 71 (X, a).

Proof. From the definition of a deformation retract, the composite
ior: X - A — X is homotopic to idx via a homotopy fixing the
points in A, that is, there is a homotopy H: X x [0,1] — X with
H(z,0) =ior(x), Hz,1) =z, and H(a,t) = a for all t € [0,1]. We
show that i, o 7.([A]) = [A]. In fact we show a little more:

Lemma 7.11. If f,9: (X,z9) — (Y,y0) are continuous functions,

homotopic through basepoint preserving maps, then f.=g.: m (X, zo)
— T (Y7 yO)

Proof. Suppose there is a homotopy G: X x[0, 1] — Y with G(z,0)=
f(@), G(z,1) = g(z), and G(xg,t) = yo for all ¢ € [0,1]. Consider a
loop based at xg, A: [0,1] — X, and the compositions f o A, go A,
and G o (A x id): [0,1] x [ 1] —

G(A(s),0) = foAls),

G(A(s),1) O)\( );

G(M0),) = G(A(1),t) = yo for all £ € [0,1].

Thus f.[A] = [f oAl = [go A] = g«[\]. Hence f, = g.: m(X,x0) —
7T1(Y,y0). D

A deformation retract gives a basepoint preserving homotopy be-
tween i o r and idx, so we have id = i, o ry: m(X,a) — m (X, a).
By Proposition 7.9, we already know i, is injective; i, is surjective
because for [A] any class in 71 (X, a), one has [A] = i, (r«([\]))- O

Examples. A convex subset of R” is a deformation retract of any
point x¢ in the set. It follows from m ({x0}) = {e}, that for any
convex subset K C R", m(K,xq) = {e}. Of course, this includes
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71 (R™,0) = {e}. Next consider R™ —{0}. The (n— 1)-sphere S"~! C
R™ is a deformation retract of R™ — {0} as follows: Let

F: (R" - {0}) x [0,1] — R" — {0}

be given by

F(x,t) = (1 —t)x—f—tﬁ.

Here F(x,0) = x and F(x,1) = x/||x|| € S"~!. By Theorem 7.10,
m1(R™ — {0}, x0/[x0ll) = m1 (8™, x0/[[x0l])-

A space X is said to be simply-connected (or 1-connected) if
it is path-connected and m;(X) = {e}. Any convex subset of R" or,
more generally, any contractible space is simply-connected. Further-
more, simple connectivity is a topological property.

Theorem 7.12. Suppose X = U UV, where U and V are open,
simply-connected subspaces and U NV is path-connected. Then X is
simply-connected.

Proof. Choose a point ¢y € U NV as basepoint. Let A: [0,1] — X
be a loop based at zg. Since X is continuous, {A\=*(U), A\=}(V)} is an
open cover of the compact space [0,1]. The Lebesgue Lemma gives
points 0 = tg < t] <ty < -+ < tp, = 1 with A([t;—1,%]) C U or V.
We can join zg to A(t;) by a path +;. Define for ¢ > 1,

Ai(s) = AM(ts —ti—1)s +ti—1), 0<s<1,

for the path along A joining A(t;—1) to A(%;).

o
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Then A\ >~ Ay % A\g % --- x A, and, furthermore,

Aoz Ak ) x (e dex g ) x (2 Agyg ) x ek (Yt * ).

Each 7; % Aj11 * fy;rll lies in U or V. Since U and V are simply-
connected, each of these loops is homotopic to the constant map.
Thus A =~ ¢,,. It follows that 7 (X, zo) = {e}. O

Corollary 7.13. 71(S™) = {e} forn > 2.

Proof. We can decompose S™ as a union of U = {(rg,71,...,7,) €
S™ | r, > —1/4} and V = {(rg,71,...,70) € S™ | 7, < 1/4}. By
stereographic projection from each pole, we can establish that U and
V' are homeomorphic to an open disk in R™, which is convex. The
intersection U NV is homeomorphic to S"~! x (—1/4,1/4), which is
path-connected when n > 2. O

Since S"~1 C R™ — {0} is a deformation retract, we have proven:

Corollary 7.14. m(R™ — {0}) = {e} forn > 3.

In Chapter 8 we will consider the case m1(S') in detail.

We next consider the fundamental group of a product X x Y.

Theorem 7.15. Let (X,z¢) and (Y,yo) be pointed spaces. Then
m1(X XY, (xo,y0)) is isomorphic to m1(X,x0) X m(Y,y0), the direct
product of these two groups.

Recall that if G and H are groups, the direct product G x H has
underlying set the cartesian product of G and H and binary operation

(gla hl) ! (927h2) = (91927 h1h2).

Proof. Recall from Chapter 4 that a mapping A: [0,1] = X x Y is
continuous if and only if pry oA: [0,1] — X and pryoX: [0,1] — YV
are continuous. If A is a loop at (xg,yo), then pry o) is a loop at g
and pry o) is a loop at yg. We leave it to the reader to prove that

1) A~ N:[0,1] - X x Y, then pr; oA ~ pr; o\ fori=1,2.
2) If we take Ax)\: [0,1] — X XY, then pr; o(Ax)\) = (pr; oA)*
(pr; oX).
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These facts allow us to define a homomorphism
PT, X Pro,: T (X X Y) (1'0, Z/O)) — (Xa Z‘O) X Ty (K yo)

by pry, X pro,([A]) = ([pr; oA], [pry oA]). The inverse homomorphism

is given by ([A], [1]) — [(A, p)(£)], where (X, p)(t) = (A(£), u(t)). Thus
we have an isomorphism. O

We can use such results to show that certain subspaces of a
space are not deformation retracts. For example, if 71(X, xzg) is
a nontrivial group, then 71 (X x X, (z¢,20)) is not isomorphic to
m (X X {zo}, (z0,2z0)). Although X x {z¢} is a retract of X x X

via
X x{zo} = X x X — X x {zo},

it is not a deformation retract of X x X.

Extra structure on a space can lead to more structure on the
fundamental group. Recall (exercises of Chapter 4) that a topolog-
ical group, (G,e), is a Hausdorff topological space with basepoint
e € G together with a continuous function (the group operation)
m: G x G — G, satisfying m(g,e) = m(e,g) = g for all g € G, as
well as another continuous function (the inverse) inv: G — G with
m(g,inv(g)) = e = m(inv(g), g) for all g € G.

Theorem 7.15 allows us to define a new binary operation on

m1(G, e), the composite of the isomorphism of the theorem with the
homomorphism induced by m:

i (G e) x (G, e) — m(G x G, (e,e)) — (G, e).

We denote the binary operation by . ([A], [v]) = [Afv]. On the level
of loops, this mapping is given explicitly by (A, p) — Afpu, where
A p)(t) = m(\(t), u(t)). We next compare this binary operation
with the usual multiplication of loops for the fundamental group.

Theorem 7.16. If G is a topological group, then m(G,e) is an
abelian group.
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Proof. We first show that f and the usual multiplication x on 71 (G, €)
are actually the same binary operation! We argue as follows: Repre-
sent A x u(t) by N §p/(t), where

A2t), 0<t<i e, 0<
N(t) = { - W) = { 1
€, b} t /L(Qt - 1)v 2 <

Since A(1) = e = u(0) and m(e, i/ (t)) = /' (t), m(N'(t),e) = N(¢),
we see A x u(t) = m(N(t),p/(t)). We next show that A * p is loop
homotopic to Af p. Define two functions hy, ha: [0,1] x [0,1] — [0, 1]
by

A
IA I
—_ N

9

hﬂtg{%AQQ,Ogtglwﬁ%

1, 1-s/2<t<1,
0, 0<t<s/2
) = ==y
(2t—s)/(2—35), s/2<t<]1.
1 0
t— N r—

Let F(t,s) = m(A(h1(t, s)), u(ha(t, s))). Since it is a composition
of continuous functions, F' is continuous. Notice
F(t,0) = m(A(h1(¢,0)), u(ha(t,0))) = m(A(t), u(t)) = A p(t)

and

F(t,1) = m(A(ha (1)), u(ha(t, 1)) = m(N (£), p'(t)) = A * p(t).

Thus A * p is loop homotopic to A and we get the same binary
operation.

Given two loops A and p, consider the function
G:10,1] x [0,1] = G, G(t,s) = m(A(t), u(s)).

The four corners are mapped to e and the diagonal from the lower
left to the upper right is given by A f . We will take some liberties



108 7. Homotopy and the Fundamental Group

u A
A u i A
u
2 g " M e ML e
A A W A "
A u

and argue with diagrams to construct a loop homotopy from A * p to
x A

Slice the square filled in by G along the diagonal and paste in a
rectangle that is simply a product of A fp with an interval. Put the
resulting hexagon into a square and fill in the remaining regions as
the constant map at e, the identity element of G, in the trapezoidal
regions and as A or u in the triangles where the path lies along the
lines joining a vertex to the opposite side.

The diagram gives a homotopy from Ay to u*x A. It follows then
that [A] * [u] = [u] * [A] and so 71 (G, e) is abelian. O

Since S! is the topological group of unit length complex numbers,
we have proved:

Corollary 7.17. 71(S',1) is abelian.

Exercises

1. The unit sphere in R is the set S° = {—1,1}. Show that the
set of homotopy classes of basepoint preserving mappings
[(S9 —1), (X, z0)] is the same set as mo(X), the set of path
components of X.

2. Suppose that f: X — S? is a continuous mapping that is
not onto. Show that f is homotopic to a constant mapping.

3. If X is a space, recall that the cone on X is the quotient
space CX = X x[0,1]/X x{1}. Suppose f: X — Y is a con-
tinuous function and f is homotopic to a constant mapping
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cy: X — Y for some y € Y. Show that there is an extension
of f, f: CX — Y, sothat f = foz', where i: X — CX is
the inclusion, i(x) = [(z, 0)].

4. Suppose that X is a path-connected space. When is it true
that for any pair of points p, ¢ € X all paths from p to ¢ in-
duce the same isomorphism between 7 (X, p) and 71 (X, q)?

5. Prove that a disk minus two points is a deformation retract
of a figure 8 (that is, ST v S1).

6. A starlike space is a slightly weaker notion than a convex
space—in a starlike space X C R", there is a point xy € X
so that for any other point y € X and any ¢ € [0,1] the
point txg + (1 — ¢)y is in X. Give an example of a starlike
space that is not convex. Show that a starlike space is a
deformation retract of a point.

7. If K = o(S!) C R? is a knot, that is, a homeomorphic image
of a circle in R?, then the complement of the knot R? — K
has fundamental group 7 (R? — K). In fact, this group is an
invariant of the knot in a sense that can be made precise.
Give a plausibility argument that 7 (R? — K) # {0}. See
[69] for a thorough treatment of this important invariant of
knots.



Chapter 8

Computations and
Covering Spaces

.. .14t is mecessary, in order to affirm that a mani-
fold is simply-connected, to study its fundamental

group, ...

HENRI POINCARE, 1904

We have defined the fundamental group and showed that it is a
topological invariant, that is, homeomorphic spaces have isomorphic
fundamental groups. But we have yet to consider a space whose
fundamental group is nontrivial. Two familiar spaces, S* and RP?,
will provide examples.

The method of computation focuses on the properties of the map-
pings,

w: R — St nd p: 52 — RP?
w(r) = cos(2mr) + i sin(27wr) = 2" & p(x) = [+x].

These mappings share certain important properties.

Definition 8.1. Let X be a space. A covering space of X is a
path-connected space X and a mapping p: X — X such that, for
every x € X, there is an open, path-connected subset U with z € U
for which each path component of p~!(U) is homeomorphic to U by

111
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restriction of the mapping p. Such open sets are called elementary
neighborhoods.

— — — s
\I/
-l

For example, if ¢’ € S, then for 0 < ¢ < m, the open set
U={e|0—ec<a<f+e}in S* has inverse image under w given
by

1 0 0 €
v (U)_Ukez <%_27T+k 27T+%+k).

Since €/2m < 1/2, the intervals in the union are all disjoint. Fur-
thermore, w restricted to any one of these intervals has an inverse
given by a branch of the logarithm. In the case of the quotient map
p: S? — RP?, for a connected open set V C S? satisfying VN—V = 0,
we have p(V) open in RP? and p~!(p(V)) = VU V. Since the com-
ponents of p~(p(V)) are V and —V, it is an elementary neighbor-
hood. For any [+x] € RP?, there is such an elementary neighborhood
containing [+x] and so p: S? — RP? is a covering space.

Henceforth we will assume that all spaces are path-connected and
locally path-connected to avoid pathological cases. The most useful
property of covering spaces is the ability to lift paths in X to paths
in X while preserving the homotopy relation.

Lemma 8.2. Let p: X > Xbea covering space and let Tg € X with
p(Zo) = wo € X. If X+ [0,1] — X is any path with A(0) = xo, then
there exists a unique path A: [0,1] — X with A\(0) = Zo and po X = \.
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Proof. Cover X by elementary neighborhoods. If A\([0,1]) C U for
some elementary neighborhood, then xy € U and %y € p~*(U). It
follows that Zg lies in some component Cy of p~1(U) that is home-
omorphic to U via p|c,: Co — U. Let (p|c,)"t: U — Cp denote
the inverse of this homeomorphism and let A = (p|¢,)~! o A. Then
M0) = (pley) ™ (xo) = o, since 2 is the only point in X correspond-
ing to xg in this component. Finally, p o A= po(ple,) tor= A

If A([0,1]) ¢ U, consider the collection {\=*(U’) C [0,1] | U’,
an elementary neighborhood}. This is a cover of [0,1], which is a
compact metric space, and so by Lebesgue’s Lemma we can choose
0=ty <t < -+ <tp1 <ty,=1with each A([t;—1,%;]) a subset
of some elementary neighborhood (take ¢; — t;—1 < 0, the Lebesgue
number). Using the argument above, lift A on [0, ¢;]. Then take A(¢1)
as zo and A(t1) as &g and lift X to [t1, ). Continuing in this manner,
we construct A on [0, 1] with A(0) = Zo and po A = \.

To show that \ constructed in this manner is unique, we prove a
more general result that implies uniqueness.

Lemma 8.3. Let p: X —Xbea covering space and Y a connected,
locally connected space. Given two mappings f1, fo:' Y — X with

po fi =po fa, then the set {y € Y | f1(y) = fa(y)} is either empty
or all of Y.

Proof. Consider the subset of Y given by B = {y € Y | fi(y) =
f2(y)}. We show that B is both open and closed. If y € cls B,
consider = po f1(y) = po f2(y) and U an elementary neighborhood
containing x. The subset (p o f1)~(U) N (po f2)~1(U) contains y.
Because Y is locally connected, there is an open set W for which
y €W C (pof1) 1 ({U)N(pof2) 1 (U) with W connected. Then f; (W)
and fo(W) are connected subsets of p~'(U) € X. Since W is open
and y € cls B, there is a point z € W with z € B. Thus fi(2) = fa(2)
and f1(W) N fo(W) # 0; therefore, fi(W) and fo(W) must lie in
the same component of p~(U). Since po fi(y) = po fo(y) and the
component in which we find both fi(y) and f2(y) is homeomorphic
to U by the restriction of p, we have f1(y) = fo(y). Thus y € B and
B is closed.
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If we let y € B, the argument above shows that the sets f; (W)
and fo(W) lie in the same component Cy of p~(U). It follows that,
for all w € W,

fi(w) = (ploy) " opo fi(w) = (ploy) "t opo fa(w) = fo(w)
and so W is contained in B. Thus B is open.

The only subsets of Y that are both open and closed are Y itself
and () and so we have proved the lemma. O

Using Lemma 8.3, two lifts of a path A: [0,1] — X which begin
at the same point in X must be the same lift. This is the uniqueness
part of Lemma 8.2. g

Having lifted paths in X to paths in X, we next lift certain ho-
motopies between paths.

Lemma 8.4. Letp: X — X be a covering space and let g, 0y : [0,1] —
X be two paths in X with 10(0) = 11(0) = &o. Ifpone(l) = x; =
pon (1) and pony ~ pony via a homotopy that fizes the endpoints of
the paths in X, then m ~no in X and, in particular, no(1) = n1(1).

Proof. Let H: [0,1] x [0,1] — X be a homotopy between p o 19 and
pon. In this case, we have, for all s, € [0, 1],

H(s,0) = pono(s) and H(0,t) = p(Zo)

H(s,1) =pom(s) H(1,t) =pono(l) =pom(l).
Since [0,1] x [0,1] is a compact metric space, when we cover it by
the collection {H~Y(U) | U, an elementary neighborhood of X}, we
can apply Lebesgue’s Lemma to get 6 > 0 for which any subset of
[0,1] x [0,1] of diameter < § lies in some H~1(U). If we subdivide
the interval [0, 1],

O=s50<s51< < 8Sp_1<8,=1
and
O=to<ti < - - <th_1<tp,=1,

so that s; — s,-1 < /2 and t; —t;_1 < 6/2, then H maps each
subrectangle [s;_1,s;] X [tj_1,t;] into an elementary neighborhood
for all ¢ and j.
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To construct the lifting H: [0,1] x [0,1] — X and show it is a
homotopy between 1 and 71, begin by lifting H on [0, s1] X [0, #1]
to X by using H = (plc,,) "t o H, where Cy; is the component of
p~1(U11) containing 1o(0) and H ([0, s1] x[0,#1]) C Uy1, an elementary
neighborhood. Having done this, extend H next to [s1,ss] x [0,1].
Notice that H has been defined on the line segment {s1} x [0,#]
which is connected and this determines the component of p=!(Us; ) for
the elementary neighborhood Us; which contains H ([s1, s2] % [0, t1]).
Once the component, say Cs;, is determined, extend H by H =
(plcy, )~ o H. Continue in this manner until H is defined on [0,1] x
[0,t1]. Next, extend to [0, 1] x [t1, t2] using the fact that the value of
H has been determined on each successive subrectangle along the left
and bottom edges, as a connected subset. Continue along each row
until H is defined on [0,1]x[0,1]. By Lemma 8.3, H is unique fulfilling
the condition H(0,0) = 1(0). Since 1o(s) is also a lift of H(s,0), we
have that H(s,0) = no(s). The condition H(0,t) = pono(0) implies
that H(0,t) = n9(0), that is, the homotopy H is constant on the
subset {0} x [0,1]. Thus, the lift H(s,1) of the path pon;(s) in X
begins at 79(0) = 71(0), and 71(s) is also such a lift. By uniqueness,

H( 1) = m(s). Flnally, H(1,t) = pono(1) = pony (1) for all ¢ € [0, 1],
H(1,t) = no(1), and we conclude that no(1) = ny(1) since H(1,t) is
constant. O

Uniqueness of liftings of homotopies provides considerable control
over the fundamental group through a covering space, giving us a
toehold for computation.

Corollary 8.5. Suppose p: X — X is a covering space: (1) If
n: [0,1] — X is a loop at & and p o 1 is homotopic to the constant
loop ¢y, for xg = p(Zo), then n ~ cz,. (2) The induced homomor-
phism p.: w1 (X, o) — m (X, x0) is injective. (3) For all x € X, the
subsets p~1({z}) of X have the same cardinality.

Proof. (1) One lift of ¢,, is simply the constant path cz,. By
Lemma 8.4, pon ~ pocz, = cs, implies n =~ cz,.

(2) If pu([A]) = p«([u]), then, because p. is a homomorphism,
P ([N *[71]) = [ca, ], that is, po(Axp™1) =~ ¢y By (1), Axp~! >~ ¢z,
or A ~ pu, that is, [\] = [u].
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(3) Suppose xg and z; are in X and A: [0,1] — X is a path
joining x¢ to x1. Suppose y € p~1({xo}). We define a mapping
A:p~t({zo}) — p~ ({x1}) by lifting A to A, : [0,1] — X with A, (0) =
y. Define A(y) = A, (1). Since A, is uniquely determined by being
a lift of po Ay, = A with A\, (0) = y, the function A is well defined.
By Lemma 8.3, lifts of A beginning at different elements in p~!({zo})
must end at different points in p~1({z1}) and so A is injective. Using
lifts of A= we deduce that A is surjective. (Notice that a different
choice of A might give a different one-one correspondence A.) g

For w: R — S, w(r) = 2™ we find that w= (1 +0i) =Z CR
and so w™1({z}) is countably infinite for each » € S*. For p: S? —
RP?, p~!({[£x0]}) contains two elements, xg and —x¢. In general, if
we lift aloop w: [0,1] — X at z¢ in X, the proof of (3) of Corollary 8.5
obtains a mapping Q: p~1({zo}) — p~*({zo}) by lifting the loop. By
remark (1) of the corollary, if € is nontrivial, then the loop w is not
homotopic to the constant map. This observation is enough to prove
the following.

Theorem 8.6. A. m(S') = Z. B. 7, (RP?) = Z/27Z.

Proof of A. If 3: [0,1] — S! is any loop at 1 € S*, then the lift
of A to 3: [0,1] — R satisfies B(l) € Z. The properties of liftings
determine a function Z: 7, (S') — Z given by [8] — 3(1).

Let a: [0,1] — S! be given by «a(t) = (cos(2nt),sin(27t)). Since
a = wl[p,1], we see that one lift of o to R is just the identity and 4(1) =
1. It follows that « is not homotopic to the constant map at 1, c;.
Next consider a” for n € Z, given by a™(t) = (cos(2mnt), sin(27nt)).
By the same argument for a, @™ (1) = n and so the mapping =: 7 (S?!)
— 7 is surjective. Since each a™ % ¢; for n # 0, the subgroup
generated by [a], isomorphic to Z, is a subgroup of 1 (St).

To finish the proof of A, we show that if 3 is any loop based at 1 in
St then 3 ~ o™ for some n € Z. Let Uy = {(x,y) € S* |y > —1/10}
and Uy = {(x,y) € S' | y < 1/10}. The pair 3~ 1(U;), 371 (Us) is an
open cover of [0,1] and by Lebesgue’s Lemma we can subdivide [0, 1]
as0=tg<t1 < - <tym_1 <ty =1so0 that

1) ﬁ([ti,ti+1]) Cc Uy or 5([ti,ti+1]) CUyfor0<i<m.
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Form the union of consecutive subintervals when both are mapped
to the same U;, 7 = 1 or 2. In detail, let s = 0 and s; = t;,,
where (([0,¢;,]) C Uy, for j; one of 1 or 2 and B([ti,, ti,+1]) € Uj,.
Let Uj, # Uj;, and B([ts,, tiy+1]) C Uj,. Then let s, = t;,, where
6([ti17ti2]) Cc Uy, but ﬂ([tiz,ti2+1]) ¢ Uj,. Continue in this manner
to get
O=s9g<s1 < <sp_1<sx=1

so that

ii) B([sj—1,s;]) and B([s;, s;+1]) are not both contained in the
same Uy, for k =1, 2.

Let 3;: [0,1] — S denote the reparameterization of Blis;.s;11] SO
that 8 ~ Bo * B * --- * Bx—1, and each 3; is a path in exactly one of
Uy or Uy. Furthermore, §(s;) € Uy N Us, a subspace of two compo-
nents, one of which contains 1 = €2™® and the other —1 = e™. For
0 < j < m choose a path A;: [0,1] — U; N U, with A\;(0) = B(s;) =
Bj—1(sj) and A;(1) =1 or —1, depending on the component. Define

71 = Bo * A1,
'Yj:)\;fll*ﬁjfl*)\j fOI‘1<j<]€7
T = Anly * Bro1.

By cancelling \; * )\;1, B >~ 1 % 2 * -+ % y,. Consider the paths ~,.
If v, is a closed path, it lies in Uy or Uy, which are simply-connected
and so yy ~ ¢y or yp =~ c_1. If vy is not closed, then it crosses between
the components of U; N Us. It follows that v, ~ nfl or vyp =~ r];[l,
where 11 (t) = (cos(nt), sin(nt)), the path joining 1 to —1 in Uy, and
n2(t) = (cos(mt + 7),sin(wt + 7)), the path joining —1 to 1 in Us.
Making the cancellations of the type 771771_1 ~ ¢ or 172772_1 ~c_q, we
are left with three possibilities:

B~ci, [Bmikmekngkngk-- %10 %10y, Or
Bozmy eyt g ey
after cancelling out c41. The ordering is determined by the fact that
[ begins and ends at 1, and each v, either joins 1 to —1, joins —1 to

1, or it simply stays put. After cancellation of the paths that stay put
or products of paths that are homotopic to the constant path, we are
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left with such a product in that order. Finally, wljp,1] = o >~ n1 * 2
and so 3 ~ ™ for some n € Z. O

X0 X0

Proof of B. Consider the model of the projective plane given by
the di-gon, a disk with each point on the boundary identified with
the point symmetric with respect to the origin. Let 2o € RP? be the
point zo = [£(1,0,0)]. Let p: S — RP? denote the covering space
p(x) = [£x]. Let the loop a in RP? denote half of the equator, and lift
a to S%. We get a path a from (1,0, 0) to (—1,0,0) along the equator
of 2. By Corollary 8.5, a % ¢,,. In the di-gon representation of
RP?, a % a = a? surrounds the disk, and so a? can be contracted to
¢z, by shrinking to the center of the disk and translating over to xg.
It follows that 7 (RP?) contains Z/2Z. To finish, we need show that
any loop at zg is homotopic to a™ for some n € Z. Using the di-gon
we see that away from the image of the path a® a path lies in the
contractible interior of a disk. The disk can be used to push any loop
onto a as often as it crosses between the copies of xg. Thus we see
that any loop based at zg is homotopic to a™ for some n € Z and so
homotopic to a or ¢;,. This implies that

™1 (RP?) = ([a])/([a]? = [e,]) = Z/22.
This completes the proof of Theorem 8.6. O
Covering spaces can be developed much further. We refer the

reader to [55] or [51] for thorough treatments. Let’s turn now to
applications. We first return to the central question of the text:

Invariance of Dimension for (2,n). For n # 2, R" and R? are
not homeomorphic.



8. Computations and Covering Spaces 119

Proof. We assume that n > 2 since the case of n = 1 is covered
in Chapter 5. If R® = R?, then, by composing with a translation
if needed, we can choose a homeomorphism f: R® — R2 for which
£(0) = (0,0). Such a mapping induces a homeomorphism R™ — {0} =
R? — {(0,0)}. Since S"7! is a deformation retract of R® — {0}, by
Theorem 7.10, 71 (R™ — {0}) = 71 (S"~!). For n > 2, Corollary 7.13
states that 71 (S"1) 2 {e}, while, for n = 2, m1(S!) = Z. Since the
fundamental group is a topological invariant, it must be the case that
n=2. g

This argument is characteristic of the power of introducing alge-
braic structures as topological invariants of spaces. Our goal in later
chapters is to generalize these ideas.

Recall the somewhat unexpected topological property introduced
in the exercises of Chapter 2: A space X has the fized point property
(FPP) if any continuous mapping f: X — X has a fixed point, that
is, there exists a point zg € X with f(xg) = z¢. By the Intermediate
Value Theorem we can prove that the interval [0, 1] has the FPP: if
f:10,1] — [0, 1] is continuous, then define g(z) = f(z)—=z: [0,1] — R.
If f(0) # 0 and f(1) # 1, then ¢g(0) > 0 and g(1) < 0 and so g must
take the value 0 somewhere. If g(z) = 0, then f(z) = =.

What is the generalization of the space [0,1] to higher dimen-
sions? Candidates include [0, 1] x [0,1] in dimension 2 or maybe the
two-disk e? = {x € R? | ||x|| < 1} = cls B(0,1). The choice between
these two candidates is irrelevant since the fixed point property is a
topological property and they are homeomorphic. (Can you prove
it?) We generalize the fixed point property for the interval [0, 1] to
the two-disk.

Theorem 8.7 (Brouwer’s Theorem in dimension 2). The two-disk
e? = {x € R? | ||x|| < 1} C R? has the fized point property.

Proof. Suppose f: e? — e? is a continuous function without a fixed

point. Then for each x € €2, f(x) # x. Define g: e2 — S! by
g(x) = intersection of the ray from f(x) to x with S*.
To see that g(x) is continuous on e?, we apply some vector ge-
ometry: write Q@ = f(x), Z = g(x). Let O = (0,0) and define
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g(x)
X

X = (x—Q)/|lx — QJ|. Then, g(x) = Z = Q + tX for some t > 0 for
which Q +tX € S!, that is, (Q +tX) - (Q +tX) = 1. This condition
can be rewritten to solve for ¢, namely,

(Q+tX)- (Q+tX)=t*(X-X)+2t(Q-X)+Q-Q =1.
The quadratic formula gives

he=-Q X +(Q X2+1-Q-Q

. XT3 o XTI N
B |x—f(X)|+¢<f() ) 17

Note that this choice of signs gives tx > 0, and tx = 0 implies
f(x) = x. Since we have assumed that this doesn’t happen, tx > 0.
Furthermore, tx is a continuous function of x. We can write g(x)

explicitly as

x — f(x)

9(x) = f(x) + tx
[x = f)l

and so g(x) is continuous.

By the definition of the mapping g, if x € S C €2, then g(x) = x.
We have constructed a continuous mapping g: > — S* for which
goi =idg, that is, the identity mapping on S! can be factored:

idgi: St e L 51,

This composite leads to a composite of group homomorphisms and
fundamental groups:

id: 7 (SY) 25 my(e2) 25y (S).
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However, 1 (e?) = {[c1]} and so g« 0i.([a]) = [e1] # [a] and g, 0 #
id, a contradiction. Therefore, a continuous function f: e? — e2

without fixed points is not possible. O

Corollary 8.8. S! is not a retract of €.

More powerful tools will be developed in later chapters to prove a
generalization of Theorem 8.7 and its corollary. Brouwer proved this
general result around 1911 [11].

We next apply the fact that 7 (RP?) = Z/2Z. Recall that RP?
is the space of lines through the origin in R?. The lower dimensional
analogue is the space RP! consisting of lines through the origin in
R2. We can identify a line with the angle it makes with the x-axis.
To obtain every line through the origin, we only need angles 0 <
0 < 7, where the z-axis is identified with the angles 0 and 7. Hence
RP' = [0,7]/(0 ~ 7) = S'. Thus 7;(RP') = Z. The analogue of
the covering map p: S? — RP? in this case is p: S — RP! given by
e?™0 s [+£e2™9]. In fact, P,: 71(S') — m (RP') is described as a
homomorphism Z — Z given by multiplication by two, because the
generator [a] wraps around RP! twice.

In Chapter 5 we proved that a continuous mapping f: S' — R
must send some point and its negative to the same value, that is, there
is always a point zg € St with f(zg) = f(—xz0). We can generalize
that result to S2.

Theorem 8.9. If f: S — R? is a continuous function, then there
exists a point x € S? with f(x) = f(—x).

We proceed by proving an associated result.

Proposition 8.10 (The Borsuk-Ulam Theorem for n = 2). There
does not exist a continuous function f: S? — S that satisfies f(—x)
= —f(x) for all x € S2.

Proof of the Borsuk-Ulam Theorem. Assume such a function
exists. The condition satisfied by f can be written f(£x) = +f(x).
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It follows that f induces f: RP? — RP! and f fits into a diagram:

52%51

boL

RP? T RP!

for which po f = f o p. Consider the induced homomorphism f* :
71 (RP?) — 71 (RP'). By Theorem 8.6, f, is a homomorphism Z/27 —
Z.. However, any such homomorphism must be the trivial homomor-
phism. (Do you know why?) Let A: [0,1] — S? denote a path from
the North Pole to the South Pole along a meridian of constant longi-
tude. It follows that [p o A] = [a], a generator for Z/27 = 7 (RP?).
Since the North and South Poles are antipodal, these points are iden-
tified in RP' after passage through f and 7. Hence [po f o ) is
nontrivial in wl(RPl). But [po fo ) = [fopo)\] = f*([po A)=0,a
contradiction. g

Corollary 8.11. If f: S? — R? is a continuous function such that
f(—=x) = —f(x) for all x € S?, then f(x) = (0,0) for some x € S>.

Proof. If not, then g(x) = f(x)/||f(x)|] would be a continuous func-
tion g: S? — ST with g(—x) = —g(x) for all x € S2. O

Proof of Theorem 8.9. Suppose for every x € S? that f(x) #
f(=x). Then define g(x) = f(x)— f(—x). Notice that g is continuous,
g(—x) = —g(x), and g(x) # 0 for all x € S?, a contradiction. O

Corollary 8.12. No subset of R? is homeomorphic to S?.

The corollary tells us that there is no cartographic map homeo-
morphic to the entire sphere.

Finally, we derive an unexpected corollary of our analysis of the
fundamental group of the circle, namely, the Fundamental Theorem
of Algebra. This topological proof gives a complete proof avoiding
the difficulties in the approach of Gauss in Chapter 5 based on con-
nectedness.
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The Fundamental Theorem of Algebra. Ifp(z) = z"+a,_12" "
+ -4+ a1z + ag is a polynomial with complex coefficients, then there
is a complex number zy with p(z) = 0.

Proof. Recall that C 2 R? and the nth power mapping h: z — 2"
induces a mapping h: S' — S' which can be written as e? — ™.
Lifting this mapping to the covering space w: R — S, it represents
n € Z = m(S1) via the identification of 7;(S') with Z given by
[6] — B(1).

Viewed as a mapping, h: S* — S, h induces the homomorphism
hy: m1(ST) — m1(S1). The law of exponents implies that

h*(9 — 67rim9) — (0 — (em’mG)n — e’n’inm@)’

that is, h, is multiplication by n.

We first consider a special case of the theorem—suppose
\an_1| + \an_2| —+ -+ |a0\ < 1.

Suppose p(z) has no root in €2 = {z € C | |z| < 1}. Define the
mapping p: e? — R? — {0} by p(z) = p(z). Restricting to S = de?
we get p|: S — R? — {0}. Since p| can be extended to €2, it follows
(exercise) that p| is homotopic to a constant map. However, consider
the mapping

F(z,1) = 2" + Han 12"+ + o),

which gives a homotopy between F(z,0) = z™ and F(z,1) = p(z).
If F(z,t) never vanishes on S*, the homotopy implies p| ~ z". To
establish this condition, for |z| =1 we estimate

|F(2,t)] > |2"] — |t(anflz"71 + -+ ag)
> 1 —t(|an—12""" + - + |ag))
=1—t(lan—1|+---+|aol) > 0.

As a class in w1 (S1), [(z — 2™)] is not homotopic to the constant map
while p| is, so we get a contradiction.
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To reduce the general case to this special case, let t € R, ¢t # 0,
and let u = tz. So
p(u) =" + an_u""" + -+ aju+ ag

= (t2)" +an_1(t2)" "t + -+ artz + ao.

If p(u) = 0, then

Ap—1 _ aq
e tan=l oy

n
0+ t tnfl

aon
+— =0.
z n

So given a zero for p(u) we get a zero for p,(z) with p;(z) = 2" +

%z"‘l + -+ §2 and vice versa. Taking ¢ large enough we can

guarantee
an—1 ai ag
=2 ] R <
and we can apply the special case. O

In Chapter 7 we proved that a subspace A of a space X, which is
a deformation retract of X, shares the same fundamental group as X.
Furthermore, if X and Y are homeomorphic spaces, they share the
same fundamental group. We generalize these conditions to identify
an important relation between spaces.

Definition 8.13. Two spaces are homotopy equivalent, denoted
X ~ Y, if there are mappings f: X — Y and ¢: Y — X with
go f~idx and fog~idy.

If A C X is a deformation retract, then there is a mapping
r: X — A for whichidg =r0i: A - Aandidx ~ior: X — X.
Thus A is homotopy equivalent to X and homotopy equivalence gen-
eralizes the relation of deformation retraction. Contractible spaces
are homotopy equivalent to a one-point space so homotopy equiva-
lence is a weaker notion than homeomorphism.

Proposition 8.14. In a set of topological spaces, homotopy equiva-
lence is an equivalence relation.

Proof. It suffices to check transitivity since the other properties are
clear. Suppose X ~Y and Y ~ Z via mappings f: X — Y, g: Y —
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X, t:Y - Z,andu: Z —Y. Consider to f: X — Z and gou: Z —
X. Then

(gou)o(tof)=go(u
(tof)olgou)=to

Fixing a universe, that is, a set in which all relevant spaces are

ot)of~goidyof =go f~idx and
o

(fog)ou~toidyou=tou~idy.

elements, the equivalence class of a space X is called its homo-
topy type. The effectiveness of the fundamental group to distinguish
spaces is limited by homotopy equivalence.

Proposition 8.15. If X and Y are homotopy-equivalent spaces via
mappings f: X — Y and g: Y — X, then the induced mappings

fer mi(X,w0) — m(Y, f(xo)) and g.: m(Y,y0) — m1(X, g(yo)) are
isomorphisms.

Proof. Let H: X x[0,1] — X be a homotopy between go f and idx.
Let v: [0,1] — X be the path v(t) = H(xo,t), so that v(0) = go f(x0)
and (1) = xg. We can write the induced homomorphisms:

T (X, 20) L5 w1 (Y, f(20)) 25 11 (X, g o f(w)) ~5 (X, 20)-

We claim that this composite is the identity homomorphism. Consider
[A] € m1(X, zo). The result of the composite on this element is

A= [foX = gofodl =y x(gofol)xnl.
Apply the homotopy H to get a homotopy from go f o A to A by
H(X\(t),s). We use this homotopy to construct one from ~~!
(go foA)*xvy to A by reparameterizing according to the diagram:

ES

A

-
>

HMD).5)
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In the triangles, we have taken  and opened it into a triangle
with the pictured curves given by isobars (constant paths). It follows
from the homotopy that [y~ x (go f o A) x 4] = [\. This implies
that f. is injective and g, surjective. To finish the proof consider the
composite

m (Y, f(0)) 25w (X, g o f(0))

L)m(yv f ogo f(xo)) ﬂ>’/T1(Yv7 f(m()))v

where 7n: [0,1] — Y is the path n(t) = H(f(zo),t) in the homotopy
H between f o g and idy. The same argument applies mutatis mu-
tandis to show that f, is surjective and g, is injective and hence both
homomorphisms are isomorphisms. O

Homotopy equivalence is cruder than homeomorphism but in-
cludes it as a special case. To give an idea of how crude homotopy
equivalence is, notice that, for all n, R™ is homotopy equivalent to
a point. The letters of the alphabet as subspaces of R? show other
failures to distinguish between different topological spaces.

A~D~S' B~ SIS L C~E~ Foox, ...

Proposition 8.15 shows that the fundamental group is a homo-
topy invariant, that is, if X ~ Y, then m(X) & 71(Y). Thinking
of the fundamental group as a filter that distinguishes spaces, it can
only hope to catch homotopy inequivalent spaces. In later chapters
we will consider other homotopy invariants. Poincaré [66] introduced
the fundamental group to distinguish certain manifolds that were in-
distinguishable via other combinatorial invariants.

Exercises

1. Suppose that f: S* — S! has an extension f: e? — St
that is, the mapping f satisfies foz' = f, where i: S' — €2
is the inclusion. Show that f is null-homotopic, that is, f
is homotopic to the constant mapping.

2. Though we will not prove it, one of the useful theorems for
computing the fundamental groups of spaces is the Seifert-
vanKampen Theorem. A special case of this theorem
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is the following: If a path-connected space X is a union
X =U UV with V simply-connected and xo € UNV, then
the inclusion i: U — X induces a surjection i, : w1 (U, xg) —
m1 (X, z9) with kernel given by the smallest subgroup of
w1 (U, xo) containing j.(m (UNV,xg)), where j: UNV — U
denotes the inclusion. Use the descriptions of RP? of previ-
ous chapters and this theorem to make another computation
of 7 (RP?).

3. Suppose that X is simply-connected and p: X > Xisa
covering space of X. Show that p is a homeomorphism.

4. Let Q(X,x0) denote the based loop space of X given by
Q(X,20) = {A: [0,1] — X | A is continuous and A(0) = A\(1) = z¢}.

This subspace of map(1, X) is topologized with the compact-
open topology. Show that
i) mo(2(X,xzp)), the collection of path-components of
Q(X, xp), is in one-one correspondence with w1 (X, zg).
ii) Show that the loop multiplication m: Q(X,zg) X
QUX,z9) — QX,z0) given by m(A,pu) = A * pu is a
continuous multiplication on Q(X, zg).

5. We know from Theorem 7.15 and Theorem 8.6 that the fun-
damental group of the torus S* x S' is Z x Z. Use the
argument for the computation of 71 (RP?) 2 Z/27Z to prove
71 (St x SY) =2 Z x Z by viewing the torus as a quotient of
[0,1] x [0, 1].

6. Let’s make a space—take two distinct 2-spheres, S?, and join
them by a line segment—a space resembling dumbbells, but
with a very thin connector. Denote this space by X and
show that it is simply-connected.





