CHAPTER 10

Applications to the dynamics of rational maps

In this chapter, we study the dynamics of a rational map ¢ € K(T') of
degree d > 2 acting on PL_,, where K is a complete and algebraically closed

non-Archimedean field.

We begin by showing, in §10.1, that there is a probability measure p,
on PL_. which satisfies ¢, (u,) = py and ¢*(py) = d - py. By analogy with
the classical situation for P!(C) (see [54], [72]), we call u, the canonical
measure associated to . Loosely speaking, the canonical measure is the
negative of the Laplacian of the Call-Silverman local height function from
[32] (extended to PL_, in a natural way).

We also show that the associated Arakelov-Green’s function g, (z,y)
satisfies a certain energy minimization principle. This was used in [5] and
[9] to investigate properties of algebraic points of small dynamical height.

In §10.2, we give an explicit formula for the Arakelov-Green’s function
9, (z,y), and we establish some functorial properties satisfied by g, (z,y),
including the important functional equation in Theorem 10.18.

In §10.3, we prove an adelic equidistribution theorem (due independently
to Baker and Rumely, to Chambert-Loir, and to Favre and Rivera-Letelier)
for sequences of distinct points in P! over a number field k& whose dynamical
heights tend to zero. Our proof is a simplified version of that in [9], and it
applies not just to number fields but to arbitrary product formula fields.

In §10.4, following Favre and Rivera-Letelier [46, 48], we prove an
equidistribution theorem for the preimages under ¢ of any nonexceptional
point of PL_, . This is the Berkovich space analogue of a classical result due
independently to Lyubich [72] and Freire, Lopes, and Mané [54]. Our proof,
which differs from the one in [46, 48], makes use of properties of g, (z,y).
However, our proof is valid only when char(K) = 0, whereas Favre and

Rivera-Letelier’s proof holds in positive characteristic as well.

In §10.5-§10.8, we develop Fatou-Julia theory on PL_, when char(K) =
0. We recover most of the basic facts known classically over C, as presented
for example in Milnor’s book [73].

The modern approach to complex dynamics was initiated by Fatou and
Julia in the early twentieth century. The best understood and most classical
part of the theory concerns the iteration of a rational function ¢ € C(T)
on the complex projective line P!(C). Its primary goal is to understand the
structure of the Fatou set and its complement, the Julia set.
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292 10. APPLICATIONS TO THE DYNAMICS OF RATIONAL MAPS

In p-adic dynamics, there is an analogous, more recent theory for a ratio-
nal function ¢ € K(T). The theory was initially developed when K = C,,’
for ¢ € C,(T) acting on P1(C,), by Silverman, Benedetto, Hsia, and others
(see e.g. [14], [15], [61], [74], [81]). One finds both striking similarities
and striking differences between rational dynamics on P'(C) and P!(C,).
(For an overview of the “classical” results in this field, see [93].) The dif-
ferences arise for the most part from the fact that the topology on C, is
totally disconnected and not locally compact. Even the most basic topo-
logical questions about the Fatou and Julia sets have a completely different
flavor when working over C,, versus C. In fact, it was not a priori clear what
the Fatou and Julia sets in P!(C,) should be, since (for example) the notions
of equicontinuity and normality do not coincide. Definitions which seemed
reasonable (such as defining the Fatou set in terms of equicontinuity of the
family of iterates {©(™}) turned out to behave differently than expected.
For example, in P*(C,) the Julia set of any map with good reduction is
empty, in sharp contrast to the situation over C, where one of the most fun-
damental facts is that the Julia set is always nonempty. It took considerable
effort to give a satisfactory definition for Fatou components in P*(C,) [83].

However, as Rivera-Letelier’s thesis [81] and subsequent works [82, 83,
84, 46, 47, 48] have made abundantly clear, a rational map ¢ € K(T)
should be thought of as acting not just on P1(K), but on PL_,. One advan-
tage of working with PL_, is evident in the existence of the canonical prob-
ability measure i,. In contrast to P!(K), the compact connected Hausdorff
space PL_ serves naturally as a support for measures.

In §10.5 we define the Berkovich Julia set J, as the support of the
canonical measure and the Berkovich Fatou set F, as the complement of
JW.Q A direct consequence of this definition is that the Berkovich Julia set
is always nonempty.

In Theorem 10.56, we show that the Berkovich Fatou set of ¢ coincides

with the set of all points in PL_, having a neighborhood V whose forward

iterates under ¢ omit at least one nonexceptional point of PL_, (or, equiva-
lently, at least three points of P'(K)). This was Rivera-Letelier’s definition
of the Berkovich Fatou set for K = C,. We use this result to deduce in-
formation about the topological structure of the Berkovich Julia set, in the
style of [73].

In §10.6, we compare our Berkovich Fatou and Julia sets with the corre-
sponding sets defined in terms of equicontinuity, and we use this comparison
to obtain structural information about the Berkovich Fatou and Julia sets.

IThere are some subtle but important differences between dynamics over C, and
dynamics over an arbitrary complete and algebraically closed non-Archimedean field K of
characteristic 0; see e.g. Example 10.70 below.

2As Rivera-Letelier pointed out to us (with examples like Example 10.70 below), over
a general complete and algebraically closed non-Archimedean ground field K, pathologies
arise if one tries to define the Berkovich Julia and Fatou sets in terms of equicontinuity
or normality.
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We also show (Theorem 10.67) that for any complete and algebraically closed
non-Archimedean ground field K of characteristic 0, the intersection of the
Berkovich Fatou set with P!(K) coincides with the classical Fatou set of ¢
in P!(K) considered by Silverman, Benedetto, Hsia, and others.

Using deep results of Rivera-Letelier, we prove (Theorem 10.72) that over
C,, the Berkovich Fatou set consists of all points having a neighborhood on
which the set of iterates {¢©(™} is equicontinuous (in the sense of uniform
spaces; cf. §A.9). However, over a general complete and algebraically closed
non-Archimedean ground field K of characteristic 0, this is no longer true,
as shown by Example 10.70.

In §10.7, we give a proof of Rivera-Letelier’s theorem that a rational map
©(T') € K(T) of degree at least two has at least one repelling fixed point
in PL_.. We also show that the repelling periodic points belong to and are
dense in the Berkovich Julia set. The complex analogue of this result is
well known; indeed, the complex Julia set of a rational map ¢(7") € C(T') is
sometimes defined as the closure of the repelling periodic points.

In §10.8, we show that when ¢(T") € K[T] is a polynomial, the Berkovich
Julia set J,, coincides with the boundary of the Berkovich filled Julia set K.
This is the analogue of another well-known result over C.

In §10.9, we consider the dynamics of rational functions over C,, which
are much better understood than over arbitrary K. We recall the main
results of Rivera-Letelier from [81, 82, 83, 84] and translate them into the

language of PL_ .

Finally, in §10.10 we give examples illustrating the theory.

10.1. Construction of the canonical measure

Let o(T') € K(T') be a rational function of degree d > 2. In this section
we construct the canonical measure i, a non-Archimedean analogue of the
measure constructed by Brolin [31] for a polynomial in C[T'] and by Lyubich
[72] and Freire, Lopes, and Mané [54] for a rational function in C(7'). Our
construction follows [9]; other constructions have been given by Chambert-
Loir [35] and by Favre and Rivera-Letelier [46, 47, 48].

Let f1(T), fo(T) € K[T] be coprime polynomials with

o(T) = f(T)/A(T) ,
such that max(deg(f1),deg(f2)) = d. Homogenizing fi(T) and f2(T), we
obtain homogeneous polynomials F}(X,Y), F5(X,Y) € K[X,Y] of degree d
such that f1(T) = F1(1,T), f2(T) = F»(1,T), and where Res(F1y, F») # 0.
Let F(X,Y) = (Fi(X,Y), F5(X,Y)).

We will be interested in the dynamics of ¢ on P}_,, so for each n > 1, let
0" = popo---0p (n times). Similarly, let F(") be the n-fold composition
of F with itself, and write F™(X,Y) = (FI"(X,Y), F{"(X,Y)), where
Fl(n)(X, Y), FQ(n) (X,Y) € K[X,Y] are homogeneous of degree d".
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For the moment, regard F1(X,Y) and Fy(X,Y) as functions on K2, so
that for (z,y) € K? we have F(x,y) = (Fi(z,y), Fa(x,y)). Let

Iz, y)|l = max(|z], |y])

be the sup norm on K?2.

LEMMA 10.1. There are numbers 0 < By < Ba, depending on F', such
that for all (z,y) € K?,

(10.1) Bi- |z )? < IIF(,y)ll < Ba-ll(z,9)|*.

Furthermore, if Fy and Fs have coefficients in the valuation ring of K, then
we may take By = |Res(F1, Fy)| and By = 1.

PROOF. The upper bound is trivial, since if F}(X,Y) = > ¢4 XYY,
Fy(X,Y) =32, XY, and if we let By = max(|cy ], |c2,45]), then by the
ultrametric inequality

[Fi(z, )], [Fa(z,y)] < H;&]t.X(lcl,inl“lilyljv le2ijllel'lyl) < Ball(z,y)]|” .
Note that if F} and F> have coefficients in the valuation ring of K, then we
may take By = 1.

For the lower bound, note that since Res(F1, F3) # 0, Lemma 2.11 shows
that there are homogenous polynomials G1(X,Y),G2(X,Y) € K[X,Y] of
degree d — 1 for which

(10.2)  Gi(X,Y)FI(X,Y)+ Ga(X,Y)Fo(X,Y) = Res(Fy, Fp) X271

and there are homogeneous polynomials Hy(X,Y), H2(X,Y) € K[X,Y] of
degree d — 1 such that

(10.3)  Hy(X,Y)F(X,Y)+ Hy(X,Y)F5(X,Y) = Res(Fy, Fy)Y2-1

By the upper bound argument applied to G = (G1,G2) and H = (Hy, Ha),
there is an Ay > 0 such that ||G(z,y)|, || H (x,y)| < Asl/(z,y)||¢"! for all
(z,y) € K2. By (10.2), (10.3), and the ultrametric inequality,

| Res(F1, Bp)llz*1 < Aol(a, )| F (2,9l
|Res(Fy, By)[ly**1 < As|(a, y)I* M| F (2, 9)]| -
Writing A; = | Res(F1, Fy)|, it follows that
Al )[4 < Aol y) |14 HIF () -

Thus, taking By = A;/As, we have ||F(z,y)|| > B1|/(z,y)||%.

If F1 and F5 have coefficients in the valuation ring of K, then since
the coefficients of G, Go, Hy, Hy are integral polynomials in the coefficients
of Fy and Fy (see, for example, Proposition 2.13 in [93]), we find that
G1,G9, Hy, Hy have coefficients in the valuation ring of K as well. We may
thus take Ao = 1, in which case By = |Res(F1, F2)|. O
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Taking logarithms in (10.1), for C; = max(]|log,(B1)|, |log,(B2)|) we
have

1 C
(10.4) |2 log, |[F(z,y)]| —log, (=)l < —
for all (z,y) € K2\{(0,0)}. Inserting F"~1)(z,y) for (z,y) in (10.4) and

dividing by d"~!, we find that for each n > 1,

(10.5) %bgvnF(n)(x,y)H_dnl_l log, | F®™D(z, )| < %.
Put
B (@) = Llog, [FM(1
0,0,(00) = an 2 b .’I]) H
1 n n
= d_nlOgU (max(\Fl( )(I,SU)HFQ( )(17@‘)) .

The Call-Silverman local height for ¢ on P}(K) (relative to the point co and
the dehomogenization Fy(1,T), F5(1,T)) is defined for x € A'(K) by

The fact that the limit exists follows from (10.5) using a standard telescoping
sum argument, as does the bound
— C1

(10.7) [P, (00) (%) = logy(max(L, [2]))] < ) -2 = —— .

n=1
We will denote the constant on the right side by C. Taking logarithms in
the identity

F(n_l)(l,go(l‘)) _ F(n_l) <17F2(1,.%')> _ F(n)(l,l')

Rl z) Fy(Laz)®
then dividing by d"~! and letting n — oo, gives the functional equation
(108) hap,v,(oo)(so(l‘)) =d- hcp,v,(oo)(x) - 10gv(|F1(17x)|) )

valid on P}(K)\({oo} U@~ 1({oo})).

Properties (10.7) and (10.8) characterize the Call-Silverman local height:
in general, given a divisor D on P! (K), a function hy, , p : P'(K)\ supp(D) —
R is a Call-Silverman local height for D if it is a Weil local height associ-
ated to D and if there exists a rational function f € K(T') with div(f) =
©*(D) —d- D, such that

hewp((2)) = d-hewp(2) —log,(|f(2)])
for all z € PL(K)\(supp(D) Usupp(¢*(D))). If f is replaced by cf for some
c # 0, then hy, p is changed by an additive constant.

We will now “Berkovich-ize” the local height. For each n and each
rePL ., put

(10.9) A"

,v,(c0

() = o max (1og, [ (1, 7). log, [ (1, T)L.)
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(By convention, we set ﬁ&"z),oo(oo) = o0.) Then ﬁfpnz (00) COInCides with
B on A'(K) and is continuous and strongly subharmonic on AL_, .
QO,’U,(OO) Berk

We claim that for all z € A}Berk,

- (n) : (n—1) C1
(10.10) Pomio0) ) = oo (@) S G-

Indeed, this holds for all type I points in A'(K); such points are dense in

Al and the functions involved are continuous, so it holds for all z € AL_ .

It follows that the functions izc(p"z (00) COTVETgE uniformly to a continuous

subharmonic function ﬁ%v,(oo) on AL, which extends the Call-Silverman
By the same arguments as before, for all z € AL_, we

local height Ay, (0)-
have
(10.11) g (00 () = log, (max(1, [T],))| < C,

and for all z € PL_ \(co U ¢~ 1(o0)),

(1012) ]Azap,v,(oo) (So(x)) =d- B@,v,(oo)(x) - logv([Fl(lvT)]x) :

Actually, (10.12) can be viewed as an identity for all z € PL_,, if at 7 = oo

one takes the right side to be given by its limit as 2 — oo.

Let V3 = AL, =PL_ \{oo}. Since Py () 18 subharmonic on Vi, there
897717(00)) = — 1. On the
belongs to BDV(PL_,) and satisfies

~

is a nonnegative measure 1 on Vi such that Ay, (h

other hand, each 35
®,v,(00)

API

Berk

(o) = oo =i

,v,(00)

where u§”) > 0 has total mass 1. Since the iALfO"T)) (00)

to ﬁ%v,(oo) on V7, it follows from Proposition 5.32 that Apéerk(ﬁgi,(m)
A[Pl

L k(ilso,u(w))' From this, one concludes from Proposition 8.51 that the

converge uniformly

) —

,ugn) converge weakly to 11 on simple subdomains of V7, that iL%w(oo) belongs
to BDV(PL...), and that there is a nonnegative measure u, on PL_, of total
mass 1 such that
(10.13) A]P;l (hgo,v,(oo)) = 500 — Hyp -
(Note that functions in BDV(PL,,) are allowed to take the values oo on
points of P} (K); the definition of the Laplacian only involves their restriction
to HBcrk-)

In the affine patch V := PL_, \{0}, relative to the coordinate function
U =1/T, the map ¢ is given by F1(U,1)/F5(U,1). By a construction similar
to the one above, using the functions Fi(U, 1) and F5(U,1), we obtain a
function ﬁ%v,(o) (r) € BDV(PL_,,) which is continuous and subharmonic on
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V5 and extends the Call-Silverman local height relative to the point 0. For
all x € Vs, it satisfies
(10.14) |ﬁ@7v’(0)(a:) —log, (max(1,[1/T],)) < C,
(1015) g (o) (0(@)) = d- by 0)(@) — logy ([B(1/T, D],) |

where (10.15) holds in the same sense as (10.12). Using F"(U,1) =
FM(1,T)/T%", taking logarithms, dividing by d”, and letting n — oo gives

(1016) }Alcp,v,(O)(x) = h@,v,(oo)(l‘) _logv([T]I) .
Applying the Laplacian and using (10.13) shows that
(10.17) Apéerk(h%v’(o)) = 50 — My -

We will refer to the probability measure ., on PL_, appearing in (10.13)
and (10.17) as the canonical measure associated to .

THEOREM 10.2. Let (1) € K(T') have degree d > 2. Then the Call-
Silverman local height hy, , (o) belongs to BDV(PL_ ) and SH(Py,,, \{oc}),
with

(1018) Apﬁerk(h%“(oo)) = (500 — My -
The canonical measure ji, is nonnegative and has total mass 1. It satisfies

the functional equations
(10.19) O (o) =d -ty s Pu(pe) = pp -

PrRoOOF. The assertions about iL%%(OO) have been established earlier in
this section.

Put 1 = . To show that ¢*(u) = d- p, we use (10.12) and (10.15). Let
Z1,...,xq be the zeros (not necessarily distinct) of F1(1,7"), and put U; =
o t(V1) = PL_\{z1,...,24}. By the pullback formula for subharmonic
functions (Proposition 9.54), H(x) := iAz%vy(oo)(go(m)) is subharmonic on Uy,
and X

Au, (H) = ¢*(Ay, (hso,v,(oo))) :
Taking Laplacians in (10.12) gives o*(ul|y;) = d- ply,. Likewise, put Uy =
o 1 (Vo) =P, _\{v1,--.,ya}, where y1,...,yq are the zeros of Fy(1/T,1) =
Fy(1,T)/T%. Since F1(1,T) and Fy(1,T) are coprime, the sets {z1,..., 74}
and {y1,...,yq} are disjoint. Then G(z) := iL%v,(O)(ap(x)) is subharmonic
on Us and satisfies

AUz (G) = (p*(AVQ (ilap,v,(o))) :
Taking Laplacians in (10.15) gives ¢*(p|v,) = d - p|y,. Since Vi U Vy =
U UUy =PL_ it follows that ¢*(u) = d - p.
The identity ¢.(p) = p follows formally from ¢*(u) = d - p. By Theo-
rem 9.53(B), p.(p* (1)) = d-p. Since p* () = d- u, this gives pu(pu) = p. O

We give the following definition (cf. Corollary 9.27):
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DEFINITION 10.3. A rational function ¢(7T) € K(T') of degree d > 1
has good reduction if it can be written as o(T) = F»(1,T)/F1(1,T) where
F1,Fy, € K[X,Y] are homogeneous polynomials of degree d whose coeffi-
cients belong to the valuation ring O of K and where Res(F}, F3) is a unit
in O.

A rational function p(T) € K(T) of degree d > 1 has simple reduction®
if there is a M&bius transformation M € PGL(2, K) such that the conjugate
M o ¢ o M~! has good reduction.

ExaMPLE 10.4. Suppose ¢(T') has good reduction and degree d > 2.
We claim that the canonical measure j, coincides with the Dirac measure
O¢cianees Where (gaue is the Gauss point of Ph_, .

To see this, recall formula (10.1) and note that under our hypotheses,

we may take By = By = 1. Thus for all (z,y) € K2,

IE@ )l = lI(z,y)]?

By iteration, for each n, ||F(™ (z, )| = ||(x,y)||*"

tion of A ), one finds that

. Examining the construc-

»,v,(c0
il’ip,v,(oo)(‘r) = ]‘Og’u max(:l?[T]ﬂ?) = logv(é(m7CGauss)oo)a

~

so that A(h%u(oo)) = 000 — O¢gause Py Example 5.19. Hence f1, = Ocauss-
More generally, we have:

ProPOSITION 10.5 (Rivera-Letelier?). A rational map o(T) € K(T) of
degree at least 2 has good reduction if and only if py = 6¢q e -

ProOOF. We have already shown in Example 10.4 that if ¢ has good
reduction, then p, = d¢y,,... Conversely, suppose that j, = ¢, ... Then
using the identities . (fp) = 1, and ¢*(uy,) = deg(p) - pe proved in The-
orem 10.2, it follows that ¢(Ccauss) = Coanss aNd M (Coanss) = deg(p). In
particular, 0™ (Coauss) = {Caauss}- By Corollary 9.27, this means that ¢ has
good reduction. (Il

REMARK 10.6. Later on (in Proposition 10.45), we will see that ¢(T)
has simple reduction if and only if there is a point ¢ (necessarily of type II)
such that p1, = .. We will also see (in Corollary 10.47) that this is the only
case in which p, has point masses: p, can never charge points of P K),
and it cannot charge a point of Hg,,, unless ¢ has simple reduction.

We will now show that the canonical measure is better behaved than an
arbitrary measure, in that it has continuous potentials (Definition 5.40): for
each ¢ € Hpey, the potential function u,,,(z,¢) = [ —log,(d(z,y)¢) duy(y)
is continuous (hence bounded).

3This is Rivera-Letelier’s terminology.
4See [46, Proposition 0.1] and [48, Theorem EJ.
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PROPOSITION 10.7. For any rational function o(T) € K(T) of degree
d > 2, the canonical measure p, has continuous potentials.

PROOF. Apply Proposition 8.65, noting that in V; = PL_,\{oc}, the
Laplacian of h ) 18 fiplv, and that in Vo = PL_,\{0} the Laplacian of

®,v,(00

hgo,v,(O) is fp V- u

Since p1, has continuous potentials, the theory of Arakelov-Green’s func-
tions developed in §8.10 applies to it. For z,y € PL . we define the nor-
malized Arakelov-Green’s function attached to i, by

(10.20) g (@) = / —1og, (8(z, 9)¢) dyp () + C

where the constant C' is chosen so that

J[ ntw) dst@rdnat) = 0.

(In §10.2, we will determine the constant C' explicitly.) By Proposition 8.66,
9, (z,y) is continuous in each variable separately (as a function from PL .
to RU{oo}). As a function of two variables, it is symmetric, bounded below,
and continuous off the diagonal and on the type I diagonal, but at points
on the diagonal in Hg.,, X Hg. it is only lower semicontinuous.

Given a probability measure v on PL_,, define the pp-energy integral

1) = [[ an @) dviziavty)

Theorem 8.67 yields the following energy minimization principle, which will
be used in §10.3 below to prove an equidistribution theorem for algebraic
points of small dynamical height:

THEOREM 10.8 (p,-Energy Minimization Principle).

(A) I, (v) >0 for each probability measure v on Py, .

(B) I.,(v) =0 if and only if v = p,.

Combining Proposition 10.5, Theorem 10.8, and Corollary 9.27, we ob-
tain:

COROLLARY 10.9. We have g,,,(§,&) > 0 for all § € Hpen, with equality

iff iy = d¢. In particular, gy, (Coauss Coanss) = 0, with equality iff © has good
reduction.

10.2. The Arakelov-Green’s function g, (z,y)

Our goal in this section is to provide an explicit formula for the nor-
malized Arakelov-Green’s function g, (z,y): we will show that g, (z,y)
coincides with the function g,(x,y) given by (10.21) or (10.23) below. We
also establish an important functional equation satisfied by g, (=, y).
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We continue the notation from §10.1. In particular, ¢(7T) € K(T) is
a rational function of degree d > 2, and Fi(X,Y), F5(X,Y) are homo-
geneous polynomials of degree d such that ¢(T) = F5(1,7)/F1(1,T) and
Res(F1, F») # 0. The polynomials Fy, Fy are determined by ¢ up to multi-
plication by a common nonzero scalar ¢ € K *.

With the conventions that —log,(§(z, 7)) = oo for all z € P}(K) and

that iAz%v’(oo)(oo) = 00, we make the following1 definition:

For z,y € PL_,, let R =|Res(Fy, F2)|” @@~ and define
_ logv(fs(m, y)oo) + ilgo,v,(OO)(:E)

+h<p,v,(oo) (y) + logv R if z,y # oo,
}Jfgo,v,(oo) (.T) + {Lgo,v,(O)(oo) + logv R lf Yy=00,
h%v’(oo) (y) + h%v’(o)(oo) + logv R ifz=0c0.

(10.21) gy(z,y) =

For any fixed y # oo, taking a = 0 in Corollary 4.2 and using Proposition
4.1(C) with z = 0 shows that 6(x,y)ec = log,([T],) for all = sufficiently near
oo. Hence by (10.16)

(10.22) lm Ay (00) (%) =108, (8(2, Y)oc) = Ty (0)(00) -

T—00

From this, it follows that for each fixed y € PL_,, g, (z,y) is continuous and
belongs to BDV(PL_,,) as a function of . It is also clear from the definition
that g, (z,y) is symmetric in = and y.

As we will see in Lemma 10.10, the reason for the choice of the nor-
malizing constant log, R in (10.21) is to make g, independent of the lift
F = (F1, F,) of . This has the magical consequence that the functional
equation in Theorem 10.18 holds and that in (10.25) the normalizing con-
stant C' is equal to 0.

It is possible to give a more elegant description of g,(x,y) when z,y €
P!(K). To do this, given & = (z1,22), § = (y1,%2) € K2, define & A § to be
ITANY = T1Y2 — T2Y1

and let ||z|| = max(|z1], |x2]).
Recall that F = (Fy, Fy) : K2 — K2 is a lifting of ¢ to K? and that we

defined F : K2 — K2 to be the n'® iterate of F. For z € K?\{0}, define
the homogeneous dynamical height Hr : K*\{0} — R by

_ 1 e
Hp(2) = lim —log, |F™(2)] .

(By convention, we put Hr(0,0) := —00.)

By a standard telescoping series argument (see [9]), it follows that the
limit lim,,_o0 2+ log, | F™(2)|| exists for all # € K?\{0} and that the se-
quence - log, |[F(™(2)| converges uniformly on K*\{0} to Hr(Z). The
definition of Hr is independent of the norm used to define it; this follows

easily from the equivalence of norms on K?2. Moreover, it is easy to check
that Hp(F(2)) = dHp(2) for all z € K2\{0}.
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LEMMA 10.10. Let z,y € PY(K), and let ,§ be arbitrary lifts of x,y to
K2\{0}. Then
(1023)  gole,y) = —log, |5 A gl + Hp(#) + Hp(§) +log, R .
Moreover, the right-hand side of (10.23) is independent of the choice of the
lifts F1, Fy of F'.

ProOOF. This is a straightforward computation (see [9, §3.4]). O

We will now show that g,(z,y) = gy, (z,y) for all z,y € PL,,. The
proof is based on the following observation.

LEMMA 10.11. For each y € PL ., we have Aygy(w,y) = 0y — pep.
Proor. This follows from the definition of g, (x,y), together with the

A~

identities Az (—log,(d(7,Y)ec)) = 0y — doo and Ay (hy 4 (00)) = oo — fiy (s€C
Theorem 10.2). O

It follows from Proposition 8.66 and Lemma 10.11 that for each y € PL_, |

Az(gap(xay)) = 5y — Hp = Ax(gw(ac,y)) .
By Proposition 5.28, there is a constant C(y) € R such that

(10.24) 9o(@,y) = gu,(z,y) +C(y)

for all z € Hpen. The continuity of g, (z,y) and g, (x,y) in z show that
(10.24) in fact holds for all z € PL_, .

Now fix z, and note that by symmetry, g,(x,y) and g, (x,y) are contin-
uous and belong to BDV(PL_, ) as functions of . Hence C(y) is continuous
and C(y) € BDV(PL_,). Taking Laplacians with respect to y of both sides
of (10.24), we find that A,(C(y)) = 0. By the same argument as before,
C(y) = C is constant on PL_, , so

(10.25) 9o(z,y) = gu,(z,y) +C

for all 7,y € PL_, .

We claim that C' = 0. To see this, it suffices to show that for some v,

[oste.pust@) = [ (o) dsta) = 0.

Below, we will show that both integrals are 0 for each y.
For g, (x,y), this follows easily from known facts:

PROPOSITION 10.12. For each y € PL_, . we have

/1 G, (T,y) dpp(z) = 0.

Berk

ProOOF. By Proposition 8.68, the potential function

w 0112) = [ () disgla)
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has Laplacian equal to ju, — py, = 0. By continuity, [ g, (x,y)dp,(z) is
a constant independent of y. Integrating against j, with respect to y and
using the normalization in the definition of g, (7, y) shows that this constant
is 0. O

It remains to show that for each fixed y € PL_,,

| e mdug) = 0.

IFD]13fsl”k

We will prove this in Corollary 10.20 after first establishing a useful func-
tional equation for g,(x,y) (Theorem 10.18 below). For this we need several
preliminary results.

LEMMA 10.13. If M € GLy(K), let F' = M~ Yo Fo M, and let ¢' =
M~Yopo M. Then for all z,w € K*\{0},

(10.26) Hp(M(z)) = Hp/(z)
and
(10.27) Go(M(2), M(w)) = g (z,w) .

PRrROOF. First of all note that, given M, there exist constants C1,Cy > 0
such that

(10.28) Cillzll < [[M(z)]| < Cafl=] -

Indeed, if we take C5 to be the maximum of the absolute values of the entries
of M, then clearly | M(z)|| < Cq||z|| for all z. By the same reasoning, if we
let C ! be the maximum of the absolute values of the entries of M1, then

M~ M) < CrHIM )],
which gives the other inequality. (Alternatively, one can use the argument
from Lemma 10.1.)
By the definition of Hr, we have

1
Hp(M(z)) = lm -

. 1 /(n) _
Jim —Clog, [ME™(2)|| = Hp(2)
where the last equality follows from (10.28). This proves (10.26).
Since | M (z) A M(w)| = |det(M)] - |z A w|, we have
(10.29) —log, |[M(z) N M(w)| = —log, |det(M)|—log, |z Aw]| .
On the other hand, by (10.31) below and the fact that |Res(M)| =
| det(M)], it follows that
(10.30)

log, || (M(=))]

log, | Res(F")| = log, | Res(F)| — log,, | det(M)] .

1
S d(d—1) S d(d—1)
Combining (10.26), (10.29), and (10.30) gives (10.27). O
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COROLLARY 10.14. Let M € PGLa(K) be a Mdébius transformation.
Then for all z,w € PL(K), we have

g<P<M(z)7 M(w)) = gM—logooM(Zv U)) :
COROLLARY 10.15. Let M € PGLa(K) be a Mdobius transformation.
Then pinr-10p0m = M™ i
Proor. This follows from Corollary 10.14, together with Lemma 10.11
and Proposition 9.56. U

Let k be a field. By [71, Theorem IX.3.13], if F' = (F}, Fy) and G =
(G1,G2) where F1, Fy € k[X,Y] are homogeneous of degree d and G1,Ga €
kE[X,Y] are homogeneous of degree e, then
(10.31) Res(F oG) = Res(F)°Res(G)?.

In particular, it follows by induction on n that

dvLan—1)

(10.32) Res(F™) = Res(F) &1
LEMMA 10.16. For every positive integer n, we have ji, = Hp(n) and
go(z,w) = g,m (2, w)
for all z,w € PL_,.

Proor. The second assertion follows easily from the definition of g, (2, w)
using the fact that

1

| Res(F) |_d<d171> = |Res(F™)|” @@=

for any homogeneous lifting F' of ¢, by (10.32). The first assertion follows
from this by Lemma 10.11. ]

As a consequence of Lemma 10.16 and Proposition 10.5, we obtain the
following fact, originally proved by Benedetto [14] by a different method
(see also [81, §7]):

COROLLARY 10.17. For a rational map ¢ € K(T) of degree at least 2,
the following are equivalent:

(A) ¢ has good reduction.
(B) ™ has good reduction for some integer n > 2.
(C) ©™ has good reduction for every integer n > 2.

For each z,y € PL_,, define

d
(10.33) 9o (2, 0" (W) = > go(x,9:) ,
i=1
where y1,...,yq are the preimages of y under ¢, counting multiplicities.

The function g, (z,y) satisfies the following functional equation:
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THEOREM 10.18. Let (T) € K(T) be a rational function of degree
d > 2. Then for all z,y € PL_,

(10.34) 9o(p(2),y) = go(z, " (y)) -
We first establish this in the special case where both x,y € P!(K):
LEMMA 10.19. For all z,y € PY(K), we have

9o(e(@),y) = go(z,9"(y)) -
Proor. Using Corollary 10.14, we may assume without loss of gener-
ality that y = o Let F' be a homogeneous lifting of ¢, and let R =

| Res(F)| T@T. For 5 € K2\{0}, let [ 7] denote the class of 7 in P}(K). If
= (1,0), then [@] = co. Let wy,...,wq be the preimages of co under ¢
(counting multiplicities), and let wy,...,w, be any solutions to F(w;) = w
with [’lf)z] = W;j.
It suffices to show that for all Z € K2\{0}, we have

(10.35) 9o (([2): [@) = Y go([2], [@i]) -

Since Hp(F (%)) = dHp(Z) and Hp () = 3 Hp(w) for all 4, (10.35) is equiv-
alent to

—log, |F(2) Aw| = (d—1)log, R Zlogv X
which itself is equivalent to

(10.36) |F(Z) A®| = |Res(F l/dH|z/\wl]

We verify (10.36) by an explicit calculation (compare with [41, Lemma
6.5]). Write F1(2) = [1, ZAas, Fo(2) = 1%, ZAb; with a;,b; € K2. Since
F(w;) = @ = (1,0), it follows that [, w; Aa; = 1, [[%_, w; Ab; = 0. Thus
for each j =1,...,d, we can assume w; has been chosen so that

~ b
W, = ————
’ (IL C~Li/\bj)l/d
where for each j we fix some d™ root of [[;@; A bj. Note that |@;| is inde-
pendent of which d*" root we pick. It follows that
- I1; 12 A byl [F(2) N wl
- HlJ a; A bj|Y | Res(F)|

which gives (10.36). O
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1

Berk —

Recall that by Proposition 9.13, for any continuous function f : P
R, the function ¢.(f) defined by

(10.37) edNy) = D mela)f(z)

w(z)=y

is itself continuous. (Here m(z) denotes the analytic multiplicity of ¢ at
x, as defined in §9.1.)
Using this, we can show that Theorem 10.18 holds for all z,y € PL_,:

PROOF OF THEOREM 10.18. First, fix y € P!(K). Then as functions
of z, g,(p(),y) and g,(z, p*(y)) are continuous from P}, to the extended
reals. By Lemma 10.19, they agree on the dense subset P!(K) of PL_, . so
(10.34) holds for all z € P, y € P}(K).

Next, fix z € HL . Then as a function of y, g,(z,y) is bounded and
continuous, and g, (z, ¢*(y)) coincides with the pushforward of the function
fy) = go(x,y) as in (10.37). By Proposition 9.13 it is continuous for all
y € PL,.. Thus both g,(p(z),y) and g,(z,¢*(y)) are continuous and real-
valued for all y € P, ,. By what has been shown above, they agree for
y € PY(K), so (10.34) holds for all z € Hy,,, and y € PL_,.

Finally, let y € Hge,. Then g, (¢(),y) and g,(x, ¢*(y)) are continuous
and real-valued functions of z € PL_,, and they agree on the dense subset
Hgew, so they agree for all x € IP’éerk.

The cases above cover all possibilities for z,y € PL_, . O

Using Theorem 10.18, we deduce the following:

COROLLARY 10.20. For all y € PL_. , we have

(10.38) [, st = 0.

Berk

ProoOF. By (10.25) and Proposition 10.12, there is a constant C' such
that [ go(x,y)duy(z) = C for each y € P, and we need to show that
C=0.

Fix y € PL.... Since ity = pio, it follows from Theorems 10.2 and 10.18
and formula (9.44) that

c - / do(sy) dto() = / 00 () d(ati) ()

= /ggo(w(:c),y)dﬂgo(w) = /gw(w,sO*(y))dugo(x) =d-C,
and thus C' = 0 as desired. O

From (10.25), using Proposition 10.12 and Corollary 10.20, we finally
conclude:

THEOREM 10.21. g,(2,y) = g, (x,y) for all z,y € Py,
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We close this section by remarking that Theorem 10.18 shows that
9o(x,y) is a one-parameter family of Call-Silverman local heights, normal-
ized by the condition (10.38). Indeed, for each fixed y € P*(K),

Az (902, y) —10g,([12,9]]) = Otguus — o = Au(9p(®, oanss))

so since gy (z,y) —log, (||z,y||) and g, (2, (gauss) both have continuous exten-
sions to PL_,, there is a constant C(y) such that

9o (2, y) —log,([lz,yl]) = 9o (2, Caans) + C(y) -

Here g, (2, Cgauss) is continuous and bounded since j, has continuous po-
tentials (Proposition 10.7). Hence |g,(z,y) — log,(||z, y||)| is bounded, and
go(x,y) is a Weil height with respect to the divisor (y). Furthermore, if
fy(T) € K(T) is a function with div(f,) = d(y) — ¢*((y)), then

Du(go(p(2),9)) = Dulge(e, 0’ () = D mu(yi)dy(x) —d- pg

w(yi)=y
= Ay(d- gy(z,y) —log,([fyla)) -

After replacing f, by a constant multiple, if necessary, we obtain

gtp(@(x)vy) = d-gw(ac,y) _lOgv([fy]x) .

This holds for all x € PL_, \ (supp(D) U supp(p*(D))).
Thus g,(x,y) satisfies both conditions in the definition of a Call-Silverman
local height for (y).

10.3. Adelic equidistribution of dynamically small points®

Let k£ be a number field. In this section, we prove an adelic equidistri-
bution theorem (Theorem 10.24) for sequences of distinct points P, € P!(k)
for which Ep(Pn) — 0, where ﬁso is the canonical height associated to a
rational function ¢(7') € k(T"). This result is due (independently) to Baker
and Rumely [9], to Chambert-Loir [35], and to Favre and Rivera-Letelier
[47]. Here we follow the proof from [9], with simplifications. Since it is
not much more difficult to prove, we actually formulate our equidistribution
theorem in a more general context, with Galois invariant subsets instead of
Galois orbits of points and with k an arbitrary product formula field, of any
characteristic. Our exposition has been influenced by the treatment of this
material in [34] and [47]. We quote without proof the necessary results from
potential theory over C in the Archimedean case, but otherwise we provide
a complete and self-contained argument.

Our proof of the adelic equidistribution theorem depends on (part (A)
of) the following purely local result:

SParts of §10.3 are taken from “A lower bound for average values of dynamical Green’s
functions”, Math. Res. Lett. 13(2):245-257, 2006. Copyright International Press, 2006.
Used with permission.



10.3. ADELIC EQUIDISTRIBUTION OF DYNAMICALLY SMALL POINTS 307

THEOREM 10.22. Let K be a field with a nontrivial (Archimedean or non-
Archimedean) absolute value. Let o € K(T') be a rational function of degree
d> 2, and let g, be the normalized Arakelov-Green’s function associated to
@. For z1,...,zn in PY(K) (N > 2), define the discrepancy of z1,...,zy
relative to ¢ to be

Dgo(Zl,---,ZN) = m Z ggo(ziyzj)'

1<ij<N
1#]
(By convention, we set Dy(21,...,25) = 400 if 2z = z; for some i # j.)
Then:
(A) The sequence Dy :=inf, . cpi(x) Dy(21,...,2N) is nondecreas-

ing, and limy_o Dy > 0.
(B) If K is complete and algebraically closed, then

lim DN =0.
N—oo

We will prove Theorem 10.22 at the end of this section. Following [3],
we will also prove the following quantitative version of the nonnegativity
assertion in Theorem 10.22(A).

THEOREM 10.23. Let K be a field with a nontrivial (Archimedean or
non-Archimedean) absolute value, and let ¢ € K(T') be a rational function
of degree d > 2. Then there is an effective constant C' > 0, depending only
on ¢ and K, such that

log N
N -1

(1039) D¢(21, ey ZN) Z —C

for all z1,...,2n € PL(K) with N > 2.

Theorem 10.23 is a dynamical analogue of classical results due to Mahler
and Elkies and can be used to make the equidistribution in Theorem 10.24
“quantitative”.

In order to state the adelic equidistribution theorem for points of small
dynamical height, we first need some definitions and notation. Let k be a
product formula field (Definition 7.51), and let k (resp. k5P) denote a fixed
algebraic closure (resp. separable closure) of k. For v € My, let k, be the
completion of k at v, let k, be an algebraic closure of k,, and let C, denote
the completion of k,. For each v € M, we fix an embedding of k in C,
extending the canonical embedding of k£ in k, and view this embedding as
an identification. As discussed in §7.9, if v is Archimedean, then C, = C.

Let ¢ € k(T') be a rational map of degree d > 2 defined over k, so that
¢ acts on P'(k) in the usual way. As before, we define a homogeneous lifting
of ¢ to be a choice of homogeneous polynomials Fy, Fy € k[X,Y] of degree
d > 2 having no common linear factor in k[X,Y] such that

¢([20 : 21]) = [Fi(20,21) : F2(20, 21)]
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for all [29 : 21] € P}(k). The polynomials F, I, are uniquely determined by
¢ up to multiplication by a common scalar ¢ € k*, and the condition that
Fi, F5 have no common linear factor in k[X,Y] is equivalent to saying that
the homogeneous resultant Res(F') = Res(F}, F») € k is nonzero.

The mapping

F=(RRE):E >k

is a lifting of ¢ to EQ, and we denote by F( : E — & the iterated map
FoFo...oF (n times).

The global canonical height function Hp is defined for P € k2\ {0} by

. 1 .
Hp(P) = lim — > Nylog|[F®(P)|l, ,
VEM

where ||(z,y)||, = max{|z|y, |y|,}. Equivalently, in the terminology of §10.2,
we have
Hp(P) = Y NyHp,(P),
vEM
where Hp, : C2\ {0} — R is the homogeneous dynamical height function
associated to F', relative to the ground field K = C,. By convention, we set
Hp(0) = 0.

One sees easily from the product formula that Hp(P) > 0 for all P, that
ﬁF(P) depends only on the class of P in P}(k), and that H.p = Hp for
¢ € k*. Thus Hp descends to a well-defined global canonical height function
ﬁs@ : P1(k) — R>¢ depending only on .

More generally, if S C P}(k°P) is any finite set which is invariant under
Gal(k*P /k), we define h,(S) by

(10.40) ho($) = > N, <%ZHF,D(P)) ,

vEM PeS

where P is an arbitrary lifting of P to B \ {0}. Using Galois-invariance,
one sees easily that ) p.g H rv(P) does not depend on the choice of an
embedding of k into C,. By the product formula, EO(S) does not depend
on the choice of P in (10.40).

If P € PY(Ek%P), let Si(P) = {Pi,...,P,} denote the set of Gal(k*P /k)-
conjugates of P over k, where n = [k(P) : k]. We define ﬁp(P) = iAL@(Sk(P)).

~

This extends Eso : PL(k) — Rso in a canonical way to a function h, :
P! (ksep) — Rzo.
For all P € P!(k*°P), hy, satisfies the functional equation

(10.41) hole(P) = dhy(P),
which is easily verified using the fact that Hg, o' = d Hf,, for each v € M.
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If h: PL(k) — Rsq denotes the standard logarithmic Weil height on
P! (k), defined for P = [z : y] € P'(k) by

h(P) = Y Nylogmax{|zly, |yls}

VEM
and extended to P! (k*°P) as above, then there is a constant C' > 0 such that
(10.42) |ho(P) —h(P)] < C for all P € P'(k*P) .

This follows from the easily verified fact that

~

ho(P) = lim —h(p"(P))

n—oo "
for all P € PY(kP). If k is a global field (i.e., a number field or a function
field in one variable over a finite field), then from the corresponding fact
for the standard logarithmic Weil height h, it follows from (10.42) that iALsp
satisfies the Northcott finiteness property: For any real number M > 0 and
any integer D > 1, the set

(10.43) (P e P (k*P) : [k(P): k] < D, hy(P) < M}
is finite (see [93, Theorem 3.12]).
It is easy to see using (10.41) and the Northcott finiteness property that

if k is a global field and P € P!(k), then EP(P) = 0 if and only if P is
preperiodic for ¢ (that is, the orbit of P under iteration of ¢ is finite).

For v € My, we let Pllgcrkm denote the Berkovich projective line over C,
(which we take to mean P!(C) if v is Archimedean). We let p,, be the
canonical measure on IF’}BCYM associated to the iteration of ¢ over C,, as
defined in §10.1. Finally, we denote by g, . the corresponding normalized
Arakelov-Green’s function on PL_,  x Péerk,v. Our main result is:

THEOREM 10.24 (Adelic Equidistribution of Small Points). Let k be a
product formula field, and let ¢ € k(T') be a rational function of degree d > 2.
Suppose Sy, is a sequence of Gal(k*P /k)-invariant finite subsets of P! (kSP)
with |Sy| — oo and iAL@(Sn) — 0. Fiz v e My, and for each n let &, be the
discrete probability measure on Pécrk’v supported equally on the elements of
Sp. Then the sequence of measures {d,} converges weakly to the canonical
MEASUTE Ly OT Pécrk’v associated to .

For concreteness, we note the special case of Theorem 10.24 where k is
a number field and S, is the set of Galois conjugates of a point P, € P!(k):

COROLLARY 10.25. Let k be a number field, and let ¢ € k(T) be a
rational function of degree d > 2. Suppose {P,} is a sequence of distinct
points of PL(k) with TL@(Pn) — 0. Fiz a place v of k, and for each n let
0n be the discrete probability measure on Pécrk’v supported equally on the

Gal(k/k)-conjugates of P,. Then the sequence of measures {6,} converges
weakly to the canonical measure i, on Péerkm associated to .
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Note that if S, is the set of Gal(k/k)-conjugates of P, in the statement
of Corollary 10.25, then |S,| — oo by the Northcott finiteness property
(10.43). Thus Corollary 10.25 is a special case of Theorem 10.24.

REMARK 10.26. If ¢(T') is a polynomial, then Theorem 10.24 is a special
case of Theorem 7.52. Indeed, for v € M, let E, be the Berkovich filled
Julia set of p(T") over C, (Definition 10.90), and let E be the corresponding
compact Berkovich adelic set. Then by Theorem 10.91 below, E¢ = hg and
ftp,w coincides with the equilibrium distribution p, for E,.

Before giving the proof of Theorem 10.24, we need some preliminary
results. Let S = {P,..., P,} be a finite subset of P!(k%°P), with n > 2. For
each v € My, define the v-adic discrepancy of S relative to ¢ by

Du(S) = DoulS) = 2y 3 den(PP)

ij=1
i#]
LEMMA 10.27. For each Gal(k*°P /k)-invariant finite subset S of P1(kS°P),
we have

~ 1
he(S) = 3 > NyDy(S) .
VEMy

PROOF. Assume first that oo ¢ S. Write S = {Pi,..., P,}, and choose

a homogeneous lifting P; = (1, 2;) of each P; with z; € k5P, By definition of
g, We have

1
Dy(8) = — ——— Y loglzi — %y
) = = gy skl

2 — ~ 1
+ =3 Hpy(P) — ———— log | Res(F)], .

By Galois theory, [ [, ,;(zi—z;) € k™, and also Res(F') € k™ by construction.
The product formula therefore implies that

% Z N,D,(S) = Z N, (%ZHF,U(Pi)> = hy(S) .
i—1

vEM vEMy,
This proves the result when co € S. If oo € S, the result follows from a
similar calculation (taking co = (0,1)). O
PROPOSITION 10.28. Let {S,} be a sequence of Gal(k*P/k)-invariant
finite subsets of PY(k5P) such that |S,| — oo and lim, . iALsp(Sn) = 0.
Then for each w € My, we have

liminf Dy, (S,) = 0.

n—oo

PRrROOF. For each w € My, and n > 1, define by, ,, = NyDy(Sy). We
make the following observations:



10.3. ADELIC EQUIDISTRIBUTION OF DYNAMICALLY SMALL POINTS 311

(1) If w is non-Archimedean and ¢ has good reduction at w (which is
the case for all but finitely many w € My), then by Example 10.4
and (10.20), we have (setting N,, = [Sy])

1
bwn = Nw -1 s Yllw > .
No (N, — 1) > og ||z, || 0
z,yESy
T#y

(2) Forallw € My, we have liminf,,_, by > 0 by Theorem 10.22(A).
(3) For each n, we have b, , = 0 for all but finitely many w € My, and

by Lemma 10.27 we have -, v, bwn = ZEO(SH). In particular,

~

Thus the hypotheses of Lemma 7.55 are satisfied, and we conclude that
liminf,, o0 Dy (Spn) = 0 for every w € M. O

We can now give the proof of the Adelic Equidistribution of Small Points
theorem:

PrOOF OF THEOREM 10.24. We may assume without loss of generality
that |S,| > 2. Extracting a subsequence of \S,, if necessary, we may assume
by Prohorov’s theorem (Theorem A.11) that d,, converges weakly to a prob-
ability measure v on Péerk,v. We want to show that v = p, ,,. To accomplish
this, consider the energy of v relative to g, ., defined by

L = [/ o (2:9) du() do(y)
Pherk,o X Pherk,v

Recall from Theorem 10.8 and its Archimedean counterpart (proved in
[9, §5]; see also [34, §3.2/2]) that I,(v) > 0, with equality if and only if v =
fpn- On the other hand, we claim that I,(v) < 0, which will immediately
yield the desired result.

To prove the claim, let A be the diagonal in Péerk’v X Péerk’v, and note
that by definition of the v-adic discrepancy, we have

D.(sw) = [ G, y) da(2) diu(y)
P]gerk,vxpl%erk,v\A

Since g, is lower semicontinuous, Lemma 7.54 and Proposition 10.28 show

that

I,(v) < liminf D,(S,) = 0

n—o0

as claimed. O

We now give a proof of the local result, Theorem 10.22, which was used
in our proof of Theorem 10.24. As in the statement of that result, we let
K be a field endowed with a nontrivial (Archimedean or non-Archimedean)
absolute value, and we let ¢ € K(T') be a rational function of degree d > 2.
We begin with the following lemma [9, Lemma 3.48]:
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LEMMA 10.29. For N > 2, define

Dy := inf Dy(z1,. .., :
N 21,...,z11\111€1P’1(K) SO(Zl ZN)

Then the sequence Dy is nondecreasing.

PROOF. If 2, ..., 2n € P}(K), we have

N 1 N
D 9e(zi7) = ﬁz PORACED

i,7=0 k=0 i#£]
i#j i.j#k

N
1
> mkZ_OJ\r(J\r—nDN = N(N+1)Dy,

from which we obtain Dy.1 > Dy. O
The following result is taken from [9, Proof of Theorem 3.28]:

LEMMA 10.30. Fix N > 2, and assume that K is complete and alge-

braically closed. Then for all z1,...,zN € Péerk’K we have
1

ngdziazj) > Dy .
7]
PrROOF. If K is Archimedean, then this is trivial, since PL_ . = P!(K)

in that case. We may therefore assume that K is non-Archimedean. By
(8.62) and Proposition 4.7, we have

(10.44)

Jo(z,w) = liminf g,(z,y)
(z.y) = (2,w)
,y€P! (K)
for all z,w € PL_,. Thus for any ¢ > 0, there are points x1,...,zy € P}(K)

such that
19 (2i, ) = gp (@i, xj)| < €
for all i # j. By definition, we have
1
ngw(ﬂﬂw’ﬂj) > Dy,
7]
so letting € — 0 gives (10.44). O
We can now prove Theorem 10.22:

PROOF OF THEOREM 10.22. We will assume in the proof which follows
that K is non-Archimedean. The Archimedean case follows from the same
argument if we apply the complex counterpart of Theorem 10.8 (proved in
[9, §5]; see also [34, §3.2/2]).

The sequence Dy is nondecreasing by Lemma 10.29, and in particular
the limit Dy := limy_,o, Dy exists. Replacing K by the completion of its
algebraic closure if necessary, it therefore suffices to prove assertion (B). Let
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i = pi, be the canonical measure for ¢ supported on P}acrk’ x- We already
know by (10.38) that I,,(1) := [[ go(z,y)dp(x)du(y) = 0, so it suffices to
prove that imy_cc Dn = [[ g(2, y)dp(z)du(y). We do this following the
argument of [9, Theorem 3.28].

By (10.44), for N > 2 we have

1
ngw(zuzj) > Dy
i#£]
for all z1,...,2N € ]P’}Berk’K. Integrating this against du(z1) - - - du(zn) gives
1
1 =———>Y 1
i#£]
1
) Z// 9p(2i, 2)du(z)dp(z;) 2 Dy
i#]
for all N > 2. It follows that I,,(1) > Deo.
For the other direction, for each N > 2 choose distinct points w1, ..., wN
in P!(K) such that
1 1
- Cw) < D el

and let vy := % > 0w, be the discrete probability measure supported equally
on each of the points w;. Passing to a subsequence if necessary, we may
assume by Prohorov’s theorem (Theorem A.11) that the vx converge weakly
to some probability measure v on P}acrk’ - Since

N -1 1 1
N (DN + N) > N2 gggo(wiij)
i#j

- / / 0o, ) Ao (2)dv ()
IP)]IBerk X]P)]gerk\(Diag)

it follows from Theorem 10.8 and Lemma 7.54 that

Do = lim Dy > Lu(v) > u(w) _

Finally, we give a proof of Theorem 10.23, a strengthening of Theo-
rem 10.22(A) which can be used to make the equidistribution in Theo-
rem 10.24 quantitative.’

By Lemma 10.29, in order to prove Theorem 10.23, it will suffice to
give lower bounds for Dy as N runs through some conveniently chosen
subsequence of natural numbers. In the argument which follows, we will
assume that N belongs to the subset 3 of N consisting of those positive
integers which can be written as N = td* with k> 0and 2 <t <2d—1.

6A different quantitative version of Theorem 10.24 is given in [47, Corollary 1.6].
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We now recall a definition from [9]. The homogeneous filled Julia set
Kr of F is defined to be the set of all z € K? for which the iterates F(™)(2)
remain bounded. Clearly F~'(Kr) = Kp, and the same is true for each
F() Since all norms on K2 are equivalent, the set Kp is independent of
which norm is used to define it.

The filled Julia set Kr can be thought of as the ‘unit ball’ with respect
to the homogeneous dynamical height Hp:

LemMA 10.31. We have
Kr = {z€ K? : Hp(z) <0} .

PROOF. If z € K, then there exists M > 0 such that ||[F™(2)|| < M
for all n, and therefore Hp(2z) < limy, 00 din log M = 0.

Conversely, suppose z ¢ Kr. Then by Lemma 10.1, there exist o, 8 > 1
and ng such that

[FCHm )], > Ba®
for all n > 0. Therefore

1 1
Hp(z) > lim —— ((d" —1)loga+1logp) = —loga > 0.

~ n—oo dntno dno

O

Let ex be zero if the absolute value on K is non-Archimedean and 1 if
it is Archimedean. We now prove the following somewhat technical result,
which will easily imply Theorem 10.23:

THEOREM 10.32. Let N = td* € ¥, and let z1,...,zx be nonzero el-
ements of the filled Julia set Kp whose images in PY(K) are all distinct.
Choose a real number R(F) > 0 so that Kr C {z € K? : ||z|| < R(F)}.
Then

Z#j —log|zi Azj| > 7(F)N?—exNlogN
—2(log R(F))aN —r(F)(1+«a)N
where r(F) = mlog\Res(F)\ and o« =t — 1+ (d— 1)k > 0 satisfies
2<a<(d—1)(logg N +2).

An outline of the proof of Theorem 10.32 is as follows. First, we express
[1izj (@i, yi) A (25,9;)| as the determinant of a Vandermonde matrix S.
We then replace this matrix with a new matrix H whose entries involve
Fl(k)(:vi,yi) and Fék)(wi,yi) for various k& > 0, rather than the standard
monomials z¢y?. Replacing S by H amounts to choosing a different basis
for the space of homogeneous polynomials in x and y of degree N —1, and we
are able to explicitly calculate the determinant of the change of basis matrix
under the assumption that N € 3. We then use Hadamard’s inequality to
estimate the determinant of H, using the fact that |F®)(z;,y)|| < R(F)
for all £ > 0.
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Let I'°(m) denote the vector space of homogeneous polynomials of degree
m in K[z,y], which has dimension N = m + 1 over K. If N € X, that is,
iftm=td"—1with2<t<2d—1and k > 1, we consider the collection
H (m) of polynomials in I'%(m) given by

H(m) = {a®y®F(z,y)" Fy(w,y)" - FP (@, )% FP (2, y)b
a;+bj=d—1for0<i<k—1landar+b,=t—1}.

The cardinality of H(m) is easily seen to be N = dimT%(m). The
following proposition shows that H (m) forms a basis for I'’(m) and explicitly
calculates the determinant of the change of basis matrix between H (m) and
the standard monomial basis S(m) given by

Sim) = {z%’ |a+b=m}.

ProrosITION 10.33. Let A be the matriz expressing the polynomials

H(m) (in some order) in terms of some ordering of the standard basis S(m).

Then det(A) = £ Res(F)", where
N? N
= — t+k(d—1)).
TS Y@= ada—1 A=)

In particular, since Res(F) # 0, H(m) is a basis for T°(m).

PROOF. Let Hy,...,Hy be an ordering of the elements of H(m), and
let S1,...,Sn be an ordering of the elements of S(m), so that A is the
N x N matrix whose (i, )™ entry is the coefficient of the monomial S; in
the expansion of H; as a polynomial in z and y. We have det(A) = 0 if and
only if some nontrivial linear combination of the elements of H(m) is zero.

Suppose det(A) = 0. Then there exist homogeneous polynomials hy €
H(d* — 1) and hy € H((t — 1)d* — 1), not both zero, such that

t—1
hy (Fl(k)(ac,y)) +ho P (z,y) = 0.

We may assume that neither of hi, ho is the zero polynomial. Thus FQ(k)

t—1
divides h (Fl(k)) . Since deg(h1) < deg(FQ(k)), it follows that Fl(k) and

FQ(k) have a common irreducible factor. Thus Res(F*)) = 0. But Res(F®*))
is a power of Res(F") by (10.32), so Res(F') = 0 as well.

Conversely, suppose Res(F') = 0. By Lemma 2.11, there is a nontrivial
relation of the form

(10.45) hiFy + hoFs = 0

with hy,hy € K[z, y] homogeneous of degree d — 1. If k = 1, this already
implies that det(A) = 0. If £ > 2, then multiplying both sides of (10.45) by
G(z,y), where

_ _ E)s g
Glz,y) = Fij 2(F1(2))d 1(F1( ))t 17

gives a linear relation which shows that det(A) = 0.
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Now expand both det(A) and Res(F') as polynomials in the coefficients
of Fy and Fy. Since Res(F) is irreducible (see [98, §5.9]), we find that

det(A) = C-Res(F)"

for some C' € K* and some natural number 7. Now Res(F’) is homogeneous
of degree 2d in the coefficients of F| and F5, and a straightforward calculation
shows that Fl(J ) and FQ(J ) are each homogeneous of degree (& — 1)/(d — 1)
in the coefficients of Fy and Fy. It follows that det(A) is homogeneous of
degree

k—1 dk 1
=N (-1 —1)—
r j:1(d )+t -1)——

in the coefficients of F; and F». Comparing degrees and performing some
straightforward algebraic manipulations, we find that

' N? N[t
r = —_— = —_— Y — — T .
2d 2d(d—1) 2d \d—-1
Finally, to compute C, we set F; = % and F» = y?, in which case H(m)
is just a permutation of the standard monomial basis S(m). It follows that

C =41 U

If v = (vi,...,on)T € K¥, define |[v| to be the L?mnorm |v|| =
(3 |ui|$)Y? if K is Archimedean and to be the sup-norm |[v]| = sup |v;]
if K is non-Archimedean. If H is a matrix with columns h1,...,hy € KV,

then Hadamard’s inequality” states that
N
(10.46) |det(H)] < ] IIRll -
i=1

PROOF OF THEOREM 10.32. Let {Sy,...,Sy} and {Hy,..., Hx} be as
in the proof of Proposition 10.33. Using the homogeneous version of the
standard formula for the determinant of a Vandermonde matrix, we have

(10.47) [ |zi; — 2wl = |det(S)”,
i#]

where S is the matrix whose (i, ) entry is S;(z;,v;). If H is the matrix

whose (i, 7)™ entry is H;(z;,v;), then H = SA, so that by Proposition 10.33,

we have

(10.48) det(S)? = det(H)?(det(A))™2 = det(H)*Res(F)™*" .

7See the discussion in [3] and the references therein.
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On the other hand, we can estimate |det(H)|? using Hadamard’s in-
equality (10.46). Letting h; be the i*" column of H, we obtain

| det(H)|? TT2, [kl
NexN Hz R(F)Q(k(d*l)‘i’(tfl))
NeKNR(F)(Qt—Q—i—k(Zd—Q))N )

(10.49)

A IA

Putting together (10.47), (10.48), and (10.49) gives

[l lziy; — zjuil = |det(S)]?
|det(H)|? - | Res(F)|~2"
NEKNR(F)QQN’ ReS(F)‘—Qr 7

(10.50)

IA I

2
where —2r = — 05 + gotgy (t+ k(d - 1)).
Taking the negative logarithm of both sides of (10.50) gives the desired
lower bound
Zi# —log |ziy; — zjyil > —exNlogN —2Nalog R(F)
2
—i——d(fj_l) log | Res(F)|

——d(é\il) (t+ k(d—1))log|Res(F)| .

We can now give the proof of Theorem 10.23:

PrOOF OF THEOREM 10.23. Without loss of generality, we may assume
that N > 2d. Let N’ be the smallest integer less than or equal to N which
belongs to 3. One deduces easily from the definition of 3 that

N —1

5 < N-1< N-1.
Using the fact that N/ € ¥, we claim that there is a constant C’ > 0
(independent of N and N’) such that

(10.51)

log N’
10.52 Dy > —=C' :
(10.52) N > —C N1
From this, Lemma 10.29, and (10.51), it follows that

log N
Dy(z1,...,2n8) > Dy > _CNg—l

as desired, where C' = 2C".

It remains to prove the claim. Replacing K by K if necessary, we may
assume without loss of generality that the value group |K*| is dense in the
group Rs of nonnegative reals. Since Hp(cz) = Hp(z) + log|c| for all z €
K?\ {0} and all ¢ € KX, given € > 0, we can choose coordinates (z;,;) for
z; so that —e < Hp(x;,y;) < 0. Then (z;,y;) € K by Lemma 10.31, and we
can apply Theorem 10.32 to (z1,¥1),- .., (zn,yn). Simplifying the resulting
expression and letting ¢ — 0 gives the desired inequality (10.52). O
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REMARK 10.34. As an example of an application of Theorem 10.23, we
note the following global result (see [3, §3] for a proof) concerning fields of
definition for preperiodic points:

THEOREM 10.35. Let k be a number field, and let p € k(T') be a rational
map of degree at least 2. Then there is a constant C' = C(p, k) such that if
Pi,..., Py € P(k) are distinct preperiodic points of o, then

N
: > .
k(P1,...,Pn) k] > ClogN

10.4. Equidistribution of preimages

In this and the following three sections, we develop the fundamental
facts of Fatou-Julia theory when K has characteristic 0. This theory is
very similar to the classical theory over C, whereas the theory over fields of
positive characteristic is different in some respects.

For the remainder of this section, we assume that K is a complete and
algebraically closed non-Archimedean field of characteristic 0. Let ¢ € K(T')
be a rational function of degree d > 2. Our goal is to prove an equidistri-
bution theorem for the preimages under ¢ of any nonexceptional point of
PL_.. This result is originally due to Favre and Rivera-Letelier [46, 48]
and is the Berkovich space analogue of a classical result due independently
to Lyubich [72] and Freire, Lopes, and Mané [54].

A point # € PL_, is called exceptional for ¢ if the set of all forward and
backward iterates of z is finite. In other words, if the grand orbit of x is

GO(x) = {y e Pl : ¢™(2) = ©™(y) for some m,n >0},

then x is exceptional if and only if GO(x) is finite. It is easy to see that if
x is exceptional, then GO(x) forms a finite cyclic orbit under ¢ and each
y € GO(x) has multiplicity m,(y) = d. By analogy with the situation over
C, we define the exceptional locus E, of ¢ to be the set of all exceptional
points of PL_.. We write E,(K) for E,NP(K).

It is well known that if K has characteristic 0, then |E,(K)| < 2 (see
Lemma 10.40 below). We will see below (see Proposition 10.45) that ¢ has
at most one exceptional point in Hg,,.

We will now prove the following result of Favre and Rivera-Letelier when
char(K) = 0. In [48], it is established in positive characteristic as well.

THEOREM 10.36 (Favre, Rivera-Letelier). Let ¢ € K(T) be a rational
function of degree d > 2, and let y be any point in PL_ \E,(K). For each
integer n > 1, consider the discrete probability measure

1
y _ .
Fom)y = a Z Mp(n) (4i)y, -
oM (yi)=y
Then the sequence of measures {ui(n) HM<n<oo converges weakly to the canon-
ical measure fi, for .



10.4. EQUIDISTRIBUTION OF PREIMAGES 319

In other words, the preimages under ¢ of any y € PL  \E,(K) are
equidistributed with respect to the canonical measure .

REMARK 10.37. Using the version of Theorem 10.36 proved by Favre
and Rivera-Letelier in [48], one can establish characteristic p analogues of
the results about Berkovich Fatou and Julia sets proved in later sections of
this chapter. However, it should be noted that those results are not always
identical with the ones in characteristic 0. For example, in characteristic p
the exceptional set F,(K) need not have at most two elements but can be
countably infinite.

We begin with the following lemma:

LEMMA 10.38. Suppose g, € BDV(PL_ ) and g, — 0 pointwise on Hye .
Then Apy k(gn) — 0 weakly.

PROOF. It suffices to prove that | fA(g,) — 0 for every simple function
fonPL .. Write A(f) = 3i_, a;d¢, with ¢; € HE . By Corollary 5.39,
t

lim [ fA(gn) = lim [ g, A(f) = lim Zaign(@)

n—r00 n—r00 n—r00
i=1
t
= D a(lim ga(¢)) = 0,
i=1
as desired. O

LEMMA 10.39. The function g,(x,y) = gu,(x,y) differs from the func-
tion —1og, (0(x, Y)¢au) DY @ bounded function on PL . x PL . .

PROOF. Since pu, has continuous potentials (cf. Definition 5.40 and Propo-
sition 10.7), this follows directly from formula (8.62). O

Recall that a point z € P!(K) is a critical point of ¢ iff my(z) > 1.
The following result is an immediate consequence of the classical Riemann-
Hurwitz formula (which depends on our assumption that char(K) = 0):

LEMMA 10.40. Assume char(K) = 0. Then the map ¢ has only finitely
many critical points in PL(K). More precisely,

Z (my(z) —1) = 2d—2.

zeP1(K)

Let E,(K) be the exceptional locus of ¢ in P!(K). By Lemma 10.40,
we have |E,(K)| < 2. It follows easily that if E,(K) is nonempty, then it
is a union of periodic cycles having length 1 or 2.

A periodic point w € P(K) of period k for ¢ is called attracting if its
multiplier |(¢®)(w)| (computed in any coordinate where w # c0) is less
than 1. It is superattracting if its multiplier is 0. A periodic cycle C' of
period k in P'(K) is attracting if every point of C is an attracting periodic
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point. It is a well-known consequence of the chain rule that the multiplier
is the same for every w € C, so C is attracting if and only if some point
of C'is attracting. A periodic cycle composed of exceptional points for ¢ is
necessarily attracting, since the multiplier is 0 at such points.

The attracting basin of an attracting periodic cycle C' C PY(K) for ¢ is
defined to be the set of all x € PL_, for which, given any open neighborhood
U of C, there exists an N such that w(”)(m) € U for n > N. The attracting
basin of E,(K) is defined to be empty if E,(K) is empty and to be the
union of the attracting basins of the cycles comprising E,(K) otherwise.

LEMMA 10.41. The attracting basin of any attracting periodic cycle C' C
PY(K) is open in PL,,.. In particular, the attracting basin of E,(K) is open

.l
n Py

PROOF. Let C C PY(K) be an attracting periodic cycle of period k.
Replacing ¢ by go(k), we may assume without loss of generality that C' = {w}
with w a fixed point of . After a change of coordinates, we can assume
that w # oco. By classical non-Archimedean dynamics, there is a descending
chain of open discs Dg 2 D1 D Dy D --- in PY(K) with o(D;) C D;, for all
i, such that (| D; = {w}. Indeed, if ¢(T) has multiplicity m at w, then by
expanding ¢(7") as a power series and using the theory of Newton polygons
(see Corollary A.17 in §A.10), one finds an rg > 0 and a constant B > 0
(with B = |¢/(w)| < 1 if m = 1) such that ¢(D(w,r)”) = D(w, Br™)~ for
each 0 < r < rg. Letting D; be the Berkovich open disc corresponding to
D;, we will still have Dy D Dy 2 -+, ¢(D;) C D;y; for all i and (D; = {w}.
Let A be the attracting basin of w. If z € A, then o) (z) € Dy for some N.
By continuity, there is an open neighborhood V of z such that o )(V) C
Dy. Then for n > N, we have o™ (V) C " N(Dy) C D,_y. Since the
Berkovich open discs D; form a fundamental system of open neighborhoods
for {w}, this shows that V' C A, and thus A is open. O

Proor oF THEOREM 10.36. Recall that p, satisfies the functional equa-

tion
A:cgcp($7y) = 5y — Mo
for all y € PL_,. Pulling back by ©™ and applying Proposition 9.56 and
Theorems 10.2 and 10.18, we obtain
1 . 1
W = e = 2o8005(2, (0™) (1) = 5 8ag,(9(2),1) -
By Lemma 10.38, to prove Theorem 10.36 it suffices to show that
1

900" (@), y) = 0
as n — oo, for each fixed = € Hp. and each y € PL_, \F,(K).

Since g, is bounded below, we automatically have

lim inf d—lngsp(go(”)(ﬁ),y) > 0,
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so it suffices to prove that

1
(10.53) limsup —- g, (¢ (2),y) < 0.

We first dispose of some easy cases. If y € Hp.,, then g, (z,y) is bounded
as a function of z, and (10.53) holds trivially. Let A be the attracting basin
in PL_, of E,(K). By Lemma 10.41, A is an open subset of PL_,. If z € A
and y € P1(K)\ A, then ¢ (z) accumulates at points of E,(K) for large n.
This means g, (o™ (), y) is close to g,(z,y) for some z € E,(K), so (10.53)
holds. Likewise, for z € Hg..\/A and y € P}(K) N A, the iterates (™ (x)

remain bounded away from y, and again (10.53) holds.

Thus it suffices to prove (10.53) for z € Hyp. \A and y € P}(K)\A. For
such z,y, a potential problem arises when the sequence {o(™(z)} has y as
an accumulation point.

In order to deal with this, we first make a reduction. Note that if &k is
any positive integer and the analogue of (10.53) holds with ¢ replaced by
©®) and d replaced by d*, then (10.53) holds for ¢. (This follows easily
from Lemma 10.16.) Suppose z € P!(K) is not exceptional. Consider the
points zp = z, 21 = ¢(2), and 22 = ¢?)(2). We claim that my(z;) < d for
some ¢. Otherwise, by Lemma 10.40, two of them would have to coincide. If
Zp = z1 Or 29 = 29, then z would be exceptional. If z; = z9, then 21 would be
exceptional, and then z, which belongs to GO(z1), would also be exceptional.
Hence the formula mgoy(2) = my(¥(2)) - my(2) (see Proposition 9.28(C))
shows that if z € P1(K) is not an exceptional point for ¢, then M) (2) <
d® — 1. So in proving (10.53), after replacing ¢ by ¢3) if necessary, we can
assume that my(z) < d — 1 whenever z € P!(K) is not exceptional.

We now require the following estimate, whose proof is given after Corol-
lary 10.44 below:

LEMMA 10.42. Suppose my(z) < d—1 for all z € P1(K)\E,(K). Let A
be the attracting basin of E,(K). Then there is a constant C' > 0 such that
for all x € PL_\A and all y € P}(K)\A,

(10.54) 95(p(@).9) < O+ (d=1) max g,(r.2)

For 2 € Hg \A and y € PL(K)\A, it follows from (10.54) that

9. (@,y) < Ol)+(@d=1)" max gy(c,2)

for all n > 1, where

Cn) = C+(d-1)C+(d-1)2C+---4(d-1)""'C
= O(max(n,(d—1)")) .
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Furthermore, the function G(z) := g,(z, 2) is bounded on P}_,, since z €
Hg.... Hence

. 1w
lim sup %gw(so( )(z),y)

1
ZePBcrk

< limsupdin (C(n) +(d—1)" max gq,(x,z)> <0

as desired. O

To prove Lemma 10.42, we will need the following result about power
series:

LEMMA 10.43 (Non-Archimedean Rolle’s theorem). Let K be a complete
and algebraically closed non-Archimedean field of characteristic 0. Put px =
1 if K has residue characteristic 0, and put pr = |p|"/®P~1) < 1 if K has
residue characteristic p > 0.

Suppose f(T') € K|[T]] converges in D(0,r)~. If f(T) has two or more
zeros in D(0, pgr)~, then f'(T) has at least one zero in D(0,7).

This is proved in [85, p. 316] when K = C,. The proof is carried over
to the general case in Proposition A.20. The hypothesis that char(K) = 0
is used to assure that |p| # 0 when K has residue characteristic p > 0.

Let ||z, y|| denote the spherical distance on P*(K) (see §4.3). Recall that
for a € PY(K) and r > 0, we write

B(a,r)” = {z€PY(K):|za| <7} .

COROLLARY 10.44 (Uniform Injectivity Criterion). Let K be a complete
and algebraically closed non-Archimedean field of characteristic 0, and let
o(T') € K(T') be a nonconstant rational function. Then there is an ro > 0
(depending only on ) such that if a € PH(K), 0 < r < ro, and B(a,r)”
does not contain any critical points of @, then ¢ is injective on B(a, pgr)~.

PROOF. Let X be the set of all zeros and poles of ¢(7T') in P*(K). Put
= i 17 i ) ) *
ro = min (1, min (o 3])

)

aFp

Let a € PY(K) and 0 < r < rg be given. By replacing ¢(7T") with 1/p(T)
if necessary, we can assume that B(a,r)” does not contain any poles of ¢.
If we identify P!(K) with K U {oo}, then after changing coordinates by an
appropriate element of GLy(Ok) (where Ok is the valuation ring of K), we
can assume that a = 0. Observe that such a change of coordinates preserves
the spherical distance. In this situation B(a,r)” = D(0,7)~ C D(0,1) C K.
Note that D(0,7)~ does not contain any poles of ¢(T") and that ||z,y|| =
|z —y| for z,y € D(0,r)~.

Expand ¢(T') as a power series f(T') € K[[T]]. Then f(T) converges in
D(0,7)~. By Lemma 10.43, if D(0,7)~ does not contain any critical points
of ¢(T), then ¢(T) is injective on D(0, pxr)~. O
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PROOF OF LEMMA 10.42. Let x € PL_,\A and y € P}(K)\ A4, and as-
sume that my(z) < d —1 for all z € P1(K)\E,(K).
By Theorem 10.18, proving (10.54) is equivalent to showing that

(10.55) go(x, 9" (y)) < C+(d—1) max gy(z,2) .
o(z)=y

Note that for each fixed y € P'(K)\A, both sides of (10.55) are continuous
in x, as functions to the extended reals. The left side is a finite sum of
continuous functions, and the right side concerns the maximum of those
same functions. Since P1(K)\A is dense in PL_, \ A, it therefore suffices to
prove (10.55) for z € P}(K)\A.

If z1,...,24 are the points with ¢(z;) = y (listed with multiplicities),
then

d
(20" ) = Y gp(,2) .
i=1

Hence to prove (10.55) it is enough to show that there is a constant C' such
that for each z,y € P!(K)\A, there is some z; with ¢(z;) = y for which
990(1"7 Z’L) <C.

By Lemma 10.39, the Arakelov-Green’s function g, (z,y) differs from
—10g,(8(2,Y)¢ae.) by @ bounded function on Pf_, x PL .. Recall that for
z,y € PY(K), §(2,Y)¢q.. coincides with the spherical distance ||z, y|. It
therefore suffices to show that there is an € > 0 such that for each z,y €
PY(K)\A, there is some z; with ¢(z;) = y for which

(10.56) o, 2 > €.

For each fixed w € PY(K)\E,(K), Corollary 9.17 and the fact that
my(z) <d—1for all z € ¢~ (w) imply that one can find an open neighbor-
hood U,, of w in PL_, and disjoint connected components V, V' of o= 1(Uy,).
After shrinking U, if necessary, we can assume that V and V' have dis-
joint closures. Hence, there is an &, > 0 such that ||z, 2/|| > &, for all
z € PL(K)NV, 2 € PL{K)NV'. For any z € P*(K), eitherz ¢ Vorax ¢ V'; it
follows from this and the ultrametric inequality max(||z, z||, ||z, 2’||) > ||z, Z/||
that for each € P*(K)\A and each y € P1(K) N U,, there is some z; with
©(z;) =y for which ||z, z;|| > &4.

For each of the finitely many nonexceptional critical points y1, ...,
of ¢, put w; = ¢(y;), choose a neighborhood U; = U, as above, and let
g; := £y, be the corresponding bound. For each y € PL(K)N (U1 U---UU,),
(10.56) holds with ¢ = min(ey, ..., &).

Finally, put
B = AUULU---UU; .

By construction, ¢~ !(B) contains all the critical points of ¢. Since there are
finitely many critical points, there is an r > 0 such that for each critical y,
the ball B(y,r)~ is contained in ¢~ !(B). After reducing r if necessary, we
can assume that r < rg, where rg is the number from Corollary 10.44. By the
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ultrametric inequality for the spherical distance, for each z € P}(K)\¢~(B),
the ball B(z,7)” does not contain any critical points. Hence Corollary 10.44
shows that ¢ is injective on B(z, pxr)~.

In particular, each z € P(K)\¢~(B) has multiplicity 1. Thus, if y €
PL(K)\B, then y has d distinct preimages 21, ..., 24 € P1(K)\¢ ! (B) under
¢, and since ¢(z;) = ¢(z;) = y, necessarily ||z;, zj|| > pgr for all i # j. By
the ultrametric inequality for the spherical distance, for each x € P*(K)\A
there is at least one z; with ||z, z;|| > pxr. Hence, if we take

e = min(pgr,€1,...,6t) ,
then (10.56) holds for all z,y € P}(K)\A. O

As an application of Theorem 10.36, we give a characterization of the
exceptional locus due to Rivera-Letelier.®

ProrosiTiON 10.45. Let K be a complete and algebraically closed non-
Archimedean field of characteristic 0, and let o(T) € K(T) have degree
d> 2.

(A) The exceptional locus E, of ¢ contains at most 3 points. At most

two exceptional points are in IP’l(K), and at most one is in Hgop..

(B) There is an exceptional point in Hg... (necessarily of type I1) if and

only if ¢ has simple reduction.

PROOF. For (A), note that since ¢ : PL_, — PL_, is surjective by Corol-

lary 9.9 (see also [81, Lemma 2.5]), ¢ must map each grand orbit onto itself.
So ¢ maps each finite grand orbit bijectively onto itself, and thus each finite
grand orbit is a periodic cycle. The fact that there are at most 2 exceptional
points in P}(K) is well known and follows from Lemma 10.40, as was noted
earlier.

The fact that there is at most one exceptional point in Hg,,, follows from
Theorem 10.36. Indeed, suppose y € Hg., is exceptional. After replacing
¢ by o) for an appropriate k, we can assume that y is a fixed point of .
(Note that p,m) = p, by Lemma 10.16.) For each n > 1, it follows that
1
dr
Since the ,ui(") converge weakly to p,, we must have u, = 6,. Thus y is

NZJD(TL) = (dn(sy) = 52;'

unique.

For assertion (B), suppose first that y € Hpg,,. is exceptional. We have
just proved that u, = J, and that y is a fixed point of o) for some k >
1. Moreover, m,w (y) = d* by Theorem 10.2. By Lemma 10.80 below
(whose proof uses different ideas than the ones at hand, but only depends
on results from Chapter 9), y must be a point of type II. By Corollary 2.13,
there is a M&bius transformation M € PGL(2, K) such that M (y) = Caauss-
Let 1) = Moo M~ Then Y™ ((ou) = Coauser a0d fry = O¢gu, DY

8The proof of [81, Theorem 3], written with K = C,, remains valid for arbitrary K.



10.4. EQUIDISTRIBUTION OF PREIMAGES 325

Corollary 10.15. Thus ) has good reduction by Proposition 10.5. By
Corollary 10.17, v itself has good reduction. Hence ¢ has simple reduction.

Conversely, suppose ¢ has simple reduction. Then by definition, there
is a Mobius transformation M € PGL(2, K) such that ) = M o g o M~!
has good reduction. Thus py = ¢y, S0 by Corollary 10.15 we have
fy = 0y, where y = M “1(Cgauss) € Hipe is a point of type IL. It follows from
Theorem 10.2 that y is exceptional for ¢. ]

REMARK 10.46. An alternate proof of Proposition 10.45(B) can be found
in [5, Corollary 3.26]. The proof there is also based on properties of the
canonical measure p, and its associated Arakelov-Green'’s function g, (z,y),
especially Theorem 10.18.

As a second application of Theorem 10.36, we show that the canonical
measure has point masses only when its support is a single point. This fact
is also due to Favre and Rivera-Letelier [48]. With their version of Theorem
10.36, the proof remains valid in arbitrary characteristic.

COROLLARY 10.47. Let o(T) € K(T) have degree d > 2. Then the
canonical measure ji, never charges points of PYK), and unless ¢ has
simple reduction (so that J, consists of a single point, necessarily of type
IT), it does not charge points of Hgey.

PROOF. Since ji, has continuous potentials (Proposition 10.7), it cannot
charge points of P1(K).

Suppose that it charges some ¢ € Hg,,,. Put £ = ¢((), and let (3,..., ¢,
be the points in ¢~ 1({¢}), labeled in such a way that ¢ = (;. Let their
multiplicities be myq, ..., m, respectively, where m; + --- +m, = d. By
Proposition 9.52,

P (0) = > _mide, .
=1

On the other hand, by Theorem 10.2, p, = (1/d)¢*(1y), so pu({C}) =
(ma1/d) - pp({€}); that is

pe({#(O)}) = milugo({c}) = ne({Ch)

with strict inequality unless m; = d.

Inductively, we see that pu,({o®(¢)}) > pe({¢}) for each k > 0. Since
tt, has finite total mass, this is impossible unless there are integers ko > k1
for which ¢(*2)(¢) = (¥ (¢). In this case, there must be a § > 0 such that
1o({p™(¢)}) = B for each k > k;. Tt follows from the discussion above
that ©*)(¢) has multiplicity d for each k > k. In particular, *2=1(() is
the only preimage of ¢¥1)(¢); hence p*1=1(¢) = k2= (¢). Proceeding
inductively backwards, we see that the grand orbit of ( is finite. Thus ( is
an exceptional point.

By Proposition 10.45, we conclude that ¢ is of type II and that ¢ has
simple reduction. O
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We conclude this section with a third application of Theorem 10.36: for
each y € Hpg.., the Arakelov-Green’s function g,(x,y) is not only contin-
uous, but Hélder continuous. The Hélder continuity of dynamical Green’s
functions is well known in the classical case and is due to Favre and Rivera-
Letelier in the Berkovich case (see [47, Proposition 6.5]). With their version

of Theorem 10.36, the result holds in arbitrary characteristic.

We begin by recalling some definitions. For z,y € PL_,, let d(x,y) =

2diam(z V y) — diam(z) — diam(y) be the metric introduced in §2.7, which
induces the strong topology on PL_,. Here, x VV y denotes the point where
the paths [z, (gauss] a0d [y, Caanss) first meet, and diam(z) is the diameter
relative t0 (gauss-

We will say that a function G : PL_, — R is Lipschitz continuous if there

is a constant C' > 0 such that for all z,y € Péerk,
(10.57) G(z) = Gy)| < C-d(z,y) .

We will say that G is Hélder continuous if there are constants C' > 0 and
0 < k <1 such that

(10.58) G@) — G| < C-dlz,y)" .

If  is given and (10.58) holds, we will say that G is xk-Holder continuous.
In particular, G is Lipschitz continuous iff it is 1-Hdlder continuous.

ExXAMPLE 10.48. For any pair of points w,( € Hg., there is a contin-
uous function G € BDV(P}_, ), uniquely determined up to an additive con-
stant, which satisfies AG = d,, — 0¢. Explicitly, G(z) = —log, (d(z, w)¢) +C
for each z € PL_, (see Example 5.19 and Lemma 5.24). We claim that G is
Lipschitz continuous.

To show this, it suffices to establish (10.57) when x,y are points with
Y € [, Cganss]- Indeed, if there is a constant C' such that (10.57) holds in this

case and if arbitrary x,y € PL_, are given, put z = x Vy. Then

G(x) =Gy < [G(x) - G(2)|+]G(2) — Gy
< C-d(z,2)+C-d(z,y) = C-d(z,y) .

Let r = min(diam(w), diam(¢)) > 0. Note that G is constant on branches
off I' = [¢, w], that its restriction to I' has constant slope 1 (relative to the
path distance metric), and that G(¢) < G(z) < G(w) for each z € PL_, .
Assuming y € [z, (gauss), We now consider three possibilities:

First, if diam(z), diam(y) < r, then x and y belong to a single branch off
I', so G(x) = G(y) and (10.57) holds trivially for any C. Next, if diam(z) <
r/2 but diam(y) > r, let M = G(w) — G(¢); then (10.57) holds trivially
for any C' > 2M /r. Finally, if diam(x), diam(y) > r/2, let C > 2/r be any
Lipschitz constant for log, (¢) on the interval [r/2,1] C R. Then since G|,
is piecewise differentiable and |G'(2)| < 1 for each z € [z, y], we have

G(z) - Gy)| < plz,y) = log,(diam(y)) — log, (diam(z))
< C-(diam(y) — diam(x)) = C-d(z,y) . O
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Let 41 be a probability measure on PL_, with continuous potentials, and
let g, (z,y) be its normalized Arakelov-Green’s function. We will say that u
has Hélder continuous potentials if g, (x, (gauss) is Holder continuous.

To justify this terminology, we will show that if G(z) = g,(2, (causs)
is Holder continuous, with Holder exponent k, then for each y € Hg., the
function Gy(x) = g,(z,y) is k-Holder continuous as well. To see this, note
that by (8.62), there is a constant B such that for all z,y € PL_,

(10.59) gu(z,y) = —log,([lz, y[) + G(z) + G(y) + B .
Fix y € Hpe.. By Example 10.48, —log,(||z,y[|) = —1og,(d(2,¥)¢qne)
is Lipschitz continuous, which means that Gy(z) = gu(z,y) is x-Holder

continuous. (However, the Holder constant C' for G, may depend on y.)

THEOREM 10.49 (Favre, Rivera-Letelier). Let ¢ € K(T) be a rational
function with deg(y) > 2. Then the canonical measure i, has Hélder con-
tinuous potentials.

PrROOF. Put D = deg(p), write ( = (gauss, and let x1,...,2p be the
preimages of ¢ under ¢, listed with multiplicities. Let g € BDV(PL_,,) be a
continuous function satisfying

1, |
Ag = o= 5¥(0) = ;5(&—%)-
By Example 10.48, such a function exists and is bounded and Lipschitz
continuous. Let C7 be the Lipschitz constant of g, and let Cy be a bound
such that |g(z)| < Cy for all x € PL_,.
For each n > 1, put
n—1 1
gm = praoe™.
k=0
Then g, € BDV(PL,,,), and Ag,, = §c — (1/D")(¢™)*(5¢). The functions

: 1
gn, converge uniformly on Py, to

o0

1
(10.60) Joo = Z ﬁ go (,O(k) .
k=0

By Theorem 10.36, the measures (1/D")(p(™)*(d;) converge weakly to fi.
Hence Proposition 5.32 shows that go, € BDV(PL ) and that

Algos) = 0¢ = oo -

However, A(g,(x,()) = d¢ — py as well, and both g, (z,¢) and geo(z)
are continuous functions of z. By Lemma 5.24, there is a constant C3 such
that for each z € PL_,,

gyv(x,C) = gool®) +C3 .
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We will now use the representation (10.60) to show that g, (z,() is
Holder continuous. Let N > 0 be an integer to be specified later. By
(10.60), for any z,y € PL_,

N-1 1 . K ad 20
(10.61) |goo(®) —goo(y)| < D m‘g(ﬂo( (@) = g(¢ (y))‘ T2 pE
=0 k=N

By Proposition 9.37, there is a constant M such that for all z,w € PL_,,

(10.62) d(p(2), p(w)) < M -d(z,w) .
Iterating (10.62), we see that

N-1 N-1 k
(1063 3 5-Jo@@) - oW w)| < (Z CD—J‘,{> d(z.y)

k=0 k=0

Without loss of generality, we can assume that M > D and that d(x,y) <
1. It follows from (10.61) and (10.63) that

C M
L ()Y () +

( 2C, 1
10

D—1'(D)N‘

(10'64) ‘goo(x) - goo(?/)‘ <

If we take N = [—log(d(x,y))/log(M)], the two terms on the right side of
(10.64) are of the same order of magnitude, and simple algebraic manipula-
tions show that with k = log(D)/log(M ), there is a constant C independent
of x,y such that

(10'65> ‘goo(x) - goo(y)‘ < C- d(m,y)n .
Thus g, (z,¢) is Holder continuous. O

10.5. The Berkovich Fatou and Julia sets

In this section, we define the Berkovich Fatou and Julia sets, give some
characterizations of those sets, and note some of their structural properties.
As in §10.4, we assume throughout this section that char(K) = 0.

DEFINITION 10.50. Let ¢ € K(T') be a rational map of degree d > 2.
The Berkovich Julia set J, of ¢ is the support of the canonical measure p,,
and the Berkovich Fatou set F,, is the complement in PL_, of J,.

Note that since the Berkovich Julia set of ¢ is the support of the prob-
ability measure i, it is by definition always nonempty. We will eventually
give four characterizations of .J,:

(1) J, is the support of the canonical measure 1, (Definition 10.50).

(2) Jy, is the locus of points z € PL_, having the property that for every
Berkovich neighborhood V' of z, the union of the forward images
©™ (V) contains PL_,\E,(K) (and in particular contains all of

Hpe. and omits at most two points of PY(K)) (Theorem 10.56).
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(3) Jy, is the smallest nonempty closed set in PL_,, disjoint from the

classical exceptional locus E,(K), which is both forward and back-
ward invariant under ¢ (Corollary 10.57).

(4) J, is the closure of the set of repelling periodic points in Ph,,,
(Theorem 10.88).

The equivalence between these properties is due to Rivera-Letelier. For
K = C,, he discussed (2) & (3) & (4) with us during a visit in 2005,
and the general case is contained in [80]. The equivalence (1) < (3) is
stated in his note with Favre [47] and proved in [48, Theorem A]. The
equivalence (2) < (3) is stated in [48, Proposition 2.7]. In §10.6, we will
discuss the relation between (1) and a more ‘classical’ definition of J, in
terms of equicontinuity which holds when K = C, but not in general; this
fact is also due to Rivera-Letelier (unpublished).

Our first observation is that the Berkovich Julia sets (resp. Berkovich
Fatou sets) of ¢ and ©(™ coincide for any integer n > 1:

LEMMA 10.51. For any n > 1, we have J, = J ) and Fy = F ).
ProOOF. This is an immediate consequence of Lemma 10.16. U

A subset S C PL_, is called completely invariant for ¢ if z € S if and
only if ¢(z) € S. We next observe:

LEMMA 10.52. The Berkovich Julia and Fatou sets J,, F, are completely
invariant for .

ProoF. Write pu = p,,. If p(x) € F,, then there is an open neighborhood
V of ¢(z) such that u(V) = 0. But then pu(e=1(V)) = (pup)(V) = u(V) =
0. As z belongs to the open set = 1(V), it follows that x & supp(u), that
is, x € F,. Thus F,, is backward invariant for ¢.

Conversely, if z € F, = supp(u)¢, then there are an open neighborhood
U of x and a continuous function f on PL . such that f = 1 on U and
f =0 on supp(p). Let V= p(U), which is an open neighborhood of ¢(x)
by the Open Mapping Theorem. Then (¢.f)(2) > 1 for all z € V, and
(pxf)(2) >0 for all z € PL_, . Thus

0 < uV) < / (so*f)duz/ fdsO*uzdeg(w)'/ fdu =0
IPJ113erk IEDIBerk P113erk

since f = 0 on supp(p) and ¢*p = deg(¢p) - . It follows that u(V') =0, and

therefore ¢(x) & supp(u), that is, p(z) € F,. O

We now use Proposition 10.45 to characterize maps with simple reduc-
tion in terms of their Julia sets. Recall that ¢ has simple reduction if, after
a change of coordinates, it has good reduction.

LEMMA 10.53. The Julia set J, consists of a single point (which is nec-
essarily a point of Hp.. of type I1) if and only if ¢ has simple reduction.
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PRrooF. This is an immediate consequence of Corollary 10.47, but the
following self-contained argument is easier.

If J, = {C} consists of a single point, then the result follows from Propo-
sition 10.45, since ( is then exceptional by the complete invariance of the
Berkovich Julia set.

On the other hand, suppose ¢ has simple reduction. If ¢ has good
reduction, then Example 10.4 shows that j,, is a point mass supported at the
Gauss point. For the general case, if ¢ has good reduction after conjugating
by a Mobius transformation M € PGL(2, K), then by Corollary 10.15 the
measure [, is a point mass supported at the type II point M ((gauss)- [l

The following result and its corollary will be used several times below:

LEMMA 10.54. Every attracting periodic point x € PY(K) for ¢ is con-
tained in the Berkovich Fatou set.

PROOF. Let z € P'(K) be an attracting periodic point of period n.
Replacing ¢ by ¢, we may assume that z is a fixed point of ¢. Let U be a
small open disc in P!(K) centered at z which is contained in the (classical)
attracting basin of z, and let y € U be a nonexceptional point of P!(K). By
Theorem 10.36, J, is contained in the closure of the set of inverse iterates
of y. Since p(U) C U, none of the inverse iterates of y is contained in U,
and therefore U is disjoint from the closure of the set of inverse iterates of
y. In particular, it follows that « & J.,. O

COROLLARY 10.55. Ewvery point in E,(K) is contained in F,.

PROOF. Every exceptional point in P}(K) is a (super)attracting fixed
point, so the result follows from Lemma 10.54. U

The following result is another important consequence of the equidistri-
bution theorem for preimages of nonexceptional points (Theorem 10.36):

THEOREM 10.56. The Berkovich Fatou set F, coincides with

(A) the set of all points x € PL_, having a neighborhood V whose for-
ward iterates under ¢ omit at least one point of PL  \Ey(K),

(B) the set of all points x € PL_, having a neighborhood V whose for-
ward iterates under o omit at least three points of P1(K).

Equivalently, the Berkovich Julia set J, coincides with

(A') the set of all points in x € PL_, such that for each neighborhood V
of x, the union | J°°, o™ (V) contains PL  \E,(K),

(B) the set of all points in x € PL_, such that for each neighborhood V
of x, the union | J0°, o™ (V') omits at most two points of P*(K).

Proor. It suffices to prove the assertions concerning Fi,.

We first prove (A). Let F’ be the set of all points in PL_, having a
neighborhood V' whose forward iterates under ¢ omit at least one point of
PL \E,(K). We want to show that F’ = F,. First, suppose that z € F’;
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then one can find a neighborhood V' of z and a point y € P}, \E,(K) not
belonging to go(”)(V) for any n > 1. If MZW denotes the probability measure

d="(p™)*(8,), then Vﬂsupp(ui(n)) = () for all n, and thus VNsupp(p,) = 0

by Theorem 10.36. It follows that F' C F,.

Conversely, let J' be the complement of F’/. We claim that J’ is the
smallest completely invariant nonempty compact subset of PL_, disjoint
from E,(K) := E, NPY(K). Assuming the claim, since J, = supp(u)
is completely invariant under ¢, we obtain J' C J,, and hence F, C F’ as
desired. (Note that J, N E,(K) = () by Corollary 10.55.)

To prove the claim, we must show that if Z is any nonempty completely
invariant compact subset of PL_, which is disjoint from E,(K), then Z
contains J'. If U denotes the complement of Z, then U is also completely
invariant under . In particular, (™ (U) C U for all n > 1. If ¢ does not
have simple reduction, then it follows from Proposition 10.45 that Z = U¢
contains a nonexceptional point, and thus U is contained in F”’, which is
equivalent to the assertion of the claim.

It remains to prove the claim in the case where ¢ has simple reduction
and Z = {(} with ¢ € Hg., an exceptional point of ¢. Conjugating by a
Mobius transformation, we may assume without loss of generality that ¢
has good reduction and that Z = {(g.u}- In this case, since we already
know that J' # (), it suffices to prove that every point of U = PL_, \{Cqauss }
belongs to F'. Define the chordal diameter of an open set V C PL_ to be
SUPg yevpt (k) |7, yl|- If @ is any point of U and V' is any sufficiently small
connected open neighborhood of z contained in U, then the chordal diameter
of V' is some positive real number § < 1. Since ¢ has good reduction, it
follows from [93, Theorem 2.17(a)] that ¢ is everywhere nonexpanding with
respect to the spherical metric on P!'(K); this implies that the open set
©™ (V) has chordal diameter at most § for all n > 1. If y is any point
of Hpe such that 0 < p(y, Ccauss) < 1 — 6§, then since the generalized Hsia
kernel 0(-, )¢qaue. €xtends the spherical metric on P'(K), one verifies easily
that y cannot belong to o™ (V) for any n > 0. Since y is automatically
nonexceptional, it follows that x belongs to F’ as desired. This completes
the proof of (A).

The proof of (B) is similar; the only additional thing which needs to be
proved is that if ¢ has good reduction and x € PL_, \{Ccauss}, then with V/
chosen as above, there exists a nonexceptional point in P'(K) which does
not belong to o ¢™ (V). With y chosen as above, any (nonexceptional)
point z € P(K) whose retraction to the segment [1/, (guus) lies in the open
interval (y, Cgauss) Will work. O

From the proof of Theorem 10.56, we obtain:

COROLLARY 10.57. The Berkovich Julia set J,, is the smallest completely
invariant nonempty compact subset of PL_ . disjoint from Ey(K).
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The following is an immediate consequence of the definition of .J, and
Theorem 10.36:

COROLLARY 10.58. If zg is any point of PL,,\E,(K), the closure of the
backward orbit of zy contains J,. In particular, the backward orbit of any
point in J, is dense in J,.

The following consequence of Theorem 10.56 is analogous to Theorem
4.7 of [73].

THEOREM 10.59 (Transitivity Theorem). Let x € J, and let V be an
open neighborhood of x. Let U be the union of the forward images go(”)(V)
forn > 0. Then:

(A) U contains PL  \E,(K): in particular, if char(K) = 0, it contains

all of Hene and all but at most two points of P*(K).

(B) U contains all of J,.

(C) If V is sufficiently small, then U = P, \E,(K).

PROOF. (A) We first show that P!(K)\E,(K) C U. Note that the set
PY(K)\U can contain at most two points; otherwise, since o(U) C U, it
would follow from Theorem 10.56(B) that U is contained in the Fatou set,
contradicting the fact that = belongs to both J, and U. Let z € PL(K)\U.
Since p(U) C U, each iterated preimage of z must belong to the finite set
PY(K)\U. It follows that z is exceptional, that is, z € E,(K).

The fact that Hpg,,, is contained in U follows similarly. If y € Hg.. \U,
then certainly y ¢ E,(K). By Corollary 10.58, the set {¢o(™*(y)},>1 has J,
in its closure. On the other hand, ¢(U) C U, so these preimages belong to
PL . \U, meaning that J, C PL_,\U. However this is a contradiction, since
re€J,and z €U.

(B) This is immediate from part (A) and Corollary 10.57.

(C) If V C PL_\E,, it follows from the proof of (A) that U = PL_ \E,.

U

COROLLARY 10.60. If ¢ does not have simple reduction, then J, is per-
fect (that is, contains no isolated points). In particular, J, either consists
of a single point or it is uncountable.

Proor. It suffices to prove that J, contains a dense set of nonisolated
points. By Proposition 10.45, we see that E, N Hp.,. = 0. Furthermore,
J, is infinite, since if it were finite, it would consist of exceptional points
in P!(K), which are necessarily in the Fatou set by Corollary 10.55. So J,
contains at least one limit point zp, and zy is nonexceptional. Since the
measures (1/d")p™)*(8,,) converge weakly to 11, the iterated preimages of
2o form a dense set of points in J,. If w € (¢™)71({2}), then for any
neighborhood U of w, the image ¢(™ (U) is a neighborhood of zy (Corollary
9.10). Since Jy, is backwards invariant, U contains points of J,, distinct from
2p. As U is arbitrary, it follows that w is also a limit point of J,,. O
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COROLLARY 10.61. The Julia set J, is either connected or else has un-
countably many connected components.

PRrOOF. In the case where J, is perfect, the proof is identical to its
classical counterpart (see [73, Corollary 4.15]). The only other possibility is
that J, consists of a single point, in which case it is trivially connected. [J

10.6. Equicontinuity

In classical non-Archimedean dynamics, one usually defines the Fatou
set of a rational map in terms of equicontinuity. Here we explore the relation
between our definition and definitions in terms of equicontinuity. We assume
throughout that char(K) = 0 and that ¢(T) € K(T).

For z,y € PY(K), we write ||z,y|| for the spherical distance (see §4.3),
and for 0 < 7 € R we write B(z,7)” = {y € PY(K) : ||z, y| < r}.

DEFINITION 10.62 (Equicontinuity on P!(K)). Let U be an open subset
of P}(K), and let F be a collection of functions f : U — P}(K). We say
that F is equicontinuous on U if for every x € U and every ¢ > 0, there
exists a d > 0 such that

f(B(z,0)7) € B(f(x).e)”
for every f € F.

A point x € P(K) is in the classical Fatou set for ¢ iff the collection
{1 of iterates of ¢ is equicontinuous on some open neighborhood of
in PL(K). The classical Julia set is defined to be the complement of the
classical Fatou set in P!(K).

We now seek to extend the definition of equicontinuity so that it works
in the context of PL_,, which need not be metrizable. Fortunately, since
PL_ is a compact Hausdorff space, it has a canonical uniform structure (cf.
§A.9), and the theory of uniform spaces provides for us a natural notion of
equicontinuity. Concretely, this yields the following definition:

DEFINITION 10.63 (Equicontinuity on PL_ ). If U is an open subset

of PL . and F is a collection of functions f : U — PL_ . we say that F
is equicontinuous on U if for every x € U and every finite covering C =
ViU---UV; of PL_ by simple domains, there exists an open neighborhood
U, of z in PL_, such that f(U,) is contained in some V; for every f € F.

We define the Berkovich equicontinuity locus for ¢ to be the set of all
x € PL_, for which the collection {¢(™} of iterates of ¢ is equicontinuous
on some Berkovich open neighborhood of .

THEOREM 10.64. The Berkovich equicontinuity locus and the classical
Fatou sets are both contained in the Berkovich Fatou set.

PRrROOF. Let xg be a point in either the Berkovich equicontinuity locus
or the classical Fatou set. We will show that if U is a sufficiently small open
neighborhood of xg, then p, restricted to U is the zero measure.
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First assume that x¢ € AL_,. By Theorem 10.2, it suffices to show that
g v, (o0) 18 harmonic on some neighborhood U C Al . of zg. To do this, we
follow an argument of Fornaess and Sibony [52], in outline. Define

O = {zecAl  :[T.<2},
1
E = {'CE S AIléerk : [T]m S 5} .

We claim that there exists a neighborhood U of x( such that for each
n > 1, either ™ (U) C O or ™ (U) € PL ,\E. Indeed, if xq is in the
Berkovich equicontinuity locus, then this follows directly from the fact that
{0, E¢} is a finite covering of PL_, by simple domains, while if z¢ is in the
classical Fatou set, it follows easily from the ultrametric inequality. Pass-
ing to a subsequence go(”k) and replacing ¢ by 1/¢ if necessary, we may
therefore assume without loss of generality that (™) (U) C O for all k, or,
equivalently, that (") (T)], < 2 for all z € U and all k. In particular, in

the notation of §10.1, Fl("k)(l,T) #0on U for all k.
For z € U we have

Wy @) = o max(log, (F™ (1,7))2) log, ((F™ (1,7).)
(1066) = = log, (F™ (1, 7)) + o max(l,log, (6™ (7))

The last term in (10.66) converges uniformly to 0, since the quan-
tity [©")(T)], is uniformly bounded as k varies. Moreover, the term
= log, ([F"*(1,T)],) is harmonic on U for all k. Since B;Tfﬁ?(oo) converges

uniformly to fz%v,(oo), it follows that - logv([Fl(nk)(l,T)]x) converges uni-

formly to fz%vj(oo) on U. Therefore fl%u(oo) is harmonic on U as desired.
Finally, for the case o = oo, apply a similar argument to the function
Py, (0), using the coordinate function 1/7" instead of 7. O

We now prove that the intersection of F, with P!(K) is precisely the clas-
sical Fatou set. The proof will make use of the following non-Archimedean
Montel theorem due to Hsia [61]:

THEOREM 10.65 (Hsia’s theorem). Let D C PY(K) be a closed disc, and
let F be a family of meromorphic functions on D. Suppose that Ufef f(D)

omits two distinct points of P1(K). Then F is equicontinuous on D.

REMARK 10.66. There does not seem to be a satisfactory way to gener-
alize Hsia’s theorem to PL_, . This is one of the reasons why we have defined
the Berkovich Julia set as the support of y, and not in terms of equicontinu-
ity. For example, let {a,} be a set of coset representatives for the different
residue classes in D(0, 1) over C, and let f,, = 2+ . Then the sequence of
functions f, = z + a, takes D(0,1) to itself (so (J,,~; fn(D(0,1)) omits an
entire open disc in PL_, ) but it is not equicontinuous at the Gauss point of
PL .. See Example 10.70 and Remark 10.71 below for related considerations.
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THEOREM 10.67. If x € PL(K), then x is in the Berkovich Fatou set of
 if and only if x is in the classical Fatou set of .

ProOOF. If x is in the classical Fatou set of ¢, then we have just seen
that = belongs to the Berkovich Fatou set of ¢.

Conversely, suppose = € P!(K) belongs to the Berkovich Fatou set of ¢.
By Theorem 10.56(B), there is a Berkovich disc V' containing x such that
the union U of the forward orbits of V' omits at least three points y1, y2, y3
of PL(K). At least one of these, say %, must be nonexceptional. Since
U NPY(K) omits the infinitely many preimages of y1, Hsia’s theorem shows
x is contained in the classical Fatou set of . Thus the intersection of the
Berkovich Fatou set with P!(K) is contained in the classical Fatou set. [J

By a theorem of Benedetto (see [13, Corollary 1.3]), the classical Fatou
set of ¢ is always nonempty (in contrast to the situation over the complex
numbers). We therefore conclude from Theorem 10.67:

COROLLARY 10.68. The Berkovich Fatou set F,, is always nonempty.

The following corollary is stronger than what one obtains classically over
C, due to the absence in the non-Archimedean setting of rational maps with
empty Fatou set:

COROLLARY 10.69. The Berkovich Julia set J, always has empty inte-
T40T.

Proor. If J, has an interior point z1, then choosing a neighborhood
V' C J, of 21, the union U of forward images of V under ¢ is both contained
in J,, (by the forward invariance of J) and everywhere dense in PL_, (since
PL...\U contains at most 2 points by the Transitivity Theorem). Since .J, is
closed, this implies that J, = PL_, and thus that F,, is empty, contradicting

Corollary 10.68. O

Theorem 10.64 asserts that the Berkovich equicontinuity locus is always
contained in the Berkovich Fatou set. When K = C,,, we will see in Theorem
10.72 that the reverse inclusion holds as well, so that the Berkovich Fatou
set coincides with the Berkovich equicontinuity locus. This relies on deep
results of Rivera-Letelier concerning the structure of the Berkovich Fatou
set over C,. However, for a general complete and algebraically closed non-
Archimedean field K of characteristic 0, the Berkovich Fatou set need not
be contained in the Berkovich equicontinuity locus, as we now show.

EXAMPLE 10.70 (A rational map whose Berkovich Fatou set is not con-
tained in the Berkovich equicontinuity locus). Let p be an odd prime, and
let K be a complete and algebraically closed non-Archimedean field of char-
acteristic 0 and residue characteristic p > 0, having an element c satisfying
|c| = 1 whose image in the residue field K is transcendental over the prime
field F,. Consider the polynomial map ¢(z) = pz? + cz.
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Then ¢ is conjugate to the map ¢'(w) = w? + cw, which has good
reduction, so J, is a point mass supported at a point ¢ € Hg., x with
( # Caauss- In particular, the Gauss point of Pllgerk7 5 belongs to the Berkovich
Fatou set of ¢.

However, we claim that {p(™} is not equicontinuous at the Gauss point.
To see this, first note that if |a|,r < p, then o(D(a,r)) = D(pa® + ca,r)
and o(D(a,r)”) = D(pa® + ca,r)”. In particular, ¢(D(0,1)) = D(0,1), so
¢ fixes the Gauss point. Moreover, ¢(D(0,1)7) = D(0,1)” and if |a| = 1,
then ¢(D(a,1)”) = D(ca,1)”. In particular, the open disc V' = D(1,1)~
has infinitely many distinct preimages under ¢, by our assumption on c.
Let V/ = D(1,1)~ be the Berkovich open disc corresponding to V’. Let 1%
be any simple Berkovich neighborhood of the Gauss point containing the
complement of V’ but not V’ itself. Then {V,V’} is a finite covering of
PL . by simple domains. Suppose that {p(™} is equicontinuous at Ceaye-
By the definition of equicontinuity, since (gauss & 1% , there must exist a
simple domain U containing (ga..e such that cp(”)(U ) C V for all n > 1.
However, this means that U must omit some element of the residue class
© (V') = D(¢"a,1)", for cach n. By hypothesis, this means that U is
missing elements from infinitely many residue classes. On the other hand, a
simple domain containing (... automatically contains all but finitely many
residue classes. This contradiction shows that {p(™} is not equicontinuous
at the Gauss point, as claimed.

REMARK 10.71. Philosophically, the point (gauss in Example 10.70 should
be thought of as belonging to the Fatou set, since the iteration of ¢ in a
small neighborhood of (g,. is quite understandable and predictable, and
in some sense nearby points stay close together under iteration. However,
there does not seem to be a notion of equicontinuity on PL_, which captures
this philosophical sentiment in a precise way.

For this reason we have defined the Berkovich Fatou and Julia sets with-
out using equicontinuity (contrary to our initial inclination). We would like
to thank Rivera-Letelier for bringing examples like Example 10.70 to our
attention and for his patient insistence that for arbitrary complete alge-
braically closed fields K, equicontinuity should not be thought of as the
basis for the fundamental dichotomy between order and chaos in the con-

text of iteration on PL_, .

We conclude this section by sketching a proof that when K = C,, the
Berkovich Fatou set coincides with the Berkovich equicontinuity locus.

THEOREM 10.72 (Rivera-Letelier). Let ¢ € C,(T") be a rational function
with deg(p) > 2. Take xo € PL_,, and suppose there exists a neighborhood V
of zo in PL ., such that \J2°, o™ (V) omits at least three points of P'(Cp)
or at least one point of Hg... Then x is in the Berkovich equicontinuity
locus of .
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Using Theorem 10.56 and Theorem 10.64, Theorem 10.72 implies:

COROLLARY 10.73. Suppose ¢ € C,(T), and let deg(y) > 2. Then the
Berkovich Fatou set of ¢ equals the Berkovich equicontinuity locus of .

The proof of Theorem 10.72 is based on Rivera-Letelier’s classification
of the periodic components of F,, which we now recall’ (cf. [81, 84]). Let
¢ € Cp(T') be a rational map of degree d > 2, and define FgL to be the
set of z € PL_, for which there exists a neighborhood V of x in PL_, such
that (J°°, (V) omits at least three points of P!(C,). By Theorem 10.56,
FE}L coincides with F,. Rivera-Letelier defines the following two types of
components of FgL:

Immediate basins of attraction: If 2y € P!(C,) is an attracting
periodic point of period n, its basin of attraction is the set

AZO (‘P) - {z € Pllaerk : QO(nk)(Z) — zop when k£ — oo} .

One easily shows that A, (¢) is open and invariant under (™. The con-
nected component A9 (¢) of A, (¢) containing zo is called the immediate
basin of attraction of z; it is also open and invariant under o™ . Rivera-
Letelier has shown that A,,(y) is contained in FgL and that A? (¢) is a
connected component of FEL. He gives the following description of the
action of ¢(T) on A? (¢) [81, pp. 199-200]:

PROPOSITION 10.74. Let o(T) € C,(T) have degree d > 2, and let
ASO () C PL_.. be the immediate basin of attraction of an attracting periodic
point zy of period n. Then there is a decreasing set of open neighborhoods
{Xk}trez of z0, cofinal in the collection of all neighborhoods of zy, such
that Xy, is a disc for all k > 0, U, Xp = A% (), N Xk = {20}, and
o™ (X)) = Xp11 for each k € Z.

The domain of quasi-periodicity: The domain of quasi-periodicity
of ¢, denoted £(¢p), is defined to be the interior of the set of points in
PL_. which are recurrent under . (A point is called recurrent if it lies in
the closure of its forward orbit.) By definition, £(y) is open and invariant
under ¢ and is disjoint from each basin of attraction. Rivera-Letelier has
shown that £(yp) is contained in FSL and that each connected component
of £(¢p) is in fact a connected component of FEL. The action of ¢(7T') on
E(p) has the following property [81, Proposition 4.14]; see our Proposition
10.117 below and the discussion preceding it:

PRrROPOSITION 10.75. Let o(T') € C,(T) have degree d > 2. For each
z € E(p) NHpe, there is an n > 1 (depending on x) such that ™ (z) = .
For each connected open affinoid X with X C E(p), there is an N > 1
(depending on X) such that ) (X) = X.

9Technically Rivera-Letelier only works with F, N P!(C,); in passing to F,,, we are
glossing over some subtleties which will be dealt with in §10.9.
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Rivera-Letelier’s classification of Fatou components says that immediate
basins of attraction and components of the domain of quasi-periodicity are
the only periodic Fatou components [83, Theorem Al:

THEOREM 10.76 (Rivera-Letelier). Let o(T) € C,(T) have degree at
least 2. Then every periodic connected component of FEL is either an im-
mediate basin of attraction or a connected component of the domain of quasi-
periodicity of p.

REMARK 10.77. The proof of Theorem 10.76 uses the fact that the
residue field of C, is a union of finite fields, and in particular the proof
does not extend to rational functions defined over an arbitrary K.

A component of F£‘L which is not preperiodic is called a wandering
component. One deduces from Theorem 10.76 the following result:

COROLLARY 10.78 (Rivera-Letelier). For each connected component U
of FEL, exactly one of the following holds:

(1) @™)(U) is an immediate basin of attraction for some m > 0.

(2) ©"™(U) is a connected component of the domain of quasi-periodi-
city for some m > 0.

(3) U is a wandering component.

We can now prove Theorem 10.72.

PrOOF OF THEOREM 10.72. Take zg € FfL. Then the connected com-
ponent U of stL containing xq is one of the three types in the statement of
Corollary 10.78. We will prove the result separately for each case. Fix an
open covering Vi, ..., V; of PL_, by finitely many simple domains.

First suppose ¢(™) (U) is the immediate basin of attraction of an attract-
ing periodic point zg.

We begin with the case where U itself is the immediate basin of attrac-
tion. Let n be the period of zg, and let W be a neighborhood of zy small
enough so that for each £ = 0,...,n — 1, we have ¢ (W) C V; for some i.

Take an affinoid neighborhood Z of xy whose closure Z is contained in
U. By Proposition 10.74, there is an exhaustion of U by connected open
affinoids { X rez, with X, € W for all large k, such that (™ (X},) = Xj 11
for each k. Since Z is compact, it is contained in X}, for some ky. Hence
there is a k; such that ¢("1)(Z) c W. By our choice of W, for each
k > k; there is some V; with p*)(Z) C V;. After shrinking Z if necessary,
we can assume this holds for 0 < k < k; as well. Thus the ¢®)(T) are
equicontinuous at xg.

More generally, if there is an m > 1 such that (™) (U) is an immedi-
ate basin of attraction and if Z is the neighborhood constructed above for
go(m)(aro), then we can choose a neighborhood Zj of g small enough so that
go(m)(Zo) C Z, and for each £ = 0,1,...,m — 1 there is some ¢ for which
©¥(Zy) C V;. So once again the family ¢®)(T) is equicontinuous at .



10.6. EQUICONTINUITY 339

Next suppose that ¢ (U) is a connected component of £(¢). We begin
with the case where U itself is a component of £(¢). Take xg € U.

First assume zg € P*(C,). By Theorem 10.67, the iterates p*)(T") are
equicontinuous at xg relative to the spherical distance ||z, y||. Let (i,..., (s
be the finitely many points in 0V, U- - -U0V;, and put € = min;<j<, diam((j;).
(See (2.20) for the definition of diam.) By the definition of equicontinuity
in a metric space, there is a § > 0 such that if x € PY(K) and ||z, 20| < 9,
then ||p(x), p(x0)| < . Let B(xo,8)” = {z € PL(K) : ||z, 20| <}, and let
7 = B(zg,d)” be the associated Berkovich open ball.

Fix k € N. By construction, ¢¥)(B(zg,8)”) C B(o® (z0),€)~, so by
continuity, ¢*¥)(Z) < B(¢®(xg),)~. Since diam(z) < e for each z €
B(¢™(20),)7, no ¢; can belong to ¢*)(Z), and hence there is some V;
with ¢¥)(Z) c V;.

Next assume zg € Hg.,x. By Proposition 10.75, there is an n > 1
such that ¢ (zg) = 9. We claim that the neighborhoods Z of ¢ with
") (Z) = Z are cofinal in all neighborhoods of zg. To see this, let V be a
neighborhood of zg. After shrinking V' if necessary, we can assume that V
is a connected open affinoid with V' C U. By Proposition 10.75, there is an
N > 1 such that o) (V) = V. Foreach £ = 1,..., N, ¢")(V) is open and
zo € ™) (V). Put

N
Z = (V).
(=1

Then Z is open, o™ (Z) = Z and 29 € Z C V.

For each k = 1,...,n, choose a neighborhood W, of zy small enough
so that ) (W) C V; for some i depending on k. Put W = (_, Wy,
and let Z C W be a neighborhood of zy such that ¢(™(Z) = Z. Then
for each k > 0, there is some V; with o*)(Z) C V;. Hence the ¢¥)(T') are
equicontinuous at x.

More generally, if (™) (U7) belongs to £(y) and if 2o € U, one can show
that the o) (T') are equicontinuous at xp by an argument much like the one
in the case of immediate basins of attraction.

Lastly, suppose U is a wandering component. Let (i,...,(s be the
finitely many points belonging to dV; U --- U dV;. Since U is wandering,
each (; belongs to w(”)(U ) for at most one n. Thus there is an N such that
for each 1 < j < s, we have (; ¢ ©F)(U) for all k > N. Now fix zy € U,
and choose a subdomain Z C U containing xg small enough so that for each
k < N, ¢ (Z) is contained in some V;. For k > N, ¢(*)(Z) is a domain
which does not contain any boundary point of any V;, so it must belong to
some V; as well. It follows that {¢*)(T)} is equicontinuous at . O

REMARK 10.79. The proof which we have just given (including equiconti-
nuity on the wandering components) is due to Rivera-Letelier (unpublished).
We thank him for allowing us to reproduce his argument here.
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10.7. Fixed point theorems and their applications

In this section, we obtain further information about the Berkovich Julia
and Fatou sets. We continue our blanket assumption that char(K) = 0, but
most of the arguments do not use this.

Let ¢(T) € K(T') be nonconstant. Recall that a fixed point of ¢(T") in
PY(K) is called superattracting if its multiplier A = 0, attracting if |\| < 1,
indifferent if |A\] = 1 and repelling if |\| > 1. Following Rivera-Letelier,
we call a fixed point = of ¢(T) in Hg.. indifferent if it has multiplicity
my(z) = 1, and repelling if my(x) > 1. The reason for this terminology will
be explained below. A periodic point for ¢(7T'), with period n, will be called
indifferent or repelling according to whether the corresponding fixed point
of (™ (T) is indifferent or repelling.

We first show that repelling periodic points are necessarily of type I or
II, and that all repelling periodic points belong to the Berkovich Julia set
Jo. We next prove a fixed point theorem for expanding domains and show
that if deg(¢) > 2, then ¢(T") always has at least one repelling fixed point.
We apply this to show that the topological connected components of the
Berkovich Fatou set coincide with Rivera-Letelier’s Fatou components. We
also prove fixed point theorems for sets stabilized by or contracted by (7).
Finally, using a classical argument of Fatou involving homoclinic orbits (see
[73, §14]), we show that repelling periodic points are dense in J,,.

Our first lemma, which combines [82, Lemmas 5.3 and 5.4], shows that
repelling fixed points in Hg., must be of type II:

LeEMMA 10.80 (Rivera-Letelier). Let o(T') € K(T') have deg(y) > 2. If
x is a fized point of (T') of type 111 or IV, then:

(A) z is an indifferent fized point.

(B) @« (¥) = U for each v € T,.

PROOF. First suppose z is a fixed point of type III, and put m = my(x).
Let ) and 7> be the tangent vectors at z. By Lemma 9.33, my(0;) =
my(U2) = m, and there is a segment [z, ¢] with initial tangent vector ¥ such
that p(z,¢(z)) = m - p(x, z) for each z € [z, c]. Without loss of generality
we can assume that ¢ is of type II. Since x is of type III, it follows that
p(z,c) ¢ log,(|K*|). Note that log,(|K*|) is a divisible group, since K is
algebraically closed. If o, (¥) = U2, then

plesp(e)) = ple,z) +plz,p(c)) = (L+m)p(z,c) .
However p(c, p(c)) € log,(|K*]) since ¢ and ¢(c) are of type II. This contra-
dicts p(z,c) ¢ log,(|K*|), so it must be that ¢.(1) = ¢. Hence [z, ¢] and
o([z, ¢]) = [z, p(c)] share a common initial segment. Let y € [z, | be a type
IT point close enough to z that ¢(y) € [z, |, and put r = p(z,y). Then

mr = p(x,¢(y) = r+py, o)) .

Since p(y, ¢(y)) belongs to log, (|K*|) but  does not, this is a contradiction
unless m = 1.
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Next suppose z is of type IV. If we identify PL_, with AL , U{oo}, then
under Berkovich’s classification theorem (Theorem 1.2), x corresponds to a
nested sequence of closed discs in K with empty intersection:

D(al,rl) D D(ag,rg) D) D(a3,7“3)3

Since ¢(7T') has only finitely many fixed points and finitely many poles in
PY(K), we can assume without loss of generality that none of the D(a;,7;)
contains a fixed point or a pole. We can also assume that each r; € |[K*|.
Let z; € PL_, be the point corresponding to D(a;,7;). The points z; all
belong to the path [z, oo].

Put m = my(x) and let ¥ be the unique tangent vector at z. Clearly
(V) = v. By Lemma 9.33, my(v) = m, and there is an initial segment
[,¢] C [x,00] such that p(x,p(z)) = m - p(z, z) for each z € [z,c|. Since
D(a;,r;) contains no poles of ¢(T"), by Corollary A.18 its image ¢(D(ai,r;))
is a disc D(a}, R;). This disc corresponds to ¢(z;) under Berkovich’s classi-
fication theorem. Since [z,c] and ¢([z,c]) = [z, ¢(c)] have the same initial
tangent vector (the unique @' € T} ), they share an initial segment. Hence for
sufficiently large i, both z; and ¢(z;) belong to [z, ¢|. Suppose m > 1. Then

Ri = diameo(p(2)) = diameo(x) +m - p(x,2;) > diameo(2) = 7 .

Since the associated Berkovich discs D(a;, r;) and D(a}, R;) both contain x
and since R; > r;, it follows that D(a;, ;) is properly contained in D(a}, R;).

We claim that D(a;,r;) contains a fixed point of ¢(T") (in K), contradict-
ing our assumption. After changing coordinates if necessary, we can assume
that D(a;,r;) = D(0,1) and D(a, R;) = D(0, R) where R > 1. Expand
@(T) as a power series f(T) = > 32, a,T* converging on D(0,1). Then
limg o0 |ax| = 0, and by the Maximum Principle maxy(|ax|) = R. By the
ultrametric inequality, the coefficients of the power series g(T') = f(T) — T
have the same properties, and the theory of Newton polygons shows that
g(T) = 0 has a solution in D(0,1) (see Proposition A.16). This point is a
fixed point of (7). O

Let 79 € PL_, be a fixed point of ¢(T). We now give a description of the
local action of p(T") at zp, which sheds light on the terminology “attracting”,
“indifferent”, or “repelling”.

First suppose xg € P!(K). After a change of coordinates, we can assume
that zp # oco. In this setting, if A = ¢'(x¢) is the multiplier of z(, we can
expand ¢(7T') as a power series which converges in a neighborhood of z:

(10.67) o(T) = xo+ AT —x0) + > ar(T —z0)" .
k=2

If A\ # 0, then there is a disc D(zg, R) such that |¢(x) — 0| = |||z — x0]
for each = € D(zg, R). Using the theory of Newton polygons, it is easy to
show that for each 0 < r < R, we have ¢(D(zg,r)) = D(xo, |\|r) (see Corol-
lary A.17). By continuity, ¢(7') maps the closed Berkovich disc D(xg, ) to
D(xo, |A|r) and the open Berkovich disc D(zg, )~ to D(xg, |A|r)~.
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Furthermore, if z, € PL_, is the point corresponding to D(zg,r) under
Berkovich’s classification theorem, the fact that ¢(D(zg,7)) = D(xo,]|A|r)
means that p(z,) = z|y,. Thus, if |A\| <1, the points x, approach z( along
the segment [zg, zg]; if |A\| = 1, the segment [z, R] is fixed; and if |\| > 1,
the z, recede from x.

If A =0, so that x( is superattracting, let a,, be the first nonzero coeffi-
cient in the expansion (10.67). Then m > 2, and Corollary A.17 shows there
is a disc D(zg, R) such that for 0 < r < R, p(D(xo,r)) = D(zo, |am|r™). As
above, QD(D(.ZE(),’I“)) = D($07 |am|rm)7 SO(D($07T)_) = D(:E()a |am|7,.m)—’ and
o(xr) = g, |pm- If 7 is small enough, then [a,,[r™ < r, and the points z,
approach xg along [xg,zg] as r — 0.

Next suppose zg is a fixed point of ¢(7) in Hp,,, of type II. By Corol-
lary 9.25, my(zo) = deg(p), where §(T') € k(T') is the reduction of ¢(T)
in suitable coordinates with respect to o and k = K is the residue field
of K (see the discussion preceding Corollary 9.25). Furthermore, the tan-
gent vectors ¥, € Ty, correspond bijectively to points a € P!(k). Under
this correspondence ¢. (V) = Uz(q). By Corollary 9.25, my(z0,Ta) = ma
where mq = mg(a) > 1 is the usual (algebraic) multiplicity of ¢(T) at .
Furthermore, by Theorem 9.22, for each v, € T},

(10.68) ro(@o, Ua) = dy, (p(p(x),20))(z0) = ma -
Loosely speaking, (10.68) says that under the action of ¢(T'), points

sufficiently near x¢ in the direction v, recede from z¢ in the direction Uy
at the rate m,. More precisely, by Lemma 9.33, there is a segment [zq, z4]
with initial tangent vector U, such that ¢([xo, z4]) = [70, ¢(x4)] is a segment

with initial tangent vector @z(,) and for each = € [z, 74,

(10.69) plp(x).x0) = ma - pla, o)

Furthermore, if Ay, 4, is the (generalized Berkovich open) annulus associ-
ated to the segment (20, Za), then (Azg 2, ) = Azgo(zq) 1S the annulus asso-
ciated to the segment (9, ¢(74)), and Mod(A,; y(z.)) = Ma - Mod( Az, 2, )-

If my(z0) = 1, then deg(3(T)) = 1 and myz(a) = 1 for each a € P(k).
This means that ¢, permutes the tangent directions at z¢ and ¢(7T') locally
preserves path distances at zo: p(p(z),z0) = p(z,x0) in (10.69). In this
sense, the action of ¢(T') at z¢ is “indifferent”.

By contrast, if my(x0) > 1, then deg(@(T)) > 2, so ¢(T) has at least one
critical point ag. Since mg(ap) > 2, points in the tangent direction v, on
the segment [0, 7q,] are “repelled” from g in the direction T(4,) at a rate
Mg, > 2. In physical terms, one can visualize this action as being like an
accretion disc swirling around a quasar, with one or more “jets” emanating
from it. In this sense, the action of p(T") at g is “repelling”.

We will now show that, as in the classical complex case, repelling periodic
points of ¢ always belong to the Berkovich Julia set J,. The proof is the
same as [83, Proposition 5.1].
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THEOREM 10.81 (Rivera-Letelier). Let ¢(T') € K(T') have deg(y) > 2.
Then each repelling periodic point for o(T) in PL_, belongs to J,.

PROOF. Let x be a repelling periodic point of ¢(T') of period n. Since
J@(n) = J, by Lemma 10.51, we can assume that x is a repelling fixed point.
First suppose = € P}(K). After a change of coordinates we can assume
that x € K and |z| < 1. Let A\ be the multiplier of x; by hypothesis |A| > 1.
There is a disc D(x,r) C K such that [[¢(2),z| = |¢(2) — x| = |||z — x| =
|A| - ||z, z|| for all z € D(z,r); without loss of generality, we can assume that
r < 1. If [z — 2| <r/|A", then ™ (2),z| = |\|"- ||z, z||. Thus the iterates
{1} are not equicontinuous at z, and so = € J, by Theorem 10.67.

Next suppose x € Hg. . By Lemma 10.80, x is of type II. Let k be
the residue field of K, and let ¢(T") € k(T) be the nonconstant reduction of
©(T) at x, in suitable coordinates. By hypothesis, m,(x) > 2; by Corollary
9.25, my(z) = deg(@(T)).

As noted earlier, after identifying T, with P1(k), we have ¢, (7,) = V(o)
and my(x,Uy) = ma(a). Recall that we write B,(v))~ for the component of
PL_.\{z} in the direction .

Fix a neighborhood U of z. There is a finite subset S C P!(k) such
that for each o ¢ S, the ball B;(7,)~ is contained in U. By Proposition
9.41, (B (Va) ™) contains By (i3(a)) - Let Sp be the (possibly empty) finite
subset of S consisting of the points o € S which are exceptional for ¢(T).
If o ¢ Sp, then o has infinitely many preimages under the iterates @™ (T),
so there are an ag ¢ S and an ng such that $("0)(ag) = . It follows that
By(Ta)™ C @"0)(B(Tay)~), and so

[e.9]
U B.(3)~ ¢ |J ™).
a¢50 n=0

Now consider the balls B, (t,)~ for a € Sp. After replacing ¢ by an
appropriate iterate w(m), we can assume that ¢ fixes each v € Sy and hence
(since « is exceptional) that

me(z,0a) = mp(a) = deg(p) > 2.

For each a € Sy, consider an annulus A, (7,) = Az C U, where ¢ €
B (Vo) and A, . is the annulus with boundary points z, ¢ and main dendrite
(z,c), as in §9.3. After replacing [x,c] by an initial segment of itself if
necessary, we can assume that [z, ¢] C ¢([z, ¢]), so that A, (V) C ¢(Ax(Va)).
By Proposition 9.44, for each n the image ¢ (A,(%,)) is either another
annulus, a disc, or all of PL_, . Since gp&n) (Un) = Uy, if the image under any
iterate is a disc or PL_,, then B, (7,)~ C ¢™(U). Hence we can assume
the image under each iterate is an annulus. By Theorem 9.46, the modulus
of ™ (Ay(T,)) is deg(@)™ - Mod(A,(7,)). Since these annuli are increasing
and their moduli grow to oo, their union omits at most one point z, in
B (Us)~, which is necessarily of type I.
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Put E(K) = {za}acs,- Then & (K) is a finite subset of P}(K) and
P}Serk\go(K) C U gp(n)(U) :
n=0

Now take any z € &(K)\E,(K). Since z is not exceptional for ¢, it has
infinitely many distinct preimages under the (™ (T'), so some preimage
belongs to [J,2, w(”)(U ). It follows that z belongs to that set as well. Thus

P]gerk\E(P(K) C U (’0(") (U) .
n=0

Since U is arbitrary, Theorem 10.56 shows that = € J,,. O

We now show that in repelling fixed points always exist.

THEOREM 10.82 (Rivera-Letelier'?). Let o(T) € K(T) have deg(y) > 2.
Then o(T) has at least one repelling fived point in PL_, .

Proor. This follows immediately from Theorem 10.83 below. ]

Recall that a simple domain U C PL_, is a connected open set whose
boundary QU is a finite nonempty set, and each x; € OU is of type II or III.
Recall also that U is called @-saturated if U is a connected component of
0 1(p(U)), or, equivalently, if p(AU) = dp(U) (cf. Proposition 9.15).

The following result strengthens a fixed point theorem proved by Rivera-
Letelier [84, Proposition 9.3] (see also [82, Lemma 6.2]).

THEOREM 10.83 (Repelling Fixed Point Criterion). Let o(T") € K(T)
have deg(p) > 2. If either U C PL .. is a p-saturated simple domain with
UcCpU), orU=PL_, then U contains a repelling fized point for ¢.

PROOF. Given a point € PL_, . we will say that z is strongly involutive

for o(T) if either
(1) z is fixed by ¢(T') or
(2) * # ¢(z) and the following condition holds: consider the path
[z, o(x)]; let U be its (inward-directed) tangent vector at z, and let
W be its (inward-directed) tangent vector at ¢(z). Then ¢, (V) = 0,
and ¥ is the only tangent vector ¢ € T, for which ¢, (') = .
We will consider two cases, according as each x € U N Hg,, is strongly
involutive or not.

First suppose some xg € U N Hg., is not strongly involutive. By defini-
tion, xg is not fixed by ¢(7'). Set x_1 = ¢(zp), and consider the segment
[x_1,x0]. Let 9y be its tangent vector at xq, and let wp be its tangent vector
at x_1. Recall that the map ¢, : Ty, — T, is surjective (Corollary 9.20).
Since xg is not strongly involutive, there is a tangent vector w; at xg, with
1171 75 270, for which QO*(iﬂl) = U70.

10When K = Cp, this is proved in [82, Theorem B]. The argument carries through
in the general case with some modifications; see [80]. Here we give a different proof.
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By Lemma 9.38, there is a segment [zg, 1] C U with initial tangent vec-
tor Wy such that ¢(T") maps [zg, x1] homeomorphically onto [x_1, x|, with
o(xg) = x_1 and p(z1) = xo. Let ¥ be the tangent vector to [zg, z1] at x1,
noting that ¢, (v1) = ¥. Since p, maps the tangent space T, surjectively
onto Ty, there is a wy € T, for which p.(ws) = w;. Clearly Wy # U7, since
©«(01) = .

We now iterate this process, inductively constructing segments [x1, z2],
[x2, z3], ... contained in U such that ¢(T") maps [z, 2,+1] homeomorphically
onto [zy_1, Ty|, with o(z,) = z,—1 and @(zp+1) = x5, such that the tangent
vector Wy41 to @y, in [Ty, Tp41] is different from the tangent vector @, to x,
in [#p—1,x,). This means that

P = U [Tn—1, Tn]
n=0
is an arc.

If P has finite length, then since Hpg,,, is complete under p(x,y) (Propo-
sition 2.29), the points {z,} converge to a point x € Hg,, which is an
endpoint of P. Furthermore,

pla) = lim p(z,) = lim 21 =z,
so z is a fixed point of ¢(T). Clearly x € U. We claim that z € U.
If U = PL_,, this is trivial. If U # PL_,, then since U is p-saturated and
U C p(U), the boundary points of U are not fixed by (7). Thus z € U. Let
U be the tangent vector to P at z. Since p(x,z,) < p(x,xn—1) = p(z, o(zn)),
necessarily di(p(¢(2),x))(x) > 1, so my(x) > 1 (Theorem 9.19), and z is a
repelling fixed point.

On the other hand, if P has infinite length, then we claim that the z,,
converge to a point z € P'(K) and that P is a geodesic ray emanating
from x. Indeed, we can choose coordinates so that (.. lies on P and all
but a finite initial segment of P belongs to D(0,1). In this situation, if
xn € D(0,1) and p(Causs, Tn) = tn, then under Berkovich’s classification
theorem (Theorem 1.2), x,, corresponds to a disc D(ay,r,) with 7, = g, .
These discs are nested and their radii go to 0. Since K is complete, their
intersection is a point x € K, which is the limit of the z, in the strong
topology. By the same argument as before, z € U and z is a fixed point of
o(T). If U = PL_,, trivially # € U. Otherwise, U is a simple domain, so
none of its boundary points belongs to P!(K), and again € U. Under the
action of ¢(7T'), the points x, recede from x along P. If A is the multiplier
of o(T) at x, this means that |A\| > 1, so x is a repelling fixed point.

Next assume that each x € U N Hg,, is strongly involutive.

If o(T') fixes each € U N Hp,, then by continuity it fixes each z € U,
and in particular ¢(z) = z for all z € P}(K) N U. This means that ¢(T)
has infinitely many fixed points in P1(K), so ¢(T) = T, which contradicts
deg(p) > 2. Hence not every x € U N Hg,,, is a fixed point of ¢(T).
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However, we claim that ¢(7) has at least one fixed point ¢ € U N Hg,,y,
which could be an indifferent fixed point. Take an arbitrary a € U NHg.y. If
¢v(a) = a, put ¢ = a. If p(a) # a, then by Lemma 10.84 below, the segment
[a, ¢(a)] contains a fixed point ¢ which belongs to U.

If my(c) > 1, then c is a repelling fixed point and we are done. If
my(c) = 1, we consider two subcases, according as U is a yp-saturated simple
domain with U C ¢(U) or U =PL_,.

First, let U be a ¢-saturated simple domain with U C (U). Write
oU = {x1,...,xm}, where each z; is of type II or III. Consider the segments
[c,z;], for i = 1,...,m. Since U C p(U) and ¢(0U) = 9¢(U), we have
¢(x;) ¢ U for each i. Since U is finite, there is an i so that p(c, z;) < p(c, x;)
for all 1 < j < m. For this choice of ¢ we must have p(c,z;) < p(c, p(z;))-
Since ¢(c) = ¢, Theorem 9.35(B) gives

pleas) < plep(a) < /[ malw)da

Hence there is a point b € (¢, ;) with my(b) > 1. If ¢(b) = b, then b is
a repelling fixed point. If ¢(b) # b, then by Lemma 10.84 there is a fixed
point d € [b, ¢(b)] which belongs to U and satisfies m,(d) > my,(b). Thus d
is a repelling fixed point.

Finally, suppose U = PL_,. We consider two more subcases.

First suppose there is a point a € Hpg., with my(a) > 1. If a is fixed
by ¢(T'), then a is a repelling fixed point, and we are done. Otherwise, by
Lemma 10.84, there is a fixed point d € [a, ¢(a)] with my(d) > my(a), so d
is a repelling fixed point.

Next suppose that my(a) = 1 for each a € Hp.,. We will see that this
leads to a contradiction. As shown above, ¢(T") has at least one fixed point
¢ € Hgpen.. Since my(c) = 1 and ¢ has deg(yp) > 2 preimages under ¢(7T),
counting multiplicities (Theorem 9.8(C)), there is a point a € Hpg,, with
a # ¢ and ¢(a) = c. By Lemma 10.84, there is a fixed point d € [a, ],
and ¢(T) maps [a, d] homeomorphically onto [c, d]. In particular, if 7; is the
tangent vector to d in the direction of a and v5 is the tangent vector at d in
the direction of ¢, then ¢, (v1) = ¥s.

We claim that ¢(7') fixes the entire segment [c,d]. Take any t € [c,d].
Since my(x) = 1 for each x € [c, t], Theorem 9.35(B) gives

ple,o(t)) < - my(z)dr < p(et) .
Similarly, p(d,¢(t)) < p(d,t). Since t € [c,d], the only point z € PL_,
satisfying p(c, z) < p(c,t) and p(d, z) < p(d,t) is t itself. Thus ¢(t) = t.
Since ¢(T) fixes [c, d], it follows that . (U2) = U2. By Theorem 9.22(C),
mg(d) = D my(d,®) > my(d, 1) +my(d,Ty) > 2.
p(W) =12

Thus d is a repelling fixed point for . ]



10.7. FIXED POINT THEOREMS AND THEIR APPLICATIONS 347

The lemma below is needed to complete the proof of Theorem 10.83.

LEMMA 10.84. Let p(T) € K(T) be nonconstant, and let U C PL_, be
a @-saturated domain with U C o(U). Suppose that each v € U N Hp,,, is
strongly involutive. Let a € U N Hp..., and put b = ¢(a).

If a # b, then there is a point ¢ € (a,b) which is fized by ¢(T), and
o(T') maps [a,c] homeomorphically onto [b,c]. Furthermore, ¢ € U and
my(c) = me(a).

ProOOF. The proof is by transfinite induction. For readers unfamiliar
with transfinite induction, we recommend [63, §IV.7]. Recall that each
ordinal represents an isomorphism class of well-ordered sets. Transfinite in-
duction generalizes induction on N to arbitrary well-ordered sets, by adding
an additional case to deal with the fact that each ordinal which is not 0 or
a successor ordinal must be a limit ordinal. The idea is to start at a and
“push” towards b, with each push consisting of either a single step or passage
to a limit of steps, until a fixed point is reached. Transfinite induction is
needed since we have no control of the step size, so the fixed point might not
be reached in a sequence of steps indexed by the natural numbers. We are
assured that the process must eventually stop by cardinality considerations.

Put a9 = a, by = b. Suppose that for some ordinal w, we have con-
structed points a, b, € [a,b] with a, € U, b, = ¢(ay,), and my(aw) >
my(a), such that [a,a,) N (by,b] = 0 and ¢(T') maps [a, a,,] homeomorphi-
cally onto [b,b,]. If a, = b, then taking ¢ = a,,, we are done.

If not, let 4, (resp. w,) be the tangent vector to [aw,b,] at a, (resp.
by). Since ay, is strongly involutive, i, is the only tangent vector at a,, for
which ¢.(7,) = W, and Theorem 9.22 shows that my(aw, ) = My (ay).
Put my, = my(ay).

By Lemma 9.33, there is an initial segment [ay,, ay+1] C [aw, by] such that
©(T') maps [ay, ay+1] homeomorphically onto a segment [by, by+1] C [bw, au],
with my(x) = my, for all © € [ay,, aw41]. After moving a,,11 nearer to a, if
necessary, we can assume that a,1 € U and [ay, ay41) N (byt1, bw] = 0.

Let @, | be the tangent vector to [aw, awi1] at ayy1. Since my(x) = my,
for each = € (aw,au 1), Theorem 9.22 shows that my(awr1,7,,,) = M
and in turn that my(aws1) > me. Thus my(aws1) > me(ay) > me(a).
By induction, ¢(T') maps [a,ay+1] homeomorphically onto [b,b,+1] and
[CL, anrl) N (bw+17 b] = @

If A\ is a limit ordinal and for each w < X\ we have constructed a,,, b, with
the properties above, then {a, },<» is a Cauchy net in Hg,,,. By Proposition
2.29, it has a unique limit point ay € Hg... Put by = p(ay).

Clearly ay € U and ay,by € [a,b]. Since U is p-saturated and [a,b] C
©(U), the same argument as in the proof of Lemma 9.38 shows that ay €
U. By induction, ¢(7') maps [a,ay] homeomorphically onto [b,by]. Since
[a,aw] N [by,b] = 0 for each w < A, it follows that [a,ay) N (by,b] = 0.
Since ay is the limit of the points a,,, Theorem 9.22 shows that my(ay) >
lim sup,, ) mew > my(a).
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Finally, since there are ordinals of arbitrarily high cardinality and the
map w — a, is injective on ordinals with a, # b, it must be that a, = b,
for some w. O

Rivera-Letelier [83] has also proved a fixed point theorem for closed,
connected sets which are mapped into themselves by (7).

THEOREM 10.85 (Stable Set Fixed Point Property). Let o(T) € K(T)
have degree d > 1. Let X C PL . be a nonempty connected, closed set (for
either the weak topology or the strong topology) which satisfies (X) C X.
Then X contains a point fixed by .

Furthermore, if X is not reduced to a point, then X contains either

(A) an attracting fixed point of ¢ of type 1 or
(B) a repelling or indifferent fized point of ¢ of type 11.

We remark that a set X C PL_, is connected and closed in the weak
topology if and only if it is connected and closed in the strong topology. To
see this, first note that by Lemma B.18, X is connected in the weak topology
if and only if it is connected in the strong topology. If X is closed in the
weak topology, then trivially it is closed in the strong topology. Hence it
suffices to observe that if X is connected and closed in the strong topology,
then its complement is a union of open discs (for the weak topology), so X
is closed in the weak topology.

PRroOOF. If X consists of a single point, that point is a fixed point of ¢,
but nothing can be said about its nature. Henceforth we will assume that
X contains at least two (hence infinitely many) points.

We first show that there is at least one fixed point in X. As in Lemma
10.84, the idea is to start at an arbitrary point and use transfinite induction
to “push” towards a fixed point, with each “push” being either a single step
or passage to a limit of steps, until a fixed point is finally reached.

We then use this fixed point to deduce the existence of a fixed point with
the properties described.

Since X is connected and contains at least two points, it has points in
Hpen. Fix a point zg € X NHpa.. If @(x0) = 0, we are done. Otherwise,
since ¢(xo) € X and X is connected, the path [zg, ¢(x0)] is contained in
X. We claim that there is a point z1 € (x,¢(x0)) such that for each
z € [xo, 1) the path [z, p(z)] contains x; in its interior. By Lemma 9.31, for
all a,c € Hg.,. the path distance satisfies p(p(a), ¢(c)) < d- p(a,c). Hence
if z1 is the point in (zg, p(z0)) for which p(xo,z1) = p(xo, ¢(x0))/(d + 1),
then for each z € [zg,x1)

p(p(2), o(x0)) < d-p(z,20) < p(x1,0(20)) -
Since Hpg,,, is uniquely path-connected, the path from z to ¢(z) must pass
through x;.
Inductively, suppose w > 1 is an ordinal and that we have constructed
points {2, }k<w C X N Hg,, such that for each k < w,
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(1) [zo,xx) is a proper initial segment of [zq, Zx+1],
(2) p(xk) # x4, and [z, Tx41] is a proper initial segment of [z, ()],
such that for each z € [z, xx4+1] we have .41 € [z, p(2)],

(3) if w is a limit ordinal, then z,, = lim,_,  xx.

r<w
If p(zw) = 2w, we are done. Otherwise, by the same argument as above,
there is a point z,4+1 € (Tw, p(zy)) such that [z, z,11] C X and for each
z € [xy, Ty+1) the path from z to ¢(z) passes through z,,+;. We claim that
the path [zg, z,+1] extends [z, x,].

If w is a successor ordinal, say w = k+ 1, then by hypothesis for each z €
[y, x,,) the path from z to ¢(z) contains x,, in its interior. This means that
o([r, 7o) is contained in a single connected component V of PL_, \{x,}.
By continuity, ¢(z,) belongs to the closure of this component, which is
V U{x,}. Since p(x,) # T, it must be that ¢(z,) € V. On the other
hand, for each z € [z, x| the path from z to ¢(z) contains z,, so z ¢ V.
It follows that [z, zy] N [Tw, (Tw)] = {Tw}, 80 [X0, Twt1] extends [zg, 2]

On the other hand, if w is a limit ordinal and if [z, zy+1] does not
extend [xg, xy], then [z, p(x,)] and [z, 2] have a common initial segment
[, b], where b € (x4, p(xy)). There is an 7y such that if o < n < w, the
point z, belongs to [z, b]. By continuity, as n — w, then ¢(z,) = ¢(zw),
so there is an 7y > 1o such that if 7, < 7 < w, the path from z, to ¢(z;)
contains b. By construction, that path also contains z;1, which lies in
[Ty, 2] C [b,x,]. This is a contradiction. Hence [zg, £41] extends [z, z.,).

Finally, suppose A is a limit ordinal and that we have constructed points
{xx}r<n satisfying properties (1) and (2) above. Then Py := J,._y[%0, %]
is isomorphic to a half-open segment.

If Py, has finite path length, then by the completeness of Hg.,, under
p(x,y) (Proposition 2.29), the points {z},<) converge to a point x) €
Hpk. Since X is closed and x) is also the limit of the x, in the weak
topology, x) € X. Clearly {x,}.<x satisfies conditions (1), (2), and (3), so
the induction can continue.

If Py has infinite path length, we claim that {z }«<) converges to a point
7, € X NPY(K) which is fixed by . For each k < A, let @, € T, be the
tangent vector to Py at x, in the direction of x4, and put B, = B, (U,) .
Then the B, form a nested collection of balls whose radii r, = diamg, (B;,)
approach 0. By the completeness of PL_, in either the weak topology or the
strong topology (Proposition 2.29), their intersection is a point

ry = limz, € PYK).
K—A
Since X is closed in the weak topology, ) € X. Moreover, for each k we
have p(z,) € B,;, so by continuity ¢(x)) = z).

The induction will eventually terminate, since there are ordinals of cardi-
nality greater than the cardinality of R. When it terminates, it has produced
a fixed point in either X NPY(K) or X N Hpey.
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We will now show that the existence of the fixed point constructed above
implies the existence of a fixed point with the specified properties.

First suppose the fixed point z,, belongs to X NP!(K). The path [z, 2.]
contains points x, with x < w which are arbitrarily near z,, in the metric
d(z,y). By the description of the action of ¢ near a fixed point in P*(K)
given at the beginning of this section, if x,, were repelling, there would be
points x, arbitrarily near x,, which are moved away from x,, along the path
[0, Zw]. If z, were indifferent, there would be points x,, arbitrarily near z,
which are fixed by . Neither of these is the case, so x,, must be attracting.

Next suppose the fixed point x,, belongs to X N Hg.. If z,, is of type
II, it may be either repelling or indifferent, but it cannot be attracting since
there are no attracting fixed points in Hg... If , is of type III or IV, then
by Lemma 10.80 it is an indifferent fixed point. Let v € T} be the tangent
vector to the path [xg, x| at z,,. Since my(zy,v) = 1, there is a segment
[, a] with initial tangent vector ¢ which is fixed by ¢. As the segments
[w, o] and [zy,a] have the same initial tangent vector, they must share
a nontrivial initial segment [z, b]. This segment contains infinitely many
points of type II which are fixed by ¢. O

We can now prove the following counterpart to Theorem 10.83:

THEOREM 10.86 (Attracting Fixed Point Criterion). Let ¢(T') € K(T)
have deg(¢) > 1. Let U C PL_, be a simple domain for which o(U) C U.
Then U contains an attracting fixed point of @, necessarily of type 1.

PROOF. Since p(U) = p(U), the set X = U satisfies the conditions of
Theorem 10.85. Thus U contains a type I or type II point z fixed by ¢.

Since ¢ maps OU into U, the points of QU are not fixed, so & belongs to
U. We claim that = must be of type I, in which case Theorem 10.85 shows
that it is an attracting fixed point.

Suppose to the contrary that x were of type II. Let x1, ...,z be the
finitely many boundary points of U; each is of type II or III. Put r =
minj<j<m p(x, ;). Then the ball

g(az,r)* = {z € Hgew : p(z,2) <1}

~

is contained in U. By the Incompressibility Lemma (Corollary 9.39), B(x,r)~
is also contained in ¢(U). Hence the boundary point of U nearest to x, say
xj, is a point of p(U). This contradicts the assumption that ¢(U) C U. O

As an application of Theorem 10.82, we show that each connected com-
ponent U of the Berkovich Fatou set has the property that (J;~ cp(”)(U )
omits at least three points of P'(K). By Theorem 10.56, U is a maximal
connected open set with respect to this property, so U N P!(K) is a Fatou
component of F, NP!(K), in the sense of Rivera-Letelier [83].
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COROLLARY 10.87. Let p(T) € K(T') have degree deg(p) > 2. Then
for each connected component U of F, = PL_ \J,, the union |J;>, ™ (U)
omits at least three points of P*(K).

PRrROOF. First note that if U is a component of F,, then ¢(U) is also a
component. Indeed, since ¢(U) is connected and Fy, is completely invariant
under ¢(7") (Lemma 10.52), ¢(U) is contained in a component V' of F,,. Let
U’ be the component of ¢~1(V) containing U. Since ¢~ *(V) C F, and U is
a component of F,, it must be that U’ = U. Hence ¢(U) = ¢((U’) = V.

Thus ¢(7T") acts on the set of components of F,.

If there is a component W of F, which is preperiodic but not periodic
for this action, then every component U has the property in the corol-
lary. Indeed, W has infinitely many distinct preimages W,, under the it-
erates ©(™(T), and the set of forward images {©(™ (U)} can contain only
finitely many of the W,. Hence there is some Wy which is disjoint from
U2y 0™ (U), and Wy NPY(K) is infinite.

Similarly, if there is a wandering component (that is, a component that
is not preperiodic) or if there are at least two periodic components W, W’
with disjoint orbits under ¢(7'), then every component U has the property
in the corollary.

Thus we need only consider the case where the components form a single,
necessarily finite, periodic orbit. By Theorems 10.81 and 10.82, J, contains
a repelling fixed point z. According to Lemma 10.80, z is either of type
I or type II. If & were of type II, then since PL_,\{z} has infinitely many
components and J, has empty interior (Corollary 10.69), F,, would have
infinitely many components, a contradiction. Hence z € P!(K). Since
E,(K) C F, (Corollary 10.55), = is not exceptional. Thus z has infinitely
many distinct preimages under the (™ (T), all of which belong to J,. For
any component U of F,, the forward images @™ (U) omit these points. [

Finally, we show that periodic repelling points are dense in the Berkovich
Julia set. (This fact is originally due to Rivera-Letelier [80].) The proof is
a generalization of a classical argument of Fatou.

THEOREM 10.88 (Rivera-Letelier). Let ¢(T') € K(T) have deg(y) > 2.
Then J, is the closure of the set of repelling periodic points of ¢ in Pk, .

PrOOF. By Theorem 10.81, all the repelling periodic points of ¢ belong
to Jy,, so it suffices to show that those points are dense in J,.

By Theorem 10.82, there exists a repelling fixed point zg € PL_, of ¢,
and by Theorem 10.81, it is in J,. If J, = {20}, the theorem is clearly true.

Otherwise, let V' C PL_, be an open set, disjoint from 2, which meets
J,. We will construct a repelling periodic point whose orbit meets V', by
first constructing a homoclinic orbit: a sequence of points zi, zo,... with
©(zx) = zi—1 for each k > 1, such that limy_, 2 = 2o and some z; belongs
to V. Thus the sequence {z;} abuts at zp under the action of ¢(7'), but its
“tail” loops back to zp and forms a sequence of points repelled by z.



352 10. APPLICATIONS TO THE DYNAMICS OF RATIONAL MAPS

By Theorem 10.59, the iterates p*)(V') cover J,, so there is an ¢ > 1
for which zg € (V). Let z, € V be such that ¢ (z) = z, and put
2 = (p(k)(Zg) for k=1,...,£ — 1. We now consider two cases, according
to whether zy € P1(K) or zp € Hpe..

First suppose zo € P*(K). After a change of coordinates, we can assume
that zp # oco. Let A be the multiplier for zg, so |A| > 1. By the discussion ear-
lier in this section, there is an R > 0 such that ¢(D(zp,7)”) = D(z0, |A|7)~
for each 0 < 7 < R. Put Y = D(zp, R)”. After taking a smaller R if nec-
essary, we can assume that z, ¢ Y. By Theorem 10.59, the iterates o*) (V)
cover J,, so there is an m > 1 for which 2z, € go(m)(Y). Let zp1m € Y be
such that go(m)(zg+m) = 2p. Set zpym—k = go(k)(24+m) fork=1,...,m— 1.

Since ¢(D(z0, R/IA*)7) = D(z0, R/|N*~1)~ for each & > 1, we can
inductively find points zyy,ix € D(20, R/|AF) such that ¢(zpimir) =
Zormak—1 for each k. Clearly limy_, .0 2k = 20.

By the Open Mapping Theorem (Corollary 9.10), (™ (Y) is an open
neighborhood of zy. Since gow)—saturated simple domains are cofinal in the
neighborhoods of z; (see the discussion after Proposition 9.15), we can find
a cp(e)—saturated simple domain W, which contains z, and whose closure
is contained in V N ™) (Y). Let Wy, be the connected component of
(™)=Y (W,) which contains zpy,,. Clearly Wy, C Y = D(xg,R)".
Inductively, for each & > 1 let Wyy,+r be the connected component of
O Y (Wiymar—1) which contains zpymix; then Woix C D(z0, R/INF)™.
Likewise, put Wy = @(Z)(Wg); then Wy is a neighborhood of zy, and since
Wy is ¢©-saturated, Wy is a connected component of (¢®)~1(Wp).

For some sufficiently large n, we will have D(zg, R/|A|") C Wy. Put
qg=4L0+m+mn, and put U = Wyyy,. By Lemma 9.12, U is a simple
domain. Furthermore, Wy = ¢(@(U) and U is p(9-saturated.

Since

U C D(z0,R/IN")~ € Wy = ¢9(U),

Theorem 10.83 shows that there is a repelling fixed point for (@ (T') which
belongs to U. It is a repelling periodic point for ¢(7") whose orbit passes
through W), hence through V.

Next suppose zg € Hg,k. Let Y be an arbitrary neighborhood of zj
which does not contain z,. As before, the iterates p*)(Y) cover Jp, 80
there is an m > 1 for which 2z, € ™ (Y). Let 2y, € Y be such that
Qo(m)(zf-i-m) = 2

Since the p®-saturated simple domains are cofinal in all neighborhoods
of zy, we can find a (p(g)—saturated simple domain W, containing z,;, such
that W, C (V N e™(Y)). Set Wy = ¢ (W,); it is an open neighborhood
of 29, and Wy is a component of (o)) =1 (Wy). Let Wy, be the component
of (™))=L (W}) containing 2y p,.

Put Z = WoNY. Let ¢(T) € k(T) be the reduction of ¢(T') at z
in suitable coordinates, and parametrize the tangent directions in 77, by
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Pl(k) in the usual way. Let S C P!(k) be the finite set of points such
that B, (V)" C Z if « ¢ S. Let Sy C S be the (possibly empty) set of
a € S which are exceptional for ¢(T). Let 3 € P!(k) be the point for which
Z0+m € Bzo(ﬁﬁ)_

We now consider two subcases, according to whether 5 € Sy or not.

First suppose 3 ¢ Sp. Then there are an o ¢ S and an n > 1 with
¢ (a) = B. By hypothesis, B.,(7,)~ C Z. Since ¢ (B.,(¥,)") con-
tains B.,(vg)~ (Proposition 9.40), there is a point zgimin € B,y (Ua)” with
© ™ (2p4man) = Ze4m, which means that @) (2, 0) = 2o Let Wiiman
be the component of (™) ~1(W,) which contains z¢yp,. Since Wy C V
and ™) (20) = 2 but 29 ¢ V, clearly 2o ¢ Wyimin. However, B, (T,)~
is a component of PL_, \{20}; this implies that Wy 10 C Bay (). Put
qg=4{¢+m+n, and put U = Wy ,4n. As before, U is a simple domain,
Wy = w(q)(U), and U is ¢(@-saturated. Since

U C (By(Wa)"U{20}) € Z € Wy = ‘P(q)(U)a

we can conclude the proof by using Theorem 10.83.

Next suppose 8 € Sp. Since 3 is exceptional for (7)), there is an s > 1
such that ¢*)(3) = B. Since f is the only point a € P'(k) for which
@) (a) = B, it follows that ¥/ is the only tangent vector # € Ty, for which

gogf) (v) = Ug. Thus
M = mye (20,03) = deg(p)® > 1.

By Corollary 9.21 and Theorem 9.22, there is a segment [z, ?] such that
©)([20,1]) is the segment [zg, o(*)(t)], and both segments have the initial
tangent vector #z. Furthermore p(z0,'®(z)) = M - p(z,2) for each z €
[20,t], and if A = A, ; is the annulus associated to (zo,t), then ¢(*)(A)
is the annulus associated to (zg, ©(*)(t)). Since any two segments with the
same initial tangent vector share a common initial segment, after shrinking
20, t] if necessary, we can assume that [zo, ] C [20, () (¢)].

Clearly A C B.,(Ug)~. After further shrinking [z,t], we can arrange
that A C Wpy. Put r = Mod(A), and consider the iterates ¢(¥)(A) for k =
1,2,.... By induction, p**)(A) C p((**+D)(A) for each k. By Proposition
9.44, each p*)(A) is either an annulus, an open disc, or all of PL_, . If it
is an annulus, it is contained in B, (73)~ and has modulus M*r. If it is a
disc, it is equal to B, (). If it is PL_,,, it clearly contains B, (v3) .

Since W, is connected and contained in V and since ¢(zy) = 2o but
2 ¢ V, it follows that zy ¢ (o(™)~1(W,) and in turn that zo ¢ Wy
Since zp4m € Bay(U5)~, we must have Wy, C B, (T5)~.

If some p(")(A) is B, (3)~ or PL_, then trivially Wy, C ¢ (A).
On the other hand, if each ¢(™) (A) is an annulus, then since the moduli of
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those annuli grow to co, we must have
U ¢*(A) = Buy (i) \fas}
k=1

for some x5 € P1(K). Here, 25 depends only on ¢(T), zg, and 3, but not on
W,. Hence we can assume that W, was chosen so that ¢(™ (25) ¢ W, which
means that x5 ¢ Wyy,,. By compactness, again there is some (™) (A)
which contains W,.

Choose a point zypmins € A for which ©") (2 imins) = Zem, and
let Wigmans be the component of (¢™))~1(Wyy,,) = (UHm+7))=1 (W)
which contains zg4,,+ns. By the discussion above,

W€+m+ns c AC WO .

Thus if we take ¢ = £+ m + ns and put U = Wyins, then U is a go(q)—
saturated simple domain with U C ¢(@(U), and we can conclude the proof
by using Theorem 10.83 as before. O

REMARK 10.89. It is an open problem to prove the “classical” version of
Theorem 10.88 for P!(K), that is, to prove that the repelling periodic points
of ¢ in P}(K) are dense in the classical Julia set J,(K) of . By a theorem
of J.-P. Bézivin [22, Theorem 3], if there exists at least one repelling periodic
point in J,(K), then the repelling periodic points of ¢ in P}(K) are dense
in J,(K). Hence the problem is equivalent to the a priori weaker assertion
that if J,(K') is nonempty, then there exists at least one repelling periodic
point for ¢ in P}(K).

10.8. Dynamics of polynomial maps

In this section, we characterize the Berkovich Julia set and the canonical
measure in potential-theoretic terms in the case where p(7') € K[T] is a
polynomial. Here the characteristic of K can be arbitrary.

Let ¢(T') € K[T] be a polynomial of degree d > 2.
DEFINITION 10.90. The Berkovich filled Julia set K, of ¢ is

K, = | J{re b, : ™ (D). < M for all n > 0} .
M>0

In other words, K, is the set of all z € PL, for which the sequence
{["™(T)]2 }n>0 stays bounded as n goes to infinity. It is clear that K, is
a compact subset of PL_, not containing co. It is nonempty, because every
preperiodic point of ¢ in A'(K) is contained in K. It is not hard to see
that K, is just the closure in PL_, of the classical filled Julia set

U {zeK : |¢™(z)] <M for all n > 0} .
M>0
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It is also easy to see that the complement of K, coincides with the attracting
basin for the attracting fixed point oo of ¢.

Both K, and 0K, are completely invariant under ¢. Since the classical
exceptional locus E,(K) consists of attracting periodic points, which are
contained in either the complement of K, (in the case of co) or the interior
of K, we know by Corollary 10.57 that

(10.70) J, € 0K, .
We will see below that in fact the Berkovich Julia set of ¢ equals 9K,,.

Recall that the Call-Silverman local height function ilcp’oo = ﬁ%v,(oo)
relative to the point co and the dehomogenization f1(T) = 1, fo(T) = ¢(T)
is defined for x € A'(K) by the formula

iL%oo(l‘) = lim ;—nmax(o,logv([gp(”)]x)).

n—o0

It is a continuous subharmonic function on AL_, which belongs to BDV (PL_,)
and satisfies

Aiz%oo = Ooo — [ -
Moreover, the definition of Ay shows that hy o (z) = 0 for all z € K.
By (10.8) and continuity, we have the transformation law

(10.71) hpoo(p(x)) = d-hgoo(x)
for all z € AL_, . From this and the fact that IALP,OO (x)—log T[T, is a bounded
function on P}, one deduces easily that hy oo(z) > 0 for all z € PL |\ K.
Thus K, = {z € P, : hyoo(z) = 0}.

Next consider the Green’s function g,(x,00) = g, (x,00). By formula
(10.21), for x # oo we have

(10.72) go(2,00) = hyoo(z) +C

where C' = 71%07(0)(00) + log,(R). For each x € PL_,, Theorem 10.18 and
the fact that ¢*((0c0)) = d - (c0) give

(10.73) 9po(p(z),00) = gp(z,9"(0)) = d- gp(z,00) .
If x € K, the iterates w(”)(m) all belong to the compact set K, so the

values g,(¢(™(x),00) are uniformly bounded, and iterating (10.73) shows
that g, (z,00) = 0. Hence C' = 0 and g,(2,00) = hy o0(2) for all z.

By formula (10.21) and what has just been shown,

- logv(fs(% y)oo) + il«p,oo(x)
0,00 () if y=o0,

0.00(Y) ifz=o00.

(10.74)  gy(z,y) =

oD S
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From (10.74) and the fact that iAL%OO = 0 on Ky, it follows that for any
probability measure v supported on K, we have

/Dgéﬂkxpl o (@,y) dv(z) dv(y)

Berk

) =g+ ] 108, (0(.y)sc) dulz) d(y)
Pherc X Pheri

Note that p, is supported on J,, which is contained in K, by (10.70).
By Theorem 10.8, the left-hand side of (10.75) is always nonnegative and
is zero if and only if v = p,. On the other hand, by the definition of
the logarithmic capacity and the equilibrium measure, the right-hand side is
minimized by the equilibrium measure pix,, o of K, relative to co. It follows
that p, = pk, 0o and the capacity 7.(Ky) is equal to R. Since u, has
continuous potentials, the Green’s function G(z, 0o; K,) is continuous. Thus
G(z,00; K,) is equal to the Call-Silverman local height ﬁ%oo(:z:), since both
functions are zero on K, have Laplacian equal to do — fi,, are continuous

on PL_ \{oc}, and have bounded difference from log, ([T],) as x — oo.
1

Recall that R = | Res(F1, Fp)| @D, If
P(T) = agT+ag T+ +aiT +ap
then an easy calculation shows that | Res(F, F»)| = |aq|?, 50 yeo(Ky) = R =

lag) 7T

We can now show that J, = 0K,. For this, it suffices to note that
by Corollary 7.39, the connected component of PL_,\K, containing oo is

U = PL\K, = {x € PL_, : hyoo(z) > 0}. This is also the attracting
basin of co. By Corollary 7.39(C),

Jo = supp(py) = OUsx = 0K, .
By Proposition 7.37(A)(6), it follows that Yoo (Jp) = Yoo (K)-
Combining these facts, we have proved the following result:

THEOREM 10.91. Let p € KI[T] be a polynomial with degree d > 2 and
leading coefficient ag. Then:

(A) Forallx € PL_,,

~

gM<p($7OO) = G(‘T,OO;K@) = hgo,v,(oo)(x)

= lim dinmax(o,logv([go(”)]m)) )

n—oo

(B) The canonical measure j, coincides with pik, ~, the equilibrium
measure of K, with respect to oo.

(C) J, =0K,.

(D) Yoo(Jp) = Yoo (Kyp) = |ad|_1/(d_1)-

(E) The connected component of F,, containing oo is equal to PL_ \ K,
the basin of attraction of oo for o(T).
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10.9. Rational dynamics over C,

The field C, is (up to isomorphism) the smallest complete and alge-
braically closed non-Archimedean field of characteristic 0 and positive residue
characteristic p. It can be constructed as the completion of an algebraic clo-
sure of the field Q, of p-adic numbers and is often viewed as the p-adic
analogue of the complex numbers. It is thus of great importance in arith-
metic geometry. Thanks to the work of Rivera-Letelier, Benedetto, and
others, the dynamics of rational functions ¢(T') € C,(T') are much better
understood than those of rational functions over an arbitrary complete and
algebraically closed non-Archimedean field K.

In this section, we summarize the main results of Rivera-Letelier from
[81, 82, 83, 84] concerning rational dynamics on P]gerk’(cp, formulating his
results in the terminology of this book. There are many interesting results in
those papers we will not touch upon, and we omit the proofs, so we encourage
the reader to consult the original papers. For the reader’s convenience, we
repeat some of the results and definitions from earlier sections.

Let p be a prime number. The field C, is special in several ways:

e It has characteristic 0 and residue characteristic p > 0.

e It has a countable dense subfield isomorphic to Q (a fixed algebraic
closure of Q).

e Its value group |C| is a rank 1 divisible group isomorphic to Q.

e Its residue field is isomorphic to Fp, an algebraic closure of the

prime field F,,.

These properties have several consequences. In particular, they imply
that IP’}Berk,(Cp has points of all four types, I, II, III, and IV, that Péerk@p
has countably many points of type II, with countable branching at each
such point, and that Pllacrk@p (equipped with the Berkovich topology) is
metrizable. However, most important for rational dynamics are the strong
finiteness properties which follow from the fact that Fp is a union of finite
fields. For example, if ¢ is a type II fixed point of ¢(T) € C,(T) and
@(T) € Fy(T) is reduction of ¢(T) in a corresponding local coordinate, then
the forward orbits of ¢(T) in P!(F,) are automatically finite. Moreover, if
@(T) has degree 1, then for some n > 1, (™ (T) is the identity map on
PI(F,).

These finiteness properties are the ultimate source of Rivera-Letelier’s
description of the Berkovich Fatou set in Péerk@p as a disjoint union of
attracting basins, the “quasi-periodicity domain” and its preimages, and
wandering domains. Such a decomposition does not hold over an arbitrary
complete and algebraically closed non-Archimedean field K.

Rivera-Letelier starts with a rational function ¢(T') € C,(T') and studies
the action of ¢ on P}(C,) and on the “p-adic hyperbolic space” H,, which
turns out to be naturally isomorphic to Hg.,. = PL_, \P'(C,) (see [82, §9.3]),
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though at first glance Rivera-Letelier’s definition of Hl, looks rather differ-
ent from the definition of P, \IP!(C,). Rivera-Letelier equips H,, with the
“strong topology” induced by the path distance p(z,y) as defined in §2.7.
This topology is strictly finer than the Berkovich subspace topology coming
from the inclusion H, C PL_,.

In [81, 82, 83, 84|, Rivera-Letelier takes the point of view that P1(C,) is
the fundamental object of study and that H, is auxiliary. He thus states his
main results in terms of P1(C,). In his later works with Favre [46, 47, 48],
he adopts a point of view closer to ours, that PL_, is the appropriate domain
for studying non-Archimedean dynamics.

The fundamental idea and principal novelty of Rivera-Letelier’s work is
that one can deduce useful facts about how ¢(T') acts on P(C,) by studying
its action on H,. In particular, fixed point theorems for the action of ¢(T')
on H, play a prominent role in Rivera-Letelier’s work.

To each x € H,, Rivera-Letelier associates a family of bouts (literally:
ends). In the context of our definition of Hg,,, a bout P can be thought of
as a tangent vector emanating from z, and the collection of bouts at x can
therefore be identified with the “tangent space” T, at x. To each bout P at
z, one can associate a ball Bp C P}(C,) in a natural way: Bp is the set of
y € P1(C,) such that the path (z,y) lies in the equivalence class P. Thus,
if P corresponds to U € Ty, then Bp = B,(¥)~ in our notation above.

However, in Rivera-Letelier’s construction of H,, bouts are defined be-
fore points. Rivera-Letelier’s definition of a bout [82, §2] is as follows. Let

BO C Bp C By C---

be an increasing sequence of closed balls in P!(C,) whose union B is either
an open ball or all of P1(C,). The collection of open annuli (or balls, if
B =PYC,)) {B\Bi}i>o is called a vanishing chain. Two vanishing chains
are considered equivalent if each is cofinal in the other, under the relation
of containment. A bout P is an equivalence class of vanishing chains. The
ball Bp associated to a bout P is the (generalized) ball B = |J B; attached
to any of the vanishing chains in P; it is independent of the vanishing chain.

For Rivera-Letelier, a point « € H, is a collection of bouts {P,} whose
associated balls Bp, are pairwise disjoint and have P*(C,) as their union.
He calls a point = (and the bouts in it) rational, irrational, or singular,
according as = consists of infinitely many bouts, two bouts, or one bout,
respectively. Under Berkovich’s classification, these correspond to points of
type II, III, and IV, respectively. If x is of type II, then for each bout P
associated to x, Bp is an open ball with radius in |C}[; if z is of type III,

then Bp is an irrational ball; and if z is of type IV, then Bp = P(C,).

Fundamental lemmas. Rivera-Letelier bases his theory on two funda-
mental results concerning the action of a rational function on P!(C,). The
first ([82], Proposition 4.1) enables him to define the action of ¢ on H,, by
first defining its action on bouts (compare with Lemma 9.45):
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LEMMA 10.92. Let ¢(T') € C,(T') have degree d = deg(yp) > 1. Let P
be a bout of P1(Cp). Then there exists another bout P’ of the same type
(rational, irrational, or singular) and an integer 1 < m < d such that for
each vanishing chain {C;}i>o defining P, there is an N > 1 such that

(1) {p(Ci)}isn is a vanishing chain defining P’,

(2) for each i > N, the map ¢ : C; — @©(C;) is of degree m.

Rivera-Letelier calls m = m(P) the multiplicity of the bout P and writes
©(P) for P’. In our notation, if P corresponds to ¢ € T, then m(P) =
my(z,7) and ¢(P) = @«(¥). Rivera-Letelier defines the action of ¢(7) on a
point & = {P,} by setting p(x) = {¢(P4)}. He then defines a local degree
deg,(v) at each x € Hj, which coincides with our multiplicity my(z). For
example, for a type II point he defines deg,(z) = deg(4(T)), where p(T)
is a reduction of ¢(7T') relative to = and ¢(z). (See [82, Proposition 4.4];
for the definition of @(7'), see the discussion preceding Corollary 9.25.) He
shows that for any bout Q belonging to ,

deg,(z) = Z m(P) .
bouts P in x
with o(P) = Q
(Compare this with our Theorem 9.22.) We will henceforth write my(x)
instead of deg,,(z).

The second fundamental result ([82, Lemma 4.2]) describes the action of
¢ on the ball Bp associated to a bout (compare with our Proposition 9.41):

LEMMA 10.93. Let ¢(T') € C,(T") have degree d = deg(yp) > 1. Let P
be a bout with multiplicity m = m(P), and let o(P) be its image under .
Then there is an integer m < N < d (depending on P), with N = m if and
only if p(Bp) = Byp), such that

(1) for each y € Bypy there are exactly N points x € Bp with p(v) =y
(counting multiplicities),

(2) for each y € PY(Cp)\By(p) there are exactly N —m points x € Bp
with ¢(x) =y (counting multiplicities).

Rivera-Letelier shows that for each noncritical point = € P*(C,), there
is a maximal open affinoid containing = on which ¢(T') is injective, the
component of injectivity of x ([81, Proposition 2.9]):

PropPOSITION 10.94. Let o(T') € C,(T') be nonconstant. Suppose x €
IP’I((Cp) is not a critical point. Then there is a mazximal open affinoid V' C
PL_ . containing x on which ¢(T) is injective: o(T) is injective on V, and
if X an open affinoid containing x on which o(T') is injective, then X C V.

In [82, Corollaries 4.7, 4.8], he shows that ¢(T'), acting on H,, is con-
tinuous relative to the path distance topology. In Theorem 9.35, we have
established this for arbitrary fields K.
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LEMMA 10.95. Let o(T') € C,(T') be a nonconstant rational function of
degree d. Then for any a,c € H,,

p(p(a), p(c) < my(x) dz .

[a.c]
In particular, p(p(a),¢(c)) < d- p(a,c).

Given z € H,, write Blz,r)” = {z € H, : p(z,z) < r} for the open
ball of radius r about x, relative to the path distance metric. The following
result from [84], which Rivera-Letelier calls the “Incompressibility Lemma”,
shows in particular that ¢(7) is an open map on H, relative to the path
distance topology (see our Corollary 9.39):

LEMMA 10.96. Let o(T') € C,(T) be nonconstant, and let x € Hy. Then
for each r > 0,

B(e(x),r)” € o(B(z,r)7) .

The theory of fixed points. If z € P1(C,) is fixed by ¢(T') and if its
multiplier is A, it is called

(1) an attracting fixed point, if |A| < 1,

(2) an indifferent fixed point, if |A\| = 1; such a fixed point is called
parabolic if A is a root of unity and is rationally indifferent otherwise,

(3) a repelling fixed point, if |A| > 1.

If a point x € PY(C,) is fixed by @™ (T) for some n and if n is the
smallest integer with this property, then x is called periodic of order n, and
C = {z,0(x),...,0" D(x)} is called the cycle associated to z. It is well
known that the multiplier of ¢(™(t) is the same for all points ¢ € C' and the
multiplier of C' is defined to be that number. A cycle is called attracting,
indifferent, or repelling, according as its multiplier A satisfies |A| < 1, || =1,
or [A| > 1. An attracting cycle C' C P}(C,) is called superattracting if its
multiplier is 0. An indifferent cycle C is called parabolic if its multiplier is a
root of unity.

Rivera-Letelier calls a fixed point of ¢(T") in H, indifferent if my(x) =1
and repelling if my(x) > 1. (We have explained the motivation for this
terminology in §10.7.) He shows that fixed points of type III or IV in H,
are necessarily indifferent [84, Proposition 5.2]; see our Lemma 10.80.

Repelling fixed points in H,, come in two kinds, separable and inseparable
[84]. If x € H,, is a repelling fixed point (necessarily of type II) and ¢(T') €
F,(T) is a reduction of ¢(T) relative to z, then x is called separable if
the extension F,(T)/F,(¢(T)) is separable, and it is called inseparable if
(T) = §(TP) for some §(T) € F,(T). If z is separable, then there are a
finite number of tangent directions ¥ at « for which m(z,v) > 1, while if
is inseparable, then m (2, ) > p for every tangent direction. In terms of the
local action of ¢(T') described in §10.7, if x is separable, then it has a finite
number of repelling “jets”, while if x is inseparable, then every direction
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is a jet. Inseparable fixed points play an important role in the study of
wandering components of the Fatou set.

Periodic points of ¢(T) in H, become fixed points of o™ (T) for some
n, and they are called indifferent, repelling, separable, or inseparable if they
have those properties as fixed points of @™ (T). All the points of a given
cycle have the same type.

In Theorem 10.81, we have seen that all repelling periodic points belong
to the Berkovich Julia set J,. In Lemma 10.54, we have seen that all at-
tracting periodic points belong to the Berkovich Fatou set F,,. Over C,, in
contrast to the situation over C, all indifferent periodic points belong to Fi:

PROPOSITION 10.97. Let o(T') € C,(T) have degree deg(p) > 2. Then
each indifferent periodic point of o(T), in P1(Cp) or in H,, belongs to F,.

PROOF. Let x¢ € PL_, be an indifferent periodic point of period n. We
claim that there are an NV > 1 and a simple domain V containing x such that
V omits a disc in PL_, and ™) (V) = V. If this is granted, then 2 belongs
to the Berkovich Fatou set of ¢(™N)(T), since its forward images omit all
points of P1(C,)\V. We finish by noting that F, = () by Lemma 10.51.

We now establish the claim. After replacing (T) by ©™(T), we can
assume that z is a fixed point of p(T').

If z is of type I, choose coordinates so that zp # oo and expand ¢(T")
as a power series as in (10.67). Then because the multiplier \ of x satisfies
IA| = 1, the theory of Newton polygons shows there is a disc D(xg,7)~ such
that (D (xg,7)") = D(z9,r)” (see Corollary A.17). Let V' = D(xzg,r)~ be
the corresponding Berkovich disc. By continuity, (V) = V.

Next suppose g is of type II. Let ¢(T) € F,(T) be a reduction of (T
at z¢. Since my(z9) = 1, Corollary 9.25 shows that deg(p) = 1. Since F, is
a union of finite fields, there is some £ such that $(7) € PGL2(F,¢). This
is a finite group, so there is an N > 1 for which ¢(¥)(T) = id. This means
(M), fixes each T € Ty, .

For all but finitely many tangent directions, we have (") (B, (7)7) =
B, (¥)~. (For example, this holds for each B, (¥)” not containing a pole
of ™M)(T).) Let S be an index set for the remaining tangent directions
(we may assume that S # (). For each v, with a € S, Lemma 9.33 shows
that there is a segment [x(,c,] with initial tangent vector ¥, such that
oM ([z0, o)) = [0, ¢(ca)] is another segment with the same initial tangent
vector T, = (@), (%,). Furthermore, since M) (T0, Vo) = My (T0) =
my(20)N = 1, for each y € [x0, ca] We have p(z0,y) = p(zo, ™) (y)). Since
any two segments with the same initial tangent vector have a common initial
segment, after moving ¢, closer to zg if necessary, we can assume that
©M(cy) = co and that M)(T) is the identity on [zg,ca]. Let Ay e,
be the annulus associated to the segment (zo,c,). By Lemma 9.33, we
have ™) (A en) = Aszgen- Thus, if V is the component of PL ,\{ca}acs
containing xo, it follows that p™)(V) = V.
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If o is of type III, then T, consists of two tangent vectors and by
Lemma 10.80, ¢, fixes them both. If zy is of type IV, then T, consists
of a single tangent vector, and ¢, clearly fixes it. By an argument like the
one above, in either case we can construct a simple domain V' containing xg
with (V) =V. ]

The basic existence theorem for fixed points of ¢(T") in P1(C,) is due to
Benedetto [13, Proposition 1.2]:

PROPOSITION 10.98. Let o(T') € Cp(T') be a nonconstant rational func-
tion. Then o(T) has at least two distinct fized points in PY(C,), and at least
one of these is nonrepelling.

PRrOOF. (Sketch) If ¢(T) has degree d, then ¢ has exactly d + 1 fixed
points zg, 21, . . ., 2q in P1(C,), counting multiplicities. Since each z; can have
multiplicity at most d, at least two of the z; must be distinct. If some z;
has multiplier A\; = 1, it is clearly nonrepelling. Otherwise, transferring the
Index Formula (see [73, Theorem 12.4]) from C to C, using the fact that
C, = C as fields, Benedetto concludes that

a1

=1.
1—X\

i=0
By the ultrametric inequality, this cannot hold if each |\;| > 1. Hence
|Ail <1 for some 4. O

Rivera-Letelier [82, Theorem B] proves an existence theorem for re-
pelling fixed points in PL_. , complementing the one above:

PROPOSITION 10.99. Let o(T') € C,(T) have degree deg(p) > 2. Then
o(T) has a repelling fized point in PL_, (which could lie in either P1(C,) or
H,,).

The existence of certain kinds of periodic points implies the existence of
others. Concerning classical fixed points and cycles, Rivera-Letelier proves
the following result [81, Corollary 3.17, p. 189]. While the statement is
purely about P!(C,), the proof makes crucial use of the action of ¢ on H:

PROPOSITION 10.100. Let o(T') € Cp(T') have degree d > 2. If (T) has
more than 3d — 3 attracting cycles in P! (Cp), then it has infinitely many.

For example, ¢(T) = TP has infinitely many attracting cycles, given by the
roots of unity in C,, of order coprime to p.
In [82, Theorems A, A’]|, Rivera-Letelier shows:

PropOSITION 10.101. Let ¢(T') € C,(T) have degree deg(p) > 2. If
©(T) has at least two nonrepelling periodic points in P*(C,) (counted with
multiplicities), then it has a repelling periodic point in H, and infinitely
many nonrepelling periodic points in P1(C,).
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Concerning indifferent periodic points, he shows ([84, Proposition 5.1],
[81, Corollary 4.9]):

PROPOSITION 10.102. Let o(T') € C,(T) have degree deg(p) > 2. If ¢
has an indifferent periodic point in either H,, or P*(C,), then it has infinitely
many indifferent periodic points in both H, and P! (Cp). It also has at least
one repelling periodic point in H,. Fach indifferent fized point in ]P’l((Cp) 18
isolated.

Concerning inseparable periodic points in H,, he proves [84, Principal
Lemmal:

PROPOSITION 10.103. Let o(T') € C,(T') have degree d > 2. Then o(T)
has either 0, 1, or infinitely many inseparable periodic points in H,.

He gives o(T) = TP + pT¢, with d > p, as an example of a polynomial with
infinitely many inseparable periodic points.

Rivera-Letelier also proves theorems limiting the number of periodic
cycles. A classical result of Fatou asserts that for a rational function ¢(T") €
C(T) of degree d > 2, each attracting or parabolic cycle attracts at least
one critical point of ¢(7), so there are at most 2d — 2 such cycles. Any
isomorphism between C, and C takes 0 to 0 and roots of unity to roots of
unity. Using this, he obtains [81, Theorem 1, p. 194]:

PROPOSITION 10.104. Let o(T') € C,(T) have degree d > 2. Then the
number of superattracting and parabolic cycles of p(T) in PL(C,) is at most
2d — 2.

A well-known result of Shishikura improves Fatou’s theorem to say that
over C, there are at most 2d — 2 nonrepelling cycles; however the example
©(T) = T?, with d coprime to p, shows that this can fail over C,: the roots
of unity contain infinitely many indifferent cycles.

Recall that a point x € PL_, is called exceptional if the union of its
forward and backwards orbits is finite. The exceptional locus in P!(C,)
consists of at most two points. The following result (see [84, Theorem 4],
or our Proposition 10.45) describes the exceptional locus for H,,:

THEOREM 10.105. Let ¢(T') € C,(T) have degree d > 2. Then the
exceptional set of p(T') in H,, consists of at most one point. It is nonempty
if and only if the unique exceptional point is a repelling fixed point and after
a change of coordinates, p(T') has good reduction at that point. In that case,
the exceptional point is the only repelling periodic point of ¢(T') in ]P’éerk@p.

Finally, Rivera-Letelier classifies the cases with extreme behavior. The
following result combines Theorems 1, 2, and 3 from [84].

THEOREM 10.106. Let ¢(T) € C,(T) have degree d > 2. Then the
number of periodic points of (T in Hy, is 0, 1, or co. Moreover:
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(A) o(T) has no periodic points in H,, if and only if o(T') has finitely
many nonrepelling periodic points in P1(C,). In that case, ¢(T) has
a unique attracting fized point zg € IP’l((Cp), and all other periodic
points of p(T) in PY(C,) are repelling.

(B) (T) has exactly one periodic point in H, if and only if, after a
change of coordinates, ¢(T') has inseparable good reduction. In that
case, the unique periodic point is an inseparable exceptional fixed
point, and all periodic points of o(T) in P1(C,) are attracting.

An example of a function satisfying (A) is ¢(T) = (TP — T)/p (see
Example 10.120 below). A function satisfying (B) is o(T') = T7.

The proofs of the preceding fixed point theorems make use of two general
results concerning subsets of H,, which are contracted (resp. expanded)
by ¢(T). In [83, §8], Rivera-Letelier establishes the following fixed point
property for subsets of H,, contracted by ¢(7") (see our Theorem 10.85):

PRrROPOSITION 10.107. Let p(T') € C,(T) be nonconstant, and let X C
H, be a connected set containing at least two points, with X O p(X). Then
X contains either a type 11 fixed point of ¢(T) in H, or a geodesic ray
emanating from an attracting fized point of ¢(T) in P*(C,).

In [84, Proposition 9.3], Rivera-Letelier establishes a fixed point prop-
erty for subsets of H,, expanded by ¢(T") (compare with our Theorem 10.83).
Given V' C H,, denote its closure in the metric space (H,, p) by clg(V') and
denote its boundary by ogV'.

PROPOSITION 10.108. Let p(T") € C,(T) be nonconstant, and let V C H,,
be a connected open set for which clg(V) C (V) and ¢(0uV) = du(p(V)).
Then V' contains either a type 11 fized point of ¢(T') in H, or a geodesic ray
emanating from a repelling fized point of o(T) in P1(C,).

The Fatou set and its components. For a subset X C Péerk c,» We

will write X (Cp) for X NPY(C,). In particular, if X = F,, is the Berkovich
Fatou set, we have seen in Theorem 10.67 that F,(C,) coincides with the
classical Fatou set, defined as the set of all points 2z € P}(C,) for which the
iterates (™ (T') are equicontinuous on a neighborhood U(C,) of x (relative
to the chordal metric ||z, y||).

Recall that Rivera-Letelier works primarily with P1(C,), not with PL_ .
In [81], following Benedetto [14], he partitions F,,(C,) into subsets called
analytic components. Since we are interested in PL_, , we will define analytic
components slightly differently than Rivera-Letelier and Benedetto. Given
a set F C PY(C,) and a point z € F, Rivera-Letelier defines the analytic
component of z in F' to be the union of the sets X(C,), as X ranges over
all connected open affinoids X C PL_, for which X(C,) C F. However, we

define the analytic component of x to be the open set V' C PL_, which is the
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union of the affinoids X above. Thus Rivera-Letelier’s analytic component
is our V(C,).

Analytic components usually have dynamical significance, but this is
not always the case. For example, if ¢(T") is a rational function with good
reduction, its Julia set is {(gaus} and its Fatou set is F, = PL_ \{Ccauss )
so F,(Cp) = P}(C,) and the analytic component of F,(C,) containing any
given x € P1(C,) is PL_,, which contains (quee-

In [83], Rivera-Letelier introduces a more subtle notion of components
of F,(Cp), which he calls Fatou components. Given a point x € F,,(C,), he
defines the Fatou component of = to be the union of all sets X (C,), where X
is a connected open affinoid with X(C,) C F,(C,), satisfying the condition
that

(10.76) U ©™ (X (C,)) omits at least three points of P(C,) .
n=0

Since we are interested in PL_,, we will define the Fatou component of x
to be the union UF C PL_, of the corresponding Berkovich open affinoids
X. Thus, Rivera-Letelier’s Fatou component is our UT*F(C,). The fact that
URL is dynamically meaningful follows from [83, Proposition 7.1], which
says:

PRrROPOSITION 10.109. Let ¢(T') € C,(T) be a rational function, and
suppose X1, Xo are connected open affinoids satisfying (10.76). If X1 N Xo
is nonempty, then X1 U Xo also satisfies (10.76).

We will now show that the Rivera-Letelier Fatou components U%% coin-

cide with the topological connected components of the Berkovich Fatou set
F,. To see this, fix x € F,, let UL be the Fatou component of z, and let
U be the connected component of z in F,. Since each point of U RL has a
connected open affinoid neighborhood X satisfying (10.76), it follows from
Theorem 10.56 that UL C F,. Since URL g connected, we have URL C U.
Conversely, let X C U be a connected open affinoid containing . By Corol-
lary 10.87, X satisfies (10.76), so X C U, Since such sets X exhaust U,
it follows that U C UL,

Rivera-Letelier identifies three kinds of Fatou components of particular
interest: immediate basins of attraction, components of the domain of quasi-
periodicity, and wandering components.

If C c PY(C,) is an attracting periodic cycle, its basin of attraction
Ac () is the collection of all points in PL_, which are topologically attracted
by C. It is easy to see that each basin of attraction is an open set (see
Lemma 10.41). The immediate basin of attraction A (¢) of a periodic
point zg € C is the analytic component of the basin of attraction which
contains zp. It follows from [83, Proposition 6.1] that each immediate basin
of attraction is a Fatou component (and therefore a connected component
of Fy).
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A point @ € P}(C,) belongs to the domain of quasi-periodicity for o if
there are a neighborhood U(C,) of x and a sequence n; — oo such that
¢(")(z) converges uniformly to the identity on U(C,). Rivera-Letelier de-
fines the domain of quasi-periodicity to be the collection of all such x. How-
ever, for us the domain of quasi-periodicity £(¢) will be the union of the
analytic components associated to that set, so Rivera-Letelier’s domain of
quasi-periodicity is our £(¢)(C,). By [83, Proposition 6.1], each analytic
component of £(¢p) is a Fatou component.

Note that by definition, £(p) is open and ¢(E(p)) = E(p). It is easy to
see that £(p(™) = &(¢p) for each n > 1 [81, Proposition 3.9].

A point x € PL_, is recurrent if it belongs to the closure of its for-
ward orbit {p(™ (z)},>0. By definition, each point of £(¢)(C,) is recurrent.
Rivera-Letelier shows that £(¢)(C,) is the interior of the set of recurrent
points in P*(C,) [81, Corollary 4.27].

Let R be the set of all recurrent points in PL_, , and let R” be its interior.
Note that by Theorem 10.59, the Berkovich Julia set J, is contained in R.
It follows from Proposition 10.117 below that £(p) C RY.

We claim that £(¢) = R, that is, £(p) is the interior of the set of re-
current points in PL_,. Let x € R. Then there is a connected open affinoid
neighborhood X of z with X C R’ In particular, X(C,) c R%C,) =
E(p)(Cp). By definition, this means X is contained in some analytic com-
ponent of £(p), so x € (). Thus R® C £(yp).

A domain D C PL_, is called wandering if
(1) its forward images under ¢ are pairwise disjoint and
(2) it is not contained in the basin of attraction of an attracting cycle.

The following result, which mirrors Fatou’s famous classification theorem
in complex dynamics, is Rivera-Letelier’s description of the classical Fatou
set over C, [81, p. 205]:

THEOREM 10.110 (Classification theorem). Let p(T") € C,(T") be a ra-
tional function of degree d > 2. Then F,(C,) is the disjoint union of the
following three sets:

(A) immediate basins of attraction and their preimages,
(B) the domain of quasi-periodicity and its preimages,
(C) the union of all wandering discs.

If ©(T) has simple reduction, then ¢ has no wandering discs [81, Corol-
lary 4.33]. Benedetto has shown [12, Theorem 1.2] that if ¢ is defined over
a field L which is a finite extension of @, and if ¢ has no “wild recurrent
Julia critical points” (recurrent critical points belonging to J,(C,), whose
multiplicity is divisible by p), then ¢ has no wandering discs. In particular,
this holds if deg(¢) < p. On the other hand, Benedetto [15] has also given
an example of a polynomial in C,[T"] which has a wandering disc.

Benedetto has conjectured that if L/Q,, is a finite extension and if p(T') €
L(T) has degree at least 2, then the Fatou set of ¢(7) has no wandering
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components. If true, this would be a non-Archimedean analogue of Sullivan’s
famous “No Wandering Domains” theorem in complex dynamics.

Let W(C,) be the union of the wandering discs in F,(Cp). Not much is
known about the structure of W (C,) or the Fatou components corresponding
to it. However, in [81, Lemma 4.29] Rivera-Letelier shows that the liminf
of the chordal diameters of the forward images of a wandering disc is 0.

In [83, Theorem A], Rivera-Letelier shows that each Fatou component
associated to W(C,) is a wandering domain:

ProposITION 10.111 (Classification of Periodic Components). Suppose
o(T) € Cp(T') has degree at least 2. Then any periodic Fatou component
is either an immediate basin of attraction of an attracting periodic point
o € Pl((Cp) or an analytic component of the domain of quasi-periodicity.

Basins of attraction. Rivera-Letelier gives the following description
of the immediate basin of attraction of an attracting periodic point [81,
Theorem 2, p. 196].

THEOREM 10.112 (Description of Immediate Basins of Attraction). Let
©(T) € Cy(T) be a rational function of degree d > 2. Let A2 (¢) be the
immediate basin of attraction of an attracting periodic point zy € ]P’l((Cp).
Then either

(A) A% (¢) is an open disc D or
(B) A% (¢) is a domain of Cantor type, meaning that its boundary
DAY () is a Cantor set.

Furthermore, the number of attracting periodic cycles whose immediate
basin of attraction is of Cantor type is bounded [81, Proposition 4.8, p.
197]:

PRrROPOSITION 10.113. Let o(T) € C,(T) be a rational function of degree
d > 2. Then ¢ has at most d — 1 attracting cycles such that the points
belonging to them have an immediate basin of attraction of Cantor type.

Rivera-Letelier gives an explicit description of the action of ¢(T") on each
immediate basin of attraction [81, pp. 199-200]:

ProposITION 10.114. Let p(T) € C,(T') have degree d > 2, and let
X C PL, be the immediate basin of attraction of an attracting fized point
xg. Then there is a decreasing sequence of neighborhoods { Xy }nez of xo,

which is cofinal in the collection of all neighborhoods of xg, such that Xg is
a disc, U,, Xn = X, N, Xn = {z0}, and ¢(X,) = Xp41 for each n.

The domain of quasi-periodicity. Rivera-Letelier also gives an ex-
plicit description of components of the domain of quasi-periodicity [81, The-
orem 3, p. 211].
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THEOREM 10.115 (Description of the Domain of Quasi-periodicity). Let
o(T) € C\(T) be a rational function of degree d > 2. Then each analytic
component U of E(p) is a strict open affinoid domain, that is, in suitable
coordinates,

n

(10.77) U = D(a,r)"\|JD(aj,7)) ,
j=1
where a, a1, . ..,a, € Cy andr,r1,... o € |C)|, with pairwise disjoint discs

D(aj,rj). Moreover, each boundary point of U is a repelling periodic point.

If n = 0 in (10.77), then U is called a Siegel disc. If n > 1, then
U is called an n-Hermann ring. Rivera-Letelier gives examples of rational
functions ¢(7) with an n-Hermann ring, for each n > 1 ([81, Proposition
6.4, p. 225 and Proposition 6.7, p. 227]).

Since any preimage under ¢ of a strict open affinoid is itself a strict
open affinoid (see Lemma 9.12 and its proof), each connected component of
Un>0 9 "(E(p)) is a strict open affinoid.

By calculus, for any function f: R — Ry and any x € R,

z)? —1
tim KLy
Rivera-Letelier shows that if an analytic function f(T') € C,[[T]] induces
an automorphism of a disc, then its iterates satisfy an analogous limit [81,
Lemma 3.11, Proposition 3.16]:

LEMMA 10.116. Let f(T') be an analytic function, defined by a power
series with coefficients in Cp,, which induces an automorphism of a disc
D(a,R)~. Suppose there is a v < 1 such that |f(z) — z|, < YR for all
z € D(a,R)~. Then:

(A) There is a bounded analytic function f.(T) on D(a,R)~, called
the iterated logarithm of f(T'), such that for any sequence of nat-
ural numbers {ng}r>0 with |ngl, — 0, the sequence of functions
(f0)(T) = T)/ny converges uniformly to f.(T) on D(a, R)~.

More precisely, there are a constant C' and a number pg > 0
depending on vy (but not on f or R), such that for each n € N with
In|p, < po and all z € D(a,R)™,

FE) - 2
UGOETE

(10.78)

f«(z)] < CRnlp .

P

(B) For each zp € D(a, R)™, we have fi(z0) =0 iff zo is an indifferent
periodic point of f(T), and f«(z0) = fi(z0) = 0 iff z0 is parabolic.
If fi«(20) # O, then there is an integer ko = ko(z0) such that on a
suitably small neighborhood of zg, f(ko)(T) s analytically conjugate
to a translation. In particular, the periodic points of f in D(a, R)~
are isolated.
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In [81, Lemma 3.11], Rivera-Letelier shows (under the hypotheses of
Lemma 10.116) that for each w € C, with |w| < po, there is a canonical
automorphism f(*) of D(a, R)~, which coincides with the n-fold iterate
f) = fo...of when w = n € N. These automorphisms have the property
that if |wi|, |wa] < po, then f01) o flw2) — glwrtwz) “and for each z €
D(a,R)~

() - 2
lim —————— = f,(2).

Sy T = )

He interprets this as saying that the map w — f(*), which interpolates the

map n — £ for n € N, is a ‘flow’ attached to the ‘vector field’ fi(z).

Let us now consider what Lemma 10.116 says about the induced action
of f(T) on the Berkovich disc D(a,R)~. By [81, Lemma 3.11], one has
SUP.cp(a,r)- |f+(2)] < DR, where D = max;>1(ky¥). Put B = max(C, D);
note that B depends only on ~. It follows from (10.78) and standard proper-
ties of non-Archimedean power series that if D(b,r) C D(a, R)™ is a subdisc
with » > BR|n| and if |n| < po, then f(")(T) induces an automorphism of
D(b,r). Thus it fixes the point € D(a, R)~ corresponding to D(b, ) under
Berkovich’s classification theorem. Taking limits over nested sequences of
discs, we see that f(")(T) fixes each = € D(a, R)~ with diam,(z) > BR|n|.
Thus, for any sequence of natural numbers with ord,(ny) — oo, the iterates
fR)(T) “freeze” larger and larger parts of D(a, R)~, moving the remaining
points within subdiscs of radius less than BR|ny|.

We can now describe the action of ¢(7") on a component of the domain
of quasi-periodicity. The following is [81, Proposition 4.14, p. 200]:

PROPOSITION 10.117. Let o(T') € C,(T') be a rational function of degree
d > 2. Let X be a connected closed affinoid contained in a component of the
domain of quasi-periodicity £(p). Choose coordinates on P! so that oo ¢ X .
Then there are a k > 1 and constants v < 1 and B > 0 such that:

(A) ©*)N(T) induces an automorphism of X, which fizes OX and the
main dendrite D of X.

(B) If we write X\(0X U D) as a disjoint union of discs D(a, R,)~,
then \¥)(T) induces an automorphism of each D(a, Ry)~, and the
action of f(T) = ©¥)(T) on D(a, Ry)~ is the one described in the
discussion above, with the indicated v and B, uniformly for all such
discs.

In particular, this shows that each point of X is recurrent and that each
point x € X N Hg,,, is fixed by some iterate Lp(")(T). Proposition 10.75,
used in the proof that for ]P’]lgerk’(cp the Berkovich Fatou set coincides with the
Berkovich equicontinuity locus, is an immediate consequence of Proposition
10.117.

We conclude this section by giving Rivera-Letelier’s formula for the num-
ber of fixed points in P!(C,) belonging to a component of £(¢).
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Let U be a component of £(p), and let k € N be such that ¢*)(U) = U.
Let Ci,...,Gn be the boundary points of U which are fixed by o*)(T).
By Theorem 10.115, each (; is a repelling fixed point of type II. For each
(i, we can change coordinates so that it becomes the Gauss point. Let
fi(T) € F,(T) be the corresponding reduction of o®)(T). The tangent
direction at (; pointing into U corresponds to a fixed point «a; of fZ(T) in
PL(F,); let n;(U) be the multiplicity of that fixed point (that is, the order of

vanishing of f;(T) — T at «;). Rivera-Letelier [81, Proposition 5.10] shows:

PRrOPOSITION 10.118. Let o(T') € C,(T') have degree d > 2. Let U be a
component of the domain of quasi-periodicity (). Suppose that o) (U) =
U, and let (1,...,GCn be the points of OU fized by ¥ (T). Then each fized
point of ¥ (T) in U(C,) is indifferent, and the number of such fized points
(counting multiplicities) is exactly

(10.79) 2+ f:(ni(U) —9).
=1

10.10. Examples

In this section, we provide some examples illustrating the theory devel-
oped above. In Examples 10.119 and 10.124-10.126, K is arbitrary; other-
wise we take K = C,.

ExaMPLE 10.119. Consider the polynomial ¢(T') = T2. The filled Julia
set is

K, = D(0,1) = {z€ Ay, : [T].<1}.

The Julia set of ¢ is the Gauss point (g € D(0,1) C PL_, . The canonical
measure /i, in this case is a point mass supported at (gauss-

ExaMPLE 10.120. If o(T) = T';%T € C,[T], one can show that K, =
J, = Zy, which is also the classical Julia set for ¢. By Theorem 10.91, the
canonical measure i, coincides with the equilibrium distribution of Z,, with
respect to the point oo, which is known ([88, Example 4.1.24]) to be the
normalized Haar measure on Z,.

ExXAMPLE 10.121. The following example is due to Benedetto ([14, Ex-
ample 3]). Let p be an odd prime, and choose a € C,, such that |a| = p° > 1,
where 0 < e < 35, If o(T) = T?(T — a)P € C,[T], then ¢ does not have
simple reduction, but the classical Julia set J,(C,) is nonetheless empty.
From Lemma 10.53, Corollary 10.60, and Theorem 10.91, we conclude that
J, is an uncountable subset of H, with the structure of a Cantor set.

Note that for a polynomial ¢(T") € C,[T] of degree at most p + 1,
Benedetto has shown that J,(C,) is empty if and only if ¢ has simple
reduction (Proposition 4.9 of [14]).
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EXAMPLE 10.122. This example is due to Rivera-Letelier ([82, Example
6.3]). Let p be a prime, and take ¢(T") = (TP — TPQ)/p, with K = C,.

It is not hard to see that if |a| < 1 and p~*/®=1 < < 1, then the preim-
age under ¢ of the disc D(a,r) is a disjoint union of p closed discs D(a;, ")
where 1/ = (r/p)'/? > p~/(=1_ Put D = D(0,1), and let Dy,..., D, be
the preimages of D under ¢; each D; has radius p~!/?. Inductively, for each
m > 2, ((p(m))*l(D) is a disjoint union of p™ closed discs D;, . ;. of ra-
dius rp, = p~(1=2""™)/(P=1) Here we are indexing the discs by the sequences
{i1,...,im} with 1 < i; <p, and i; is determined by the property that

eIV (Dyy, i) C Dy forj=1,....m.

Clearly Dj, i, C Diy i, and ©(Diy, i) = Di,. .., that is, the action
of ¢ on iterated preimages of D is conjugate to a left shift on the indices.
One has D D ¢ (D) D (¢®)"1(D) > --- and

m=1
Under Berkovich’s classification theorem, each x € J, corresponds to
a nested sequence of discs {D;, ., }, so the points of J, are in one-to-
one correspondence with the sequences {i;};>1 with 1 <i; < p for each j.
Furthermore

dlamoo(gj) — ng_{noop_(l_pim)/(p_l) — p—l/(p—l) .

If the sequence of discs corresponding to x has empty intersection, then x
is of type IV, while if it is nonempty, then x is of type II. Furthermore, the
action of ¢ on J, is conjugate to a left shift on the index sequences, and it
can be seen that x is of type II if and only if the corresponding sequence
{ij}j>1 is periodic. Thus, J,, is isomorphic to a Cantor set contained in the
set of points in Hp,, with diams(z) = p~ /-1,

Since K = C,, there are only countably many points of type II, so J,
consists of countably many points of type II and uncountably many points
of type IV, but no points of type I or III.

Let X, = {1,...,p} and let p, be the probability measure on X,, which
gives each element mass 1/p. Equip the space of sequences X}}] = H]Oil Xp
with the product measure ,ug . The canonical measure p, is obtained by
transporting ,ugl to J,.

EXAMPLE 10.123. Let p be an odd prime, take o(T) = pT? + (p — 1)T?,
and let K = C,,.

One checks easily that 0, —1, and 1/p are the fixed points of (7T
in Cp,, with |¢'(0)] = 0, |¢'(=1)| = 1, and |¢'(1/p)] = p. Thus, 0 is a
superattracting fixed point, —1 is an indifferent fixed point, and 1/p is a
repelling fixed point. It follows that 0 and —1 belong to the Fatou set Fi,,
while 1/p belongs to the Julia set J.,.
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The reduction of p(T) at (gas 18 P(T) = —T2, 50 (gauss 15 a repelling
fixed point, and it belongs to J,. As .J, contains at least two points, it
is infinite, perfect, and has uncountably many connected components. By
Proposition 10.45, no point in J,, is exceptional. This means 1/p and (gauss
each have infinitely many preimages under the iterates w(k)(T), and those
preimages belong to J,. Hence J,(Cp,) and J, N Hg.,. are both infinite.
Furthermore, Theorem 10.59 shows that every Berkovich neighborhood of
1/p contains preimages of (gaus, and every Berkovich neighborhood of (gaues
contains preimages of 1/p. In particular, 1/p is a limit of points in J, NHge,.

The next group of examples comes from Favre and Rivera-Letelier [48],
who describe a class of rational functions whose Berkovich Julia sets and
canonical measures can be determined.

Identify PL . with AL, U {occ}, and for each t € R let S(t) € AL_, be
the point corresponding to the disc D(0, ¢!) under Berkovich’s classification.
Given a collection of numbers ay,...,a, € K* satisfying |ai| < -+ < |ay|
and positive integers dg, d1, ..., dy,, consider the rational function

p(T) = T%. f[ (1 + (T/ak)dk_wdk)(—l)’“
k=1

Then it is easy to see that ¢(T') has degree d = dp + di + - -+ + d,,, and if
z € K* and |z| # |a1], ..., |an]|, then

- (-1)¢
‘SO(Z)’ = ’z’do . H max (17 ’Z/ak’dk_1+dk> )
k=1

_1\k
Set a1 = 0o € PL_,, taking |oo| = oo, and put c;, = H§:1 a/,(C D (A1)

It follows from Proposition 2.19 that ¢(S(¢)) = S(L(t)) where L(t) is the
continuous, piecewise affine map defined by

Lt) = { dot ift < log,(Ja1]) ,
log, (lex|) + (=1)*dyt if log, (lax|) <t <log,(lart1]) -

If ay,...,a, and do,dy,...,d, are chosen appropriately, then there will
be a closed interval I = [a,b] C R and closed subintervals Iy,..., I, C I
which are pairwise disjoint except possibly for their endpoints, such that L(t)
maps I; homeomorphically onto I for each j = 0,...,n. In this situation
L Y1) =Ihyu---UI, PutJy = S(I), and for each m > 1 put J,, =
S( (L(m))fl(I)), so Jo 2 Ji1 D Jy---. Favre and Rivera-Letelier show that
Jm = (") ~1(Jp) and that

Joo= () Jm-
m=1

They also show that if >~ 1/dj = 1, then J, = Jp; on the other hand, if
Y h_ol/dr <1, then J, is a Cantor set contained in Jy.
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Furthermore, if J, = Jp, then pu, is the measure on Jy obtained by
transporting the Lebesgue measure on I, normalized to have total mass 1.
If J, is a Cantor set, then i, is the measure described as follows. For each

m>1, (L(m))_l(I) can be written as a union of closed subintervals I;; ;|
where each i; satisfies 0 < i; <n and is determined by the property that

LIy, ) C Iy -
Then py,(S(Liy,... i) = diy -+~ dy,, /d™.

ExaMPLE 10.124 (Favre, Rivera-Letelier). Let n > 2 and take a € K
with |a| > 1. Put a; = a*/™ (fixing any choice of the root) for k =1,...,n—

1, and let dy = - - - = d,,_1 = n. Consider the ration function of degree n?
(1) = T T (1+ (T/ar)™)
k=1

Let I = [0,1og,(|al)] and let I = [£1log,(|al), % log, (la])] for 0 < k < n—1.
Then L(I;) = I for each k, and 7=} 1/dy = 1.

By the discussion above, J, = S(I), and p, is the transport of the
normalized Lebesgue measure on I.

EXAMPLE 10.125 (Favre, Rivera-Letelier). Take n = 2, and choose a €

K with |a| > 1. Put a; = a'/?, ay = a®/* for any choices of the roots, and
set dg = 2, di = 4, dy = 4. Consider

T°(1+ (T/a2)%)

T) = :
which has degree 10. Let I = [0,log,(]a|)] and take
1 1 3 3
Iy = [07 5 logv(a)] , = [5 10gv(a)7 Z logv(a)] , I = [Z logv(a)a logv(a)] :

Then L(Iy) = L(I1) = L(I2) = I,and 1/24+1/44+1/4 = 1. Again J, = S(I),
and fi, is the transport of normalized Lebesgue measure on I.

EXAMPLE 10.126 (Favre, Rivera-Letelier). Take n = 1, and fix a € K
with |a| > 1. Let d > 5 be an integer, take a; = a, and put dy = d—2,d; = 2.
Consider the function

Td—2
T —  ~
o) = 17 (T/a)d
which has degree d. Then
Lt) = (d—2)t if t <log,(|a|) ,
| dlog,(|af) =2t if t > log,(lal) -

If I = [0, § log,(|a])], Io = [0, 53 log, (la])], and I, = [§1og,(|a]), § log,(|a])],
then Iy and I; are disjoint since d > 5, and L(Iy) = L(I;) = I. Clearly
IpUI; C I and 1/dp + 1/di < 1. By the discussion above, J, is a Cantor
set contained in S(I).
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Our final example concerns a rational function originally studied by
Benedetto [11, p. 14]. It gives an indication of how complicated J, can
be, in general.

ExXAMPLE 10.127. Let p be a prime, take K = C,, and put

T3+ pT
T) = —

Note that ¢(0) = 0 and ¢'(0) = 1/p (so that |¢’(0)] > 1). Thus 0 is
a repelling fixed point and it belongs to J,. Let ag = 0. Benedetto shows
that for each m > 1, there is a point a, € C, with |a,| = p~ V2" for
which ¢(am) = am—1. Hence, a,, € J, as well. The sequence {am }m>1
has no Cauchy subsequences, since if m > n, then |a,, — an| = |an| by the
ultrametric inequality, and limy, o0 |am| = 1. In particular, {am,}m>1 has
no limit points in C,, so J,(C,) is not compact.

However, the point (g..., which corresponds to D(0, 1) under Berkovich’s
classification theorem, is a limit point of {@, }m>1 in Ph,,. Since J,, is com-
pact in the Berkovich topology, we must have (.. € J,. We can see this
directly, by considering the reduction of ¢(T') at (gauss, Which is $(T) = T2.
Since deg(®) > 1, (aaus is a repelling fixed point for ¢(7) in Hp.., and it
belongs to J, by Theorem 10.81.

Since M, (Caanss) = deg(®) = 2, but deg(¢) = 3, the point (gau. must
have a preimage under ¢ distinct from itself. Using Proposition 2.18, one can
show that if g is the point corresponding to D(—p?, 1/p?) under Berkovich’s
classification theorem, then ¢(z9) = (gauss- Similarly, for each k& > 1, if zy,
is the point corresponding to D(—p?T* 1/p3*k), then p(zy) = xp_1. As
k — oo, the points zj converge to the point 0 in PL_, . This gives an explicit
example of a point in J,(C,) which is a limit of points in J, N Hpe,..

Continuing on, taking preimages of the chain of points {z}r>0, we see
that each a,, is a limit of points in J, N Hg.,,. However, this is far from a
complete description of J,. By Corollary 10.60, J, is uncountable, and by
Theorem 10.88 each point of J, is a limit of repelling periodic points. The
points {am }m>1 and {x,},>0 are all preperiodic but not periodic, so they
are not among the repelling periodic points described in Theorem 10.88,
but each one is a limit of such points. According to Bézivin’s theorem [22,
Theorem 3], each a,, is in fact a limit of repelling periodic points in P!(K).

However, there are only countably many repelling periodic points in
PY(K). Furthermore, there are only countably many type II points in
Péerh@p, and each repelling periodic point in Hpg., is of type II. Thus, J,
contains uncountably many other points which we have not yet described.

10.11. Notes and further references

Much of the material in §10.2 also appears in [5, Appendix A].
Chambert-Loir [35] and Favre and Rivera-Letelier [46, 47, 48] have
given independent constructions of the canonical measure on PL_, attached
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to . Also, Szpiro, Tucker, and Pineiro [78] have constructed a sequence of
blowups of a rational map on P!/ Spec(0,), leading to a sequence of discrete
measures supported on the special fibers. When suitably interpreted in
terms of Berkovich space, the weak limit of these measures gives another
way of defining the canonical measure.

The proof we have given of Theorem 10.36 borrows some key ingredients
from the work of Favre and Rivera-Letelier, but it is also rather different in
several respects. (We make extensive use of the Arakelov-Green’s function
9o (x,y) attached to ¢, while Favre and Rivera-Letelier’s proof does not use
this at all.)

As with Theorem 7.52 (see the remarks in §7.10), Arakelov geometry
provides another approach to global equidistribution results such as Theo-
rem 10.24 (cf. [35],[94]).

Our treatment of Fatou and Julia theory on PL_, owes a great deal to the
comments of Juan Rivera-Letelier. We thank him in particular for pointing
out Example 10.70, explaining the proof of Theorem 10.72 for wandering
domains, and for teaching us about the theory of uniform spaces.

The potential-theoretic approach to Fatou-Julia theory in the classical
complex setting began with the work of Brolin [31], who proved equidis-
tribution of preimages for polynomial maps and other important facts. It
was subsequently used by Lyubich [72] and Freire, Lopes, and Mané [54] to
prove equidistribution of preimages for rational maps and by Tortrat [95] to
prove the equidistribution of periodic points. The (pluri)potential approach
to complex dynamics is fundamental in higher dimensions, where the most
convenient way to define the Julia set is as the support of a suitable current
generalizing the canonical measure attached to a rational map in dimension
one. For an overview of the pluripotential theoretic approach to complex
dynamics in higher dimensions, see the papers [50, 51, 52, 53] by Fornaess
and Sibony.

We have assumed throughout §10.5-§10.8 that char(K) = 0. As noted
in the text (e.g., Remark 10.37), one could give analogues of the results in
those sections when char(K) = p, but several of the statements (e.g., that
of Proposition 10.45) would have to be modified and the proofs would be
correspondingly more involved. Our decision to assume that char(K) = 0
arose partly from our desire to illustrate the close parallels between rational
dynamics on P}(C) and on PL_ ; some of those parallels would be less clear
if we tried to deal systematically with the “pathologies” which can arise in
characteristic p. As noted in the text, a number of the proofs in §10.5-§10.8
(e.g., the proofs of Corollary 10.47 and Lemma 10.54) extend verbatim to
characteristic p if one uses the general form of Theorem 10.36 proved in [48].

An earlier version of this chapter served as the basis for §5.10 of Joe
Silverman’s recent book [93]. The treatment given here is a thoroughly
revised version of that earlier work, taking into account Example 10.70 and
correcting some errors in the original manuscript.



