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ABSTRACT. A space X has a property P strictly if every finite power of X
has P. A condensation is a one-to-one continuous mapping onto. For Ty-
chonoff spaces, the following results are established. If the strict spread of
X is countable, then X can be condensed onto a strictly hereditarily sepa-
rable space. If s(Cp(X)) < w, then Cp(X) can be condensed onto a strictly
hereditarily separable space, and therefore, every compact subspace of Cp(X)
is strictly hereditarily separable. Under (M A + —-CH), if G is a topological
group such that s(Cp(G)) < w, then G is strictly hereditarily Lindeldf and
strictly hereditarily separable.

All spaces considered in this paper are beforehand assumed to be Hausdorff,
with the exception of the spaces X, and Y, (see the proof of Theorem 2). Under a
condensation we understand a one-to-one continuous mapping of a topological space
onto a topological space. Which topological properties can be improved by means of
condensations? Behind this general question one can distinguish many interesting
concrete problems. In particular, to what extent can various compactness type
properties be improved by condensations? We understand here compactness type
properties in a very general way; we count among them not only compactness
itself, countable compactness, pseudocompactness and Lindelof property, but also
separability, countable cellularity, and all other topological invariants which in the
presence of discreteness make the space countable. Of course, in such matters we
have to restrict ourselves with the class of Hausdorff spaces, since every Tj-space
X can be condensed onto a hereditarily separable compact Tj-space; it suffices to
take the cofinite topology on X.

We would like to point at an interesting feature of the condensation problem.
It is well known that for certain topological properties it is true that as soon as a
space has the property, all compact subspaces of this space have a much stronger
topological property. For example, if a space is metrizable, then all compact sub-
spaces of this space are not only metrizable but have a countable base as well. If
all points in a Hausdorff space X are of the type Gs, then each compact subspace
of X is first countable. In this situation, taking into account that condensations
of compact spaces are homeomorphisms, one might ask whether the explanation of
the phenomenon might lie in the existence of a condensation of a space with the
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weaker property onto a space with the stronger property. Of course, this argument
would make sense only for closed hereditary properties.

In this article we present a few results on spread and condensations which show
that the above conjecture sometimes comes to be true. Some closely related results
from Cjp-theory are also included. Among main results of this paper are Theorems
1, 3, 6, 8, 9, and Corollary 5.

Our terminology and notation are as in [3] and [10]. We say that a topological
space has a property P strictly (or is strictly P), if every finite power of X has the
property P. By C,(X) we denote the space of all real-valued continuous functions
on a Tychonoff space X in the topology of pointwise convergence (see [1]). The
spread s(X) of a space X is the smallest infinite cardinal number 7 such that the
cardinality of every discrete subspace of X is not greater than 7. A space X is said
to be left separated, or left, if there is a well ordering < on X such that all initial
intervals with respect to < are closed in X.

Proposition 1. Every regular (Tychonoff) space X of strictly countable spread can
be condensed onto a regular (Tychonoff) strictly hereditarily separable space.

Proof. Tt is well known (see, for example, [2]) that if the spread of the product
X x Y is countable, then either X is hereditarily separable or Y is hereditarily
Lindelof. It follows that every space of strictly countable spread is either strictly
hereditarily separable or strictly hereditarily Lindelof. In the first case there is
nothing to prove. In the second case, X x X is a hereditarily Lindelof space, and,
therefore, the diagonal in X x X is a Gg-set. It remains to recall that every regular
Lindel6f space with the last property can be condensed onto a separable metrizable
space [10]. O

Corollary 1. If the strict spread of a regular space X is countable, then every
compact subspace of X is strictly hereditarily separable.

Example. It is consistent with ZF'C' to assume that there is a strictly hereditarily
separable compactum X, which is not hereditarily Lindel6f (see [15], [17]). Clearly,
X cannot be condensed onto a hereditarily Lindelof space. Therefore, we cannot
replace “strictly hereditarily separable” in Proposition 1 by “hereditarily Lindelof”.
The free topological group F'(X) of X is a o-compact strictly hereditarily separable
homogeneous space, which cannot be condensed onto a hereditarily Lindelof space.
This shows that the assumption (M A+—CH) in Theorem 5 below is essential. Put
Y = Cp(X). Then Y is strictly hereditarily Lindelf, by Velichko-Zenor’s theorem
[21], [22], and the strict tightness of Y is countable [1], while ¥ is not separable,
since X cannot be condensed onto a separable metrizable space [1]. The space
Cp(Y) is strictly hereditarily separable, again by Velicko-Zenor’s theorem, and it
also cannot be condensed onto a hereditarily Lindel6f space, since it contains a
topological copy of X. This shows that we cannot replace “strictly hereditarily
separable” in Theorem 1 below with “hereditarily Lidelof”.

Theorem 1. If X is a Tychonoff space such that the spread of Cp(X) is countable,
then Cp(X) can be condensed onto a strictly hereditarily separable Tychonoff space.

In fact, we shall prove a slightly stronger assertion. Note that it is still unknown
whether one can prove in ZFC that if the spread of Cp,(X) is countable, then the
strict spread of Cp(X) is also countable (Velichko’s problem); therefore, one cannot
just deduce Theorem 1 from Proposition 1.
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If Y is a subspace of a Tychonoff space X, then C,(Y|X) is the subspace of
C,p(Y) consisting of restrictions to Y of elements of C),(X).

Proposition 2. For any subspace Y of a Tychonoff space X, s(Y xY) <
s(Cp(Y]X)).

The proof of Corollary 2.5.19 in [1] trivially transforms into a proof of Proposition
2. For a space X, let X, be the space of all finite subsets of X in the x-topology;
the family of all sets of the form: U* = {K : K C U, |K| < w}, where U is any
open subset of X, is a base of X,.

Proposition 3. For any subspace Y of a Tychonoff space X the mext inequality
holds: s(Y,) < s(Cp(YX)).

Proof. Let Z be a discrete subspace of Y,,. For each K € Z we can fix an open subset
Ug of X so that Ux*NZ contains only the point K. Now we can choose a continuous
real-valued function fx on X such that fx(K) = {1} and fx(X\Ugk) = {0}. Then
F ={fx : K € Z} is a discrete subspace of C,(Y|X). Indeed, the set Vi of all
f € Cp(Y]X) such that f(y) > 0 for each y € K is an open subset of C,(Y|X),
and Vk N F = {fx}. Therefore, |Z| < |F| < s(Cp(Y|X)), which completes the
proof. O

An absolute version of Proposition 3 was formulated by M. Asanov in [9].

Theorem 2. Let Y be a subspace of a Tychonoff space X such that the spread of
Cp(Y|X) is countable. Then Cp(Y) can be condensed onto a strictly hereditarily
separable Tychonoff space.

Proof. By Proposition 2, s(Y xY) < w. There is a dense left subspace Z in YV
(see [3]). Then Z x Z is a left space of the countable spread [4], and therefore,
Z x Z is hereditarily Lindel6f [3], [16]. It follows that the diagonal in Z x Z is a
Gs. By Proposition 3, s(Y,) < s(Cp(Y]X)) < w. Since Z, is obviously a subspace
of Y, we have: s(Z,) < s(Y,) < w. By Asanov’s theorem, since the spread of
Z, is countable, and Z is a space with Gs-diagonal, the strict spread of Z is also
countable [9]. Now, all finite powers of the space Z are left spaces, since Z is a left
space [4]. It follows that the space Z™ is hereditarily Lindel6f, for each n € w [3].
Thus, Z is strictly hereditarily Lindel6f. Then, by Velichko-Zenor’s theorem [21],
[22], the space C,(Z) is strictly hereditarily separable. Obviously, the restriction
mapping condenses Cp,(Y') onto a subspace W of Cp(Z), where W is also strictly
hereditarily separable. O

Corollary 2. If Y is a subspace of a Tychonoff space X such that the spread of
Cp(Y'|X) is countable, then every compact subspace of Cp(Y') is strictly hereditarily
separable.

Problem 1. Let X be a regular hereditarily Lindelf space. Is it true that Cp(X)
can be condensed onto a hereditarily separable (Tychonoff, regular) space?

Observe, that this question is closely related to the L-space problem. Indeed, if
every regular hereditarily Lindel6f space is separable, then the answer to Problem
1is “yes”, since then Cp(X) can be condensed onto a separable metrizable space.
This observation may be considered as a motivation of the problem. Note that the
above proof of Theorem 2 also contains a proof of the next result:
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Theorem 3. If Y is a subspace of a Tychonoff space X such that the spread of
Cp(Y|X) is countable, then' Y contains a dense strictly hereditarily Lindeléf sub-
space.

We denote by (M A+ —~CH) the combination of Martin’s Axiom M A with the
negation of CH. Under this assumption Theorem 2 can be considerably strength-
ened.

Theorem 4. (M A+-CH) IfY is a subspace of a Tychonoff space X such that the
spread of Cp(Y'|X) is countable, then Cp(Y') condenses onto a separable metrizable
space, every pseudocompact subspace F' of C,(Y') is metrizable, andY is hereditarily
separable and hereditarily Lindeldf.

Proof. By Theorem 2, C},(Y) condenses onto a strictly hereditarily separable Ty-
chonoff space Z. By K. Kunen’s theorem [14], Z is strictly hereditarily Lindelof.
Therefore, Z can be condensed onto a separable metrizable space [7], [10]. Since
every one-to-one continuous mapping of a pseudocompact Tychonoff space onto a
metrizable space is a homeomorphism [10], it follows that F' is metrizable. For
every subspace H of Y, the spread of C,(H|X) is countable, since Cp(H|X) is a
continuous image of C),(Y'|X). Therefore, to show that Y is hereditarily separable
it suffices to prove that Y itself is separable. By Theorem 3, there is a dense strictly
hereditarily Lindelof subspace Z in Y. Under (M A+ —CH) Z has to be separable,
by a theorem of K. Kunen [14]. It follows that Y is separable, and hence, hereditar-
ily separable. Now we can apply a version of Theorem 19 from [20], which instead
of Cp,(X) refers to Cp(Y|X) (the proof of Theorem 19 in [20] is valid in this case
as well). By this result, since Y is hereditarily separable, it has to be hereditarily
Lindeldf. O

Theorem 5. (M A+ —~CH) If G is a topological group such that the spread of
Cp(G) is countable, then the space G is strictly hereditarily separable and strictly
hereditarily Lindeldf.

Proof. By Theorem 4, G is hereditarily Lindel6f. Therefore, the pseudocharacter
of the space G is countable. Since G is a topological group, the space G can
be condensed onto a metrizable space (see [10]). From Asanov’s theorem [9] it
follows that the strict spread of G is countable. This implies that either G is
strictly hereditarily separable or G is strictly hereditarily Lindelof [2]. Then, by
Kunen’s theorem [14], G is strictly hereditarily separable and strictly hereditarily
Lindelof. O

Some of our results can be considerably strengthened if we impose additional re-
strictions on X. Recall that a space X is w-monolithic [1] if for each countable
subset A of X the networkweight of the subspace A is countable. A Tychonoff
space X is said to be w-stable [1], if every Tychonoff continuous image Y of X such
that there is a condensation of Y onto a separable metrizable space has a countable
network.

Corollary 3. (MA+-CH) IfY is an w-monolithic subspace of a Tychonoff space
X, and the spread of Cp(Y|X) is countable, then Y and Cp(Y') have a countable
network.

Proof. Since Y is w-monolithic, Cp,(Y") is w-stable [1]. Now it follows from Theorem
4 that Cp(Y') has a countable network. Then Y also has a countable network [1]. O
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One cannot omit the assumption (M A+ —CH) in Theorem 4 and Corollary 3 (see
Example 1); however, we can prove a slightly weaker assertion:

Theorem 6. If X is a Tychonoff w-monolithic space such that the spread of Cp(X)
is countable, then X is strictly hereditarily Lindeldf, and Cp(X) is strictly heredi-
tarily separable.

Proof. We need a preliminary result. Let us call a space X weakly w-monolithic, if
every subspace Y of X such that there is a countable dense discrete subspace Z in
Y, is Lindelof. O

Proposition 4. Fvery weakly w-monolithic space X of the countable spread is
hereditarily Lindeldf.

Proof. Let v be any family of open subsets of X. It is enough to show that there is
a countable subfamily 7 of v such that Uy = Urn. By the well known Shapirovskij’s
Lemma [18], one can find a countable subfamily ¢ C v and a countable discrete
subspace A C Uy such that Uy C U U A. Since X is weakly w-monolithic, the
subspace Y = AN (Uy) is Lindelof. Therefore, there is a countable subfamily A of
v such that Y C UA. Put n = £UA. Then 7 is a countable subfamily of v such that
Un = Uy. O

We continue the proof of Theorem 6. The spread of X x X is countable [1], and
X x X is also w-monolithic. By Proposition 4, it follows that X x X is hereditarily
Lindel6f. This implies that X has a Ggs-diagonal. Then, by Asanov’s theorem,
the strict spread of X is countable. Since all finite powers of X are w-monolithic,
it follows from Proposition 4 that X is strictly hereditarily Lindel6f. Then, by
Velichko-Zenor’s theorem, C,,(X) is strictly hereditarily separable.

Problem 2. Let X be a Tychonoff space, and let Y be a subspace of X. Is then
s(Y) equal to s(Y]X)?

The answer to this very natural question is not known to the author at present;
however, a partial result, based on a special assumption, is available.

Let us denote by (S) the next assertion: every Tychonoff hereditarily separable
space is Lindelof. S. Todorcevié has shown [19] that (S) is consistent with ZFC.

Theorem 7. (S) Let Y be a subspace of a Tychonoff space X. Then the spread of
Cp(Y|X) is countable if and only if the spread of Cp(Y') is countable.

Proof. Since C,(Y|X) is a subspace of Cp(Y), the spread of C,(Y|X) does not
exceed the spread of C,(Y). Let us now assume that the spread of C,(Y]X) is
countable. By Proposition 2, s(Y x Y) < w. Therefore, every right separated
subspace of Y x Y is hereditarily separable (see [16]), and it now follows from (S)
that every right separated subspace of Y x Y is hereditarily Lindel6f, and hence,
countable. Thus, Y x Y is hereditarily Lindel6f, which implies that Y has a G-
diagonal. By Proposition 3, we also have: s(Y,) < w. From Asanov’s theorem
it now follows that the strict spread of Y is countable. As we have noted above,
(S) now implies that Y is strictly hereditarily Lindelof. Then, by Velichko-Zenor’s
theorem, Cp,(Y") is strictly hereditarily separable; (therefore, by (S), Cp(Y') is also
strictly hereditarily Lindel6f, and Y is strictly hereditarily separable; however, such
implications are already known—see [2]). |
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Corollary 4. (S) If X is a Tychonoff space such that the spread of Cp(X) is
countable, then for every subspace Y of X the spread of Cp(Y) is countable.

Proof. Clearly, s(Cp(Y]X)) < s(Cp(X)), for every subspace Y of X. It remains to
apply Theorem 7. O

A crucial role in many arguments above was played by Asanov’s theorem [9]. It
seems worth noting that this theorem can be strengthened in a natural way. Recall,
that X is a space with a small diagonal, if for every uncountable subset A of X x X
disjoint from the diagonal Ax = {(z,z) : € X} there is an open neighbourhood
U of Ax in X x X such that the set A\ U is uncountable. This delicate notion was
introduced by M. Husek in [13]. Clearly, every space with a Gs-diagonal is also a
space with a small diagonal, but the converse is not true (see [8]). Therefore, the
next theorem is stronger than Asanov’s theorem.

Theorem 8. If Y is a subspace of a Tychonoff space X such that the spread of
Cp(Y|X) is countable, and Y has a small diagonal, then the strict spread of Cp(Y)
is countable.

The proof relies heavily on Asanov’s argument. For the sake of completeness,
we present it here in detail; all the more so, since Asanov’s paper where the proof
was published, is not only out of reach of many topologists, but also contains a
few discrepancies. First, some notation. For a space X and n € w, we denote by
V,, the natural mapping of the space X" into the space X,. The mapping ¥, is
obviously continuous and finite-to-one. We also denote by Ax» the set of all points
(21, ...y p) of X™ at least two coordinates of which coincide. We call this subspace
of X™ the diagonal of X™.

Lemma 1. For each open neighbourhood U of Axn in X™ there is an open neigh-
bourhood V' of Axn in X™ such that V C U, and the restriction of ¥,, to X" \V
is an open continuous finite-to-one mapping onto a subspace of X,,.

Proof. Let S, be the group of all permutations on {1,...,n}. This group acts
naturally on X", and for s € S, let s(U) be the image of U under s. Put V =
N{s(U):s€85,},Y =X"\V,and Z = ¥, (Y). Clearly, the restriction of ¥,, to YV’
is a finite-to-one continuous mapping of Y onto Z. Let us show that this mapping
is open.

Fix a point (z1,...,x,) in Y. Since this point is not in Ax~, there are open sets
O1, Oy, ..., O,, in X such that z; € O, for each i € {1,...,n}, O, NO; =0 if i # j,
and the following condition is satisfied:

(1) if {V4,...,V,,} is a proper subset of v = {O1,...,Op}, then V; x ... x V,, C V.
Put O =01 x...X 0y, G=01U...UO,,and W = {A € Z : A C G}. To prove that
the mapping ¥, restricted to Y is open it suffices to show that ¥,(0ONY) =W,
since O N'Y can be treated as a basic open set in Y, and W is open in Z. For
brevity, put H = ¥,(0ONY). The inclusion H C W is obvious. Let us prove
that W C H. Take any A € Z such that A C G. The set A consists of exactly
n points, since it is in ¥,,(X™ \ Axn). Since A € Z, there is a = (a1,...,a,) € Y
such that ¥, (a) = A, that is, {a1,...,a,} = A. The family v = {O1,...,0,} is
disjoint and consists of exactly n elements. If AN O; # @ for each i € {1,...,n},
fix y, € O;NA. Clearly, A = {y; : ¢ = 1,...,n}, ¥y = (y1,..,Yn) € O, and
U, (y) = A. Let us show that y € Y. From |A| = n it follows, that a is obtained
by a permutation s from y. Therefore, if y were in V', then a would be in V| in
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contradiction with a € ¥ = X"\ V. Thus, y € Y. Let us now consider the case
when, for some j € {1,...,n}, O;j N A= 0. For i € {1,...,n} let V; be any member
of v such that a; € V;. Clearly, {Vi,...,V,,} is a proper subfamily of ~, therefore,
a€Vy x..xV, CV, contradicting to a € Y = X™\ V. Thus, the second case
is impossible, and y € Y. It follows that y € ONY, and A = ¥,,(y) € H; hence,
H=W. O

Lemma 2. Let f be an open continuous finite-to-one mapping of a space Y onto
a space Z. Then s(Y) = s(Z).

Proof. Since f(Y) = Z, s(Z) < s(Y). Let us show that s(Y) < s(Z). Take any
discrete subset D of Y. Without any loss in generality, we can assume that |D| is
not countably cofinal. For each z € D fix an open neighbourhood O, of z in Y such
that O, N D = {z}, and put M = U{O, : © € D}. Let ¢ be the restriction of f to
M. Clearly, D is closed in M. There are k € w and B C D such that [¢71¢(y)| = k
for each y € B, and |B| = |[D|. Put P = ¢~ '¢(B). Then B C P C M, and B is
closed in P, since B is closed in M. The mapping ¢ is open, since M is open in
Y. Therefore, the restriction of ¢ to P is an open mapping of P onto ¢(P) = ¢(B)
(see [10]). Let us denote this mapping by g. The mapping ¢ is also continuous
and exactly k-to-one. Then g is a closed mapping [7], which implies that ¢(A) is
closed in ¢(B) for each A C B. Thus, ¢(B) is a discrete subspace of Z of the same
cardinality as B and D; it follows that |D| < s(Z) and s(Y) < s(Z). O

For a cardinal number 7, let us say that a space X has a 7-small diagonal, if for
each A C (X x X \ Ax) such that 7 < |A| there is an open neighbourhood U of
Ay in X x X such that 7 < |[A\ U|. If the above condition is satisfied with X x X
replaced by X and Ax replaced by a subset P of X, we say that P is 7-small in
X.

For a space X and n € w we put X, , = {A € X, : |[A| =n}.

Proposition 5. Let X be a space with a small diagonal, and let s(Xp.,) < w for
somen € w. Then s(X™\ U) < w for each open neighbourhood U of the diagonal
Axn in X™ (for the same n).

Proof. This follows from Lemma 1 and Lemma 2, since the spread of a subspace is
always not greater than the spread of the whole space. We also take into account
that ¥,, maps X"\ Ax» into X, ,. O

Of course, a general version of Theorem 8 implies that if X is a Tychonoff space
with a 7-small diagonal, and s(Cp(X)) < 7, then s(X") < 7 and s((Cp(X)") < T,
for each n € w. Since the argument in the general case remains the same, we just
prove Theorem 8.

Proof of Theorem 8. By Proposition 3, s(Y,) < s(Cp(Y|X)) < w. In particular,
$(Y) < w. This brings us into a position to apply induction on n.

Fix n € w, and assume that s(Y"~!) < w. Take any discrete subspace D of Y™.
We have to show that D is countable. Assume the contrary. Put D; = DN Ayn,
and Dy = D\ D;. Tt is clear that Ay is the union of a finite number of topological
copies of the space Y~ !; therefore, |D1| < w. It follows that D is uncountable.
Since Ay is w-small, Ayn is w-small in Y""—this was shown in [8]. Therefore, there
is an open neighbourhood U of Ay« in Y™ such that Dy = Ds \ U is uncountable.
On the other hand, s(Y™ \ U) < s(Y},) < w, by Proposition 5, which implies that
Dy is countable, since Dy is a discrete subspace of Y™ \ U. O
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Theorem 9. If X is a Tychonoff space such that Ry is a caliber of C,,(X), and the
spread of Cp(X) is countable, then the strict spread of Cp(X) is also countable.

Proof. A Tychonoff space X has a small diagonal if and only if X; is a caliber of
Cp(X), by a result in [8]. It remains to apply Theorem 8. O

It was shown in [5] that if a Tychonoff space is cleavable, then it has a small
diagonal. Combining this characterization with Theorem 8, we arrive at the next
conclusion:

Corollary 5. If X is a cleavable Tychonoff space such that s(Cp(X)) < w, then
the strict spread of Cp(X) and of X is countable.

Observe that, according to a basic property of a cleavable Tychonoff space, we
can reformulate Corollary 5 as follows: if s(Cp(X)) < w, and RX = U{A: A C
Cp(X), |A| < w}, then the strict spread of Cp(X) is countable.

Problem 3. Is it true in ZFC that every perfect hereditarily separable regular
(or Tychonoff) space can be condensed onto a regular Lindel6f space? Onto a
realcompact space?

Observe, that if we drop “perfect” in Problem 3 above, then the answer is “no”,
as one can see from the next example, discussed in detail in [6]. Under (CH), there
is a strictly hereditarily separable, strictly countably compact topological group
G which is not compact [11], [12]. The space G is just what we need. Indeed,
G cannot be condensed onto a realcompact space since such a space would have
been a hereditarily separable dyadic compactum, and therefore, would have been
metrizable. See the details in [6].

Problem 4. Is it true that every Tychonoff space X can be condensed onto a
Tychonoff space Y such that every discrete family of non-empty open subsets in Y
is countable?

Clearly, all the results above which were obtained without special set-theoretic
assumptions remain true not only in the countable case—they hold for any infinite
cardinal number 7.

Remark. The proof of Theorem 7 shows that the next assertions A and B are
equivalent in ZFC:

A. Every hereditarily separable Tychonoff (regular) space is Lindel6f.

B. Every Tychonoff (regular) space of the countable spread is Lindelof.
Some topologists would recognize this fact as a folklore. The equivalence implies
that under (S) every pseudocompact Tychonoff space of the countable spread is
compact and the tightness of it is countable.
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